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A CUBICAL MODEL FOR A FIBRATION

TORNIKE KADEISHVILI AND SAMSON SANEBLIDZE

Abstract. In the paper the notion of truncating twisting function from a simplicial set to a
cubical set and the corresponding notion of twisted Cartesian product of these sets are introduced.
The latter becomes a cubical set. Using this construction together with the theory of twisted
tensor products for homotopy G-algebras a strictly associative multiplicative model for a fibration
is obtained.

1. Introduction

In this paper we construct a cubical set which models the total space of a fibration. The
normalized cubical chain complex of this cubical model coincides (as a chain complex) with the
twisted tensor product of the singular simplicial complex of the base and the singular cubical
complex of the fiber with respect to a certain specific twisting cochain which we call ”truncating”.
Hence the twisted tensor product may be endowed with all structures which exist on the chain
complex of a cubical set including the Serre diagonal, Steenrod chain (co)operations and other
(co)chain operations. In this paper we concentrate only on the strictly coassociative Serre diagonal
(the cubical analog of the Alexander-Whitney (AW) diagonal, see [30]). The combinatorial analysis
of the Serre diagonal allows us to give explicit formulas for a strictly associative multiplication
on the twisted tensor product in terms of the ⌣1-product and other related cochain operations
measuring the deviation of ⌣1 from being a derivation with respect to the ⌣ product. Using the
standard triangulation of cubes we also obtain a strictly coassociative diagonal on Brown’s twisted
tensor product of the singular simplicial complex of the base and the singular simplicial complex
of the fiber with respect to some specific twisting cochain.

For a fibration F → E → Y , E. Brown [8] introduced a twisted differential dφ on the tensor
product C∗(Y ) ⊗ C∗(F ) such that the homology of the cochain complex (C∗(Y ) ⊗ C∗(F ), dφ) is
additively isomorphic to the cohomology H∗(E). There are several papers (see, for example, L.
Lambe and J. Stasheff [23] for references) where various multiplications are introduced on the
twisted tensor product C∗(Y ) ⊗φ C

∗(F ) = (C∗(Y ) ⊗ C∗(F ), dφ) to describe H∗(E) as an algebra
as well. But these multiplications are either not associative or the differential dφ is not a derivation
except in special cases, for example, for Y = Sn [31].

The difficulties for introducing such a multiplication rely on the following facts. Consider the
standard simplicial model of a fibration: let X be a 1-reduced (X0 = X1 = pt) simplicial set, G
a simplicial group, N a simplicial G-module, t : X∗ → G∗−1 a twisting function, and X ×t N the
corresponding twisted Cartesian product. Applying chain functor to t we obtain a twisting cochain
t∗ = C∗(t) : C∗(X) → C∗−1(G) such that there is a contraction of C∗(X×tN) to C∗(X)⊗φC∗(N)
where φ = t∗. The simplicial structure of X ×t N induces the AW diagonal on C∗(X ×t N). The
standard procedure, which uses the basic perturbation lemma, transports the AW diagonal to the
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twisted tensor product C∗(X) ⊗φ C∗(N). But the resulting (co)multiplication is (co)associative
only up to higher homotopies [15],[23].

The situation changes radically if we replace a simplicial group G by a monoidal cubical set and
suitably modify the notion of a twisting function. This yields a cubical model of a fibration which,
as a by-product, induces a strictly associative multiplication on the above tensor product.

Let us give some more details. Let X be a 1-reduced simplicial set, Q a monoidal cubical set, and
L a cubical Q-module, i.e., Q and L are cubical sets with given associative cubical maps Q×Q→ Q
and Q × L → L. We introduce the notion of truncating twisting function τ : X∗ → Q∗−1 from
a simplicial set to a monoidal cubical set (the term truncating comes from the universal example
τU : ∆n → In−1 of such functions obtained by the standard truncation procedure, see Section 4
below). Such a twisting function τ determines the twisted Cartesian product X ×τ L as a cubical
set. We remark that the study of twisting functions from cubical sets to permutahedral sets and
the appropriate twisted Cartesian product is continued in a forthcoming paper [22].

We construct a functor which assigns to a simplicial setX a monoidal cubical set ΩX and present
a truncating twisting function τU : X → ΩX which is universal in the following sense: Given an
arbitrary truncating function τ : X∗ → Q∗−1, there is a monoidal cubical map fτ : ΩX → Q such
that τ = fττU . The twisted Cartesian product PX = X ×τ ΩX is a cubical set that depends
functorially on X . Note that ΩX models the loop space Ω|X | and PX models the path fibration
on |X |.

The normalized cubical chain functor C�
∗ applied to the cubical set ΩX produces C�

∗ (ΩX),
and this chain complex coincides with Adams’ cobar construction ΩC∗(X) (equality (i) of (4));
similarly C�

∗ (PX) coincides with the acyclic cobar construction Ω(C∗(X);C∗(X)) (equality (ii) of
(4)); furthermore τ∗ = C∗(τ) : C∗(X) → C�

∗−1(Q) is a twisting cochain and C�
∗ (X ×τ L) coincides

with the twisted tensor product C∗(X) ⊗τ∗ C
�
∗ (L) (equality (iii) of (4)).

The obtained cubical structures of the cobar construction ΩC∗(X) and the twisted tensor prod-
uct C∗(X) ⊗τ∗ C

�
∗ (L) have the following advantage.

The normalized chain complex of a cubical set admits the Serre diagonal (see [30] and below
(3)), which turns it into a dg coalgebra. Since the identification C�

∗ (ΩX) = ΩC∗(X) the cubi-
cal structure of ΩX determines a strictly coassociative comultiplication on the cobar construction
ΩC∗(X). Similarly the cubical structure of X ×τ L determines a strictly coassociative comultipli-
cation on the twisted tensor product C�

∗ (X ×τ L) = C∗(X) ⊗τ∗ C
�
∗ (L). Dually, we immediately

obtain the desired strictly associative multiplication on C∗(X)⊗τ∗ C∗
�

(L) ⊂ C∗
�

(X ×τ L) (here we
have equality when the graded sets have finite type).

Also note that the chain operations dual to Steenrod ⌣i operations are defined for cubical sets
in [18], [19] and the equality C�

∗ (ΩX) = ΩC∗(X) allows to define these operations on the cobar
construction ΩC∗(X); similarly since C�

∗ (X ×τ L) = C∗(X) ⊗τ∗ C
�
∗ (L) it is possible to introduce

Steenrod operations on multiplicative twisted tensor products.
Next we express the resulting comultiplication on C∗(X) ⊗τ∗ C

�
∗ (L) in terms of certain chain

operations of degree k:

Ek,1 : C∗(X) → C∗(X)⊗k ⊗ C∗(X), k ≥ 0,

which give C∗(X) a homotopy G-coalgebra structure (dual to a homotopy G-algebra in the sense
of Gerstenhaber and Voronov [12]). This structure is a consequence of the Serre diagonal on
C�

∗ (ΩX) = ΩC∗(X): The Serre diagonal of C�
∗ (ΩX) induces the diagonal ΩC∗(X) → ΩC∗(X) ⊗

ΩC∗(X) being a multiplicative map, thus it extends a certain homomorphism C∗(X) → ΩC∗(X)⊗
ΩC∗(X), which itself consists of components Ek,t : C∗(X) → C∗(X)⊗k ⊗ C∗(X)⊗ℓ, k, ℓ ≥ 0, with
Ek,ℓ = 0 for ℓ ≥ 2. The operation E1,1 is dual to the Steenrod ⌣1-cochain operation; thus when
E1,1 = 0 a homotopy G-coalgebra specializes to a cocommutative dg coalgebra (and dually for
homotopy G-algebras). We note that Baues constructed a homotopy G-coalgebra structure on the
normalized chain complex CN∗ (X) in [2], [3].

Towards the end of the paper we develop the theory of multiplicative twisted tensor products for
homotopy G-algebras, which provides a general algebraic framework for our multiplicative model
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of a fibration. First, we review the theory of multiplicative twisted products due to Proutè (see
[27]): Suppose C is a dg Hopf algebra, A is a commutative dg algebra, φ : C → A is a coprimitive
twisting cochain (referred to as a multiplicative cochain below), and M is simultaneously a dg
algebra and a comodule over C with multiplicative M → C⊗M . Then the twisted tensor product
A⊗φM is a dga with respect to the standard multiplication on the tensor product A⊗M of dga’s.
Now replace Proutè’s commutative A by a homotopy G-algebra A. By definition, there is a strictly
associative multiplication on BA, which can be viewed as a perturbation of the shuffle product and
is compatible with the coproduct. Thus BA is a dg Hopf algebra. We say that a twisting cochain
φ : C → A is multiplicative if the induced map C → BA is a dg Hopf algebra map. We introduce
a twisted associative multiplication µφ on A ⊗φ M in terms of φ and the homotopy G-algebra
structure of A by the same formulas as in the case A = C∗(X), C = C∗

�
(Q) and M = C∗

�
(L);

then τ∗ : C∗
�

(Q) → C∗(X) provides a basic example of a multiplicative twisting cochain. Thus,
the theory outlined above unifies the general commutative and homotopy commutative theories; in
particular, this unifies the singular and Sullivan-deRham cochain complexes of topological spaces.

We remark that the idea of using of cubical cochains of a structure group and fiber is found
in recent results due to N. Berikashvili, who constructed a multiplicative model with associative
multiplication when the fiber F is the cubical version of an Eilenberg-MacLane space (see [5]) and
a multiplicative model C∗(Y ) ⊗φ C

∗
�

(F ), φ : C∗
�

(G) → C∗+1(Y ), where C∗(Y ) is the singular
simplicial cochain complex of the base and C∗

�
(G) and C∗

�
(F ) are the singular cubical cochain

complexes of the structure group and the fiber (see [6]); however, there is no notion of underlying
truncating twisting functions in general setting as a map form a simplicial set to a cubical one
leading to the cubical model; also it lacks the analysis of the Serre cubical diagonal generating the
cooperations Ek,1, and, consequently, the general algebraic theory of twisted tensor products of
homotopy commutative dg (co)algebras.

Applying our machinery to a fibration F → E → Y on a 1-connected space Y and an associated
principal G-fibration G → P → Y with action G × F → F we obtain the following cubical
model (Theorem 6.1): Let X = Sing1Y ⊂ SingY be the Eilenberg 1-subcomplex generated by the
singular simplices that send the 1-skeleton of the standard n-simplex ∆n to the base point of Y.
Let Q = SingIG and M = SingIF be the singular cubical sets. Then Adams’ map ω∗ : ΩC∗(Y ) =

C∗(ΩX) → C�
∗ (ΩY ) is realized by a monoidal cubical map ω : ΩX → SingIΩY . Composing ω

with the map of monoidal cubical sets SingIΩY → Q induced by the canonical map ΩY → G of
monoids we immediately obtain a truncating twisting function τ : X → Q. The resulting twisted
Cartesian product X ×τ M provides the required cubical model of E; and there exists a cubical
weak equivalence X ×τ M → SingIE. Applying the cochain functor we obtain Berikashvili’s
multiplicative twisted tensor product in [6].

At the end of the paper we use the theory of multiplicative twisted tensor products for homotopy
G-algebras outlined above to obtain the multiplicative twisted tensor product C∗(Y ) ⊗φ C

∗
N (F ),

where C∗
N denotes the normalized singular simplicial cochains. The twisting cochain φ here is the

composition φ : C∗
N (G)

ϕ
−→ C∗

�
(G)

τ∗

−→ C∗(Y ), where ϕ is a map of dg Hopf algebras defined by
the standard triangulation of cubes (see the proof of 7.2). In other words, we use a special twisting
cochain to introduce an associative multiplication on Brown’s model.

As an example we present fibrations with the base being a suspension (in this case the homotopy
G-algebra structure consists just of E1,1 =⌣1 and all other operations Ek,1 are trivial) and for
which the formula for the multiplication in the twisted tensor product has a very simple form.
Moreover in this case we present small multiplicative model being the twisted tensor product of
cohomologies of base and fiber with the multiplicative structure purely defined by the ⌣ and ⌣1

operations.
Finally we mention that the geometric realization |Ω Sing1 Y | of ΩSing1Y is homeomorphic to

the cellular model for a loop space observed by G. Carlsson and R. J. Milgram [9]. In [2], [3],
H.-J. Baues defined a geometric coassociative and homotopy cocommutative diagonal on the cobar
construction ΩCN∗ (Y ) of the normalized chains CN∗ (Y ) by means of a certain cellular model for the
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loop space (homotopically equivalent to |ΩSing1Y |) whose cellular chains coincide with ΩCN∗ (Y );
consequently, one obtains a homotopy G-coalgebra structure on CN∗ (Y ). Another modification of
Adams’ cobar construction is considered by Y. Felix, S. Halperin and J.-C. Thomas [10].

We are indebted to the referee for a number of most helpful comments and for having suggested
many improvements of the exposition.

2. Notation and preliminaries

Let R be a commutative ring with unit 1. A differential graded algebra (dga) is a graded
R-module C = {Ci}, i ∈ Z, with an associative multiplication µ : Ci ⊗ Cj → Ci+j and a
homomorphism (a differential ) d : Ci → Ci+1 with d2 = 0 and satisfying the Leibniz rule
dµ = µ(d ⊗ Id + Id ⊗ d) . We assume that a dga has a unit η : R → C such that µ(η ⊗ Id) =
µ(Id⊗ η) = Id. A non-negatively graded dga C is connected if C0 = R. A connected dga C is n-
reduced if Ci = 0, 1 ≤ i ≤ n. A dga is commutative if µ = µT, where T (x⊗y) = (−1)|x||y|(y⊗x). In
general, we use Koszul’s sign commutation rule: Whenever two symbols u and v are interchanged,
affix the sign (−1)|u||v|.

A differential graded coalgebra (dgc) is a graded R-module C = {Ci}, i ∈ Z, with an coas-
sociative comultiplication ∆ : C → C ⊗ C and a homomorphism (a differential ) d : Ci → Ci−1

with d2 = 0 and satisfying ∆d = (d ⊗ Id + Id ⊗ d)∆. A dgc C is assumed to have a counit
ǫ : C → R, (ǫ⊗ Id)∆ = (Id ⊗ ǫ)∆ = Id. A non-negatively graded dgc C is connected if C0 = R.
A connected dgc C is n-reduced if Ci = 0, 1 ≤ i ≤ n. A dgc is cocommutative if ∆ = ∆T.

A (connected) differential graded Hopf algebra (dgha) (C, µ,∆) is simultaneously a connected
dga (C, µ) and a connected dgc (C,∆) such that ∆ : C → C ⊗ C is an algebra map; note that a
graded connected Hopf algebra has a canonical antipode [26], so that the antipode is not an issue.

A dga M is a (left) comodule over a dgha C if ν : M → C ⊗M is a dga map. Let (M ′, ν′) and
(M, ν) be comodules over C′ and C, respectively, and let ϕ : C′ → C be a dgc morphism. A map
ψ : M ′ →M is a morphism of comodules if νψ = (ϕ⊗ ψ)ν′.

2.1. Cobar and Bar constructions. For an R-module M, let T (M) be the tensor algebra of M ,
i.e. T (M) = ⊕∞

i=0M
⊗i. An element a1 ⊗ ... ⊗ an ∈ M⊗n is denoted by [a1, ..., an]. We denote by

s−1M the desuspension of M , i.e. (s−1M)i = Mi+1.
Let (C, dC ,∆) be a 1-reduced dgc. Denote C̄ = s−1(C>0). Let ∆ = Id⊗ 1 + 1 ⊗ Id+ ∆′. The

(reduced) cobar construction ΩC on C is the tensor algebra T (C̄), with differential d = d1 + d2

defined for c̄ ∈ C̄>0 by

d1[c̄] = −[dC(c)]

and

d2[c̄] =
∑

(−1)|c
′|[c̄′|c̄′′], for ∆′(c) =

∑
c′ ⊗ c′′,

extended as a derivation. The acyclic cobar construction Ω(C;C) is the twisted tensor product
C⊗ΩC in which the tensor differential is twisted by the universal twisting cochain C → ΩC being
an inclusion of degree −1 (see below).

Let (A, dA, µ) be a 1-reduced dga. The (reduced) bar construction BA on A is the tensor
coalgebra T (Ā), Ā = s−1(A>0), with differential d = d1 + d2 given for [ā1| · · · |ān] ∈ T n(Ā) by

d1[ā1| · · · |ān] = −
n∑

i=1

(−1)εi [ā1| · · · |dA(ai)| · · · |ān],

and

d2[ā1| · · · |ān] = −

n∑

i=2

(−1)εi [ā1| · · · |ai−1ai| · · · |ān],

where εi =
∑
j<i |āj|. The acyclic bar construction B(A;A) is the twisted tensor product A⊗BA

in which the tensor differential is twisted by the universal twisting cochain BA → A being a
projection of degree 1.
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2.2. Twisting cochains. Let (C, d,∆ : C → C ⊗ C) be a dgc, (A, d, µ : A ⊗ A → A) be a dga,
and (M,d, ν : M → C ⊗M) be a dg comodule over C. A twisting cochain [8] is a homomorphism
φ : C → A of degree 1 satisfying Brown’s condition

(1) dφ+ φd = −φ ⌣ φ,

where φ ⌣ φ′ = µA(φ⊗φ′)∆C . There are universal twisting cochains C → ΩC and BA→ A being
the obvious inclusion and projection, respectively. Let T (C,A) be the set of all twisting cochains
φ : C → A. Three essential consequences of Brown’s condition (1) are:

(i) The multiplicative extension fφ : ΩC → A is a dga map, so there is a bijection T (C,A) ↔
Homdga(ΩC,A);

(ii) The comultiplicative extension gφ : C → BA is a dgc map, so there is a bijection T (C,A) ↔
Homdgc(C,BA);

(iii) The homomorphism dφ = d⊗ Id+ Id⊗ d+φ∩− : A⊗M → A⊗M , where φ∩ (m⊗ a) =
(µ⊗ Id)(Id ⊗ φ⊗ Id)(Id⊗ ν)(a⊗m), is a differential, i.e. dφdφ = 0.

The dg C-comodule (A⊗M,dφ) is called a twisted tensor product and is denoted by A⊗φM . The
twisted tensor product is functorial in the following sense: Let η : A′ → A be a dga morphism,
ϕ : C′ → C be a dgc morphism, ψ : M ′ → M be a morphism of comodules and φ′ : C′ → A′ be a
twisting cochain such that ηφ′ = φϕ. Then η ⊗ ψ : A′ ⊗φ′ M ′ → A⊗φM is a chain map.

2.3. Adams’ cobar construction. Let X be a 1-reduced simplicial set, i.e. X = {X0 = X1 =

{∗}, X2, X3, · · · }, and let C̃∗(X) be its chain complex in the ordinary sense. Define the chain
complex C∗(X) as the quotient

C∗(X) = C̃∗(X)/C̃>0(∗).

Clearly C∗(X) is a 1-reduced dgc with respect to the AW diagonal.
Now let Sing Y be the singular simplicial set of a based topological space Y and X = Sing1 Y ⊂

SingY be the (Eilenberg) 1-subcomplex generated by those singular simplices which send the 1-
skeleton of the standard simplex ∆n, n ≥ 0, to the base point y ∈ Y . Define the dgc C∗(Y ) as
C∗(X). Then Adams’ cobar construction ΩC∗(Y ) of a space Y is the cobar construction of the
dgc C∗(Y ).

2.4. Cubical sets. A cubical set is a graded set Q = {Qn}n≥0 with face operators dǫi : Qn →
Qn−1, ǫ = 0, 1, i = 1, 2, ..., n, and degeneracy operators ηi : Qn → Qn+1, i = 1, 2, ..., n+1, satisfying
the following standard cubical identities [17]:

(2)

dǫjd
ǫ′

i = dǫ
′

i d
ǫ
j+1, i ≤ j

dǫiηj =





ηj−1d
ǫ
i i < j

1 i = j
ηjd

ǫ
i−1 i > j

ηiηj = ηj+1ηi, i ≤ j.

For an example, let Y be a space and let SingI Y = {SingIn Y }n≥0, where SingIn Y is the set of all

continuous maps In → Y. Then SingI Y is a cubical set [24].
Given a cubical set Q and an R-module A, let (C̄�

∗ (Q;A), d) denote its chain complex with
coefficients in A. The normalized chain complex (C�

∗ (Q;A), d) of Q is defined as the quotient
C�

∗ (Q;A) = C̄�
∗ (Q;A)/D∗(Q), where D∗(Q) is the subcomplex of (C̄�

∗ (Q;A), d) generated by the

degenerate elements of Q. For a space Y, we denote C�
∗ (SingI Y ; Z) by C�

∗ (Y ). Both C̄�
∗ (Q) and

C�
∗ (Q) are dg coalgebras with respect to the Serre diagonal determined by the Cartesian product

decomposition In = I × · · · × I of the n-cube [30]: For an element x ∈ Qn the Serre diagonal is
given by

(3) ∆(x) = Σ(−1)ǫd0
j1
· · ·d0

jp
(x) ⊗ d1

i1
· · ·d1

iq
(x),



6 TORNIKE KADEISHVILI AND SAMSON SANEBLIDZE

where the summation is over all shuffles {i1 < ... < iq, j1 < ... < jp} of the set {1, ..., n} and (−1)ǫ

is the shuffle sign.
Let Q and Q′ be cubical sets. The (tensor) product of Q and Q′ is defined to be

Q×Q′ = {(Q×Q′)n =
⋃

p+q=n

Qp ×Q′
q}/ ∼

where (ηp+1(a), b) ∼ (a, η1(b)), (a, b) ∈ Qp×Q
′
q. This product is endowed with the obvious face and

degeneracy operators [17]. Define a monoidal cubical set to be a cubical set Q with an associative
cubical multiplication µ : Q×Q→ Q for which a distinguished element e ∈ Q0 is a unit. (Warning:
since the Qi’s are not assumed to be monoids, Q is not a cubical monoid.) Clearly, the (normalized)
chain complex C�

∗ (Q;R) on a monoidal cubical set Q and the dual cochain complex C∗
�

(Q;R) are
dg Hopf algebras. Given a graded monoidal cubical set Q, a Q-module is a cubical set L together
with associative action Q× L→ L with the unit of Q acting as identity. In this case, C∗

�
(L;R) is

a dga comodule over the dg Hopf algebra (C∗
�

(Q;R), d).

3. The cubical loop and path functors

3.1. The cubical loop functor. In this subsection we construct a functor that assigns to a
simplicial set X = {Xn, ∂i, si} a cubical monoidal set ΩX , which plays the role of the loop space
of X . First we construct a cubical monoid MX without degeneracies, then enlarge it to ΩX with
degeneracy operators.

Let X̄ = s−1(X>0) and define MX to be the free graded monoid (without unit) generated by X̄.
We denote elements of MX by x̄1 · · · x̄k for xj ∈ Xmj+1, mj ≥ 0, 1 ≤ j ≤ k. The total degree of an
element x̄1 · · · x̄k is the sum m(k) = m1 + · · ·+mk, mj = |x̄j |, and we write x̄1 · · · x̄k ∈ (MX)m(k)

.
The product of two elements x̄1 · · · x̄k and ȳ1 · · · ȳℓ is defined by concatenation x̄1 · · · x̄k ȳ1 · · · ȳℓ
and is subject only to the associativity relation; there are no other relations whatsoever among
these expressions. The graded set MX canonically admits the structure of a cubical set without
degeneracies in the following fashion: Let

νi : Xn → Xi ×Xn−i, νi(x) = ∂i+1 · · ·∂n(x) × ∂0 · · · ∂i−1(x), 0 ≤ i ≤ n,

denote the components of the AW diagonal. A superscript n on a simplex xn ∈ Xn denotes its
dimension. Then for an n-simplex xn ∈ Xn, n > 0, let

νi(x
n) = ((x′)i, (x′′)n−i) ∈ Xi ×Xn−i.

First define the face operators d0
i , d

1
i : (MX)n−1 → (MX)n−2 on a (monoidal) generator xn ∈

(X̄)n−1 = Xn by

d0
i (x

n) = (x′)i · (x′′)n−i, i = 1, ..., n− 1,

d1
i (x

n) = ∂i(xn), i = 1, ..., n− 1.

Thereafter, for any element (word) x̄1 · · · x̄k let

d0
i (x̄1 · · · x̄k) = x̄1 · · · (x′q)

jq · (x′′q )
mq+1−jq · · · x̄k,

d1
i (x̄1 · · · x̄k) = x̄1 · · · ∂jq (xq) · · · x̄k,

where m(q−1) < i ≤ m(q), jq = i−m(q−1), 1 ≤ q ≤ k, 1 ≤ i ≤ n− 1.

It is straightforward to check that the defining identities of a cubical set hold for d0
i , d

1
i . In

particular, the simplicial relations between the ∂i’s imply the cubical relations between the d1
i ’s;

the associativity relations between the νi ’s imply the cubical relations between the d0
i ’s, and the

commuting relations between the ∂i’s and νj ’s imply the cubical relations between the d1
i ’s and

d0
j ’s. We now enlarge MX by enlarging its generating set X̄ and introduce the desired degeneracy

operators.
For an element x ∈ Xn, we consider formal expressions ηik · · · ηi1ηi0(x) with 1 ≤ ij ≤ n + j −

1, 1 ≤ j ≤ k, k ≥ 0, ηi0 = Id. We call such an expression normal if i1 ≤ · · · ≤ ik. Note that
any such expression can be reduced to this normal form by applying the defining identities for a
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cubical set with degeneracy operators ηi. Let Xc be the graded set of formal expressions with
normal form

Xc
n+k = {ηik · · · ηi1ηi0(x)|x ∈ Xn}n≥0;k≥0,

where

i1 ≤ · · · ≤ ik, 1 ≤ ij ≤ n+ j − 1, 1 ≤ j ≤ k, ηi0 = Id,

and let X̄c = s−1(Xc
>0). Define Ω′′X to be the free graded monoid (without unit) generated by

X̄c. It is clear that X ⊂ Xc since ηi0(x) = x. Thus MX ⊂ Ω′′X.
Let Ω′X be the monoid obtained from Ω′′X by quotienting with respect to the equivalence

relation generated by ηp+1(x) · ȳ ∼ x̄ · η1(y) for |x| = p+ 1, x, y ∈ X ⊂ Xc. We have the inclusion
of graded monoids MX ⊂ Ω′X . We claim that Ω′X admits the structure of a cubical set. Face
operators on the subset MX ⊂ Ω′X were already defined. Now define a degeneracy operator
ηi : (Ω′X)n−1 → (Ω′X)n on a (monoidal) generator x ∈ (Xc)n−1 by

ηi(x) = ηi(x),

(assuming ηi(x) is normalized). For any element x̄1 · · · x̄k of Ω′X extend the degeneracy operators
by

ηi(x̄1 · · · x̄k) = x̄1 · · · ηjq (xq) · · · x̄k,

ηn(x̄1 · · · x̄k) = x̄1 · · · x̄mk−1
· ηmk+1(xk),

where m(q−1) < i ≤ m(q), jq = i−m(q−1), 1 ≤ q ≤ k, 1 ≤ i ≤ n− 1. Inductively extend the face
operators on degenerate elements in such a way that the defining identities for a cubical set are
satisfied. Then the cubical set {Ω′X, d0

i , d
1
i , ηi} depends functorially on X .

Now suppose that X is a based simplicial set with base point ∗ ∈ X0, and denote e = s0(∗) ∈
(X̄)0. Let ΩX be the monoid obtained from Ω′X via

ΩX = Ω′X/ ∼ ,

where ea ∼ ae ∼ a, for a ∈ Ω′X, and ηn(x̄) ∼ sn(x) for x ∈ Xn, n > 0. Obviously (ΩX, d0
i , d

1
i , ηi)

is a (unital) monoidal cubical set. Note that although the underlying monoidal structure of ΩX
is not free; all relations involve degenerate elements.

Remark 3.1. In the definition of the face operators d0
i , d

1
i of ΩX for an n-simplex of Xn the first

and last face operators ∂0 and ∂n of X are not used directly. If, in particular, X is a 1-reduced
simplicial set (i.e. X0 = X1 = {∗}), we have the following identities:

d0
1(x

n) = (x′)1 · (x′′)n−1 = e · (x′′)n−1 = (x′′)n−1 = ∂0(xn),

d0
n−1(x

n) = (x′)n−1 · (x′′)1 = (x′)n−1 · e = (x′)n−1 = ∂n(xn), xn ∈ Xn.

Thus, all face operators ∂i of X participate in the definition of ΩX in this case.

Remark 3.2. The degeneracies of ΩX are formal; we do not use degeneracies of X except for the
last one sn. This is justified by the geometrical fact that in the path fibration, a degenerate singular
n-simplex in the base lifts to a singular (n− 1)-cube of the fiber which need not be degenerate (cf.
the proof of Theorem 5.1).

It is convenient to verify the cubical relations by the following combinatorics of the standard
cube (compare, [4]). Motivated by the combinatorial description of the standard (n + 1)-simplex
∆n+1, we denote the set {0, 1, ..., n+ 1} by [0, 1, ..., n+ 1] and assign this to the whole In.

Proposition 3.1. Let

d0
i ↔ x1, ..., xi−1, 0, xi+1, ..., xn, i = 1, ..., n
d0
i ↔ x1, ..., xi−1, 1, xi+1, ..., xn, i = 1, ..., n
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denote the face operators of the standard cube In in Euclidean coordinates. Then the action of the
face operators on [0, 1, ..., n+ 1] by

[0, 1, ..., n+ 1]
d0i−→ [0, 1, ..., i][i, ..., n+ 1], i = 1, ..., n

[0, 1, ..., n+ 1]
d1i−→ [0, 1, ..., î, ..., n+ 1], i = 1, ..., n,

agrees with the cubical identities.

Proof. It is straightforward. �

In general, any q-dimensional face a of In is expressed as

a = [0, i1, ..., ik1 ][ik1 , ..., ik2 ][ik2 , ..., ik3 ]...[ikp−1 , ..., ikp
, n+ 1],

0 < i1 < . . . < ik−p < n+ 1, q = kp − p+ 1,

in the above combinatorics; while a cubical degeneracy operator

ηi ↔ x1, ..., xi−1, xi+1, ..., xn

is thought of as adding a formal element ∗ to the set [0, 1, ..., n+ 1] at the (i+ 1)st place:

ηi[0, 1, ..., n+ 1] = [0, 1, ..., i− 1, ∗, i, ..., n+ 1]

with the convention that [0, 1, ..., i − 1, ∗][∗, i, ..., n + 1] = [0, 1, ..., n + 1] guarantees the equality
d0
i ηi = Id = d1

i ηi.

3.2. The cubical path functor. Here we assign to a simplicial set X a cubical set PX which
plays the role of the path space of X . In some sense, PX will be a twisted Cartesian product of a
simplicial set X and the monoidal cubical set ΩX .

First we define the cubical set P′X as follows. Ignoring underlying structure for the moment,
consider the Cartesian product

Xc×Ω′X = {(Xc × Ω′X)n =
⋃

p+q=n

Xc
p × (Ω′X)q}

of the graded sets Xc and Ω′X . Let

Xc×̃Ω′X = Xc × Ω′X/ ∼,

where (ηp+1(x), y) ∼ (x, η1(y)), (x, y) ∈ Xc
p × (Ω′X)q. Introduce operators d0

i , d
1
i and ηi on

Xc×̃Ω′X as follows. For an element (x, y) ∈ Xp × (Ω′X)q ⊂ Xc
p × (Ω′X)q, p+ q = n, let

d0
i (x, y) =

{
((x′)i−1, (x′′)p+1−i · y), 1 ≤ i ≤ p,

(x, d0
i−p(y)), p < i ≤ n,

d1
i (x, y) =

{
(∂i−1(x), y), 1 ≤ i ≤ p,

(x, d1
i−p(y)), p < i ≤ n,

ηi(x, y) = (ηi(x), y), 1 ≤ i ≤ p,

ηi(x, y) = (x, ηi−p(y)), p < i ≤ n+ 1.

It is easy to check that these face operators satisfy the canonical cubical identities. The data
uniquely extends to the structure of a cubical set on the whole Xc×̃Ω′X. The resulting cubical set
is denoted by P′X ; the cubical set PX is obtained by replacing Ω′X by ΩX in the definition of
P′X. There is the canonical inclusion of graded sets ΩX → PX defined by y 7→ (∗, y), ∗ ∈ X0,
and the canonical projection ξ : PX → X defined by (x, y) 7→ x.

The cubical relations in P′X can be verified by means of the following combinatorics of the
standard cube (compare with Proposition 3.1). The top dimensional cell of In+1 is identified with
the set 0, 1, ..., n+ 1] while any proper q-face a of In+1 is expressed as

a = j1, ..., js1 ][js1 , ..., js2 ][js2 , ..., js3 ]...[jst−1 , ..., jst
, n+ 1],

0 ≤ j1 < . . . < jst
< n+ 1, q = st − t+ 1.
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The dimension of the first block j1, ..., js1 ] is dim([j1, ..., js1 ]) + 1.

Proposition 3.2. Let the face operators dǫ, ǫ = 0, 1, act on a face a of In+1 as in Proposition
3.1, but for its first block as

j1, ..., js1 ]
d0i−→ j1, ..., ji][ji, ..., js1 ], 1 ≤ i < s1,

j1, ..., js1 ]
d1i−→ j1, ..., ĵi, ..., js1 ], 1 ≤ i < s1.

Then the relations among dǫ’s again agree with the cubical identities.

Proof. it is straightforward. �

The canonical cellular map ψ : In+1 → ∆n+1 ([30]) is combinatorially defined by

j1, ..., js1 ][js1 , ..., js2 ][js2 , ..., js3 ]...[jst−1 , ..., jst
] → j1, ..., js1

(see Figure 1). In particular the face 0][0, 1, ..., n+ 1] of In+1, i.e. d0
1, goes to the minimal vertex

(the base point) 0 ∈ ∆n+1.
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Figure 1: The universal truncating twisting function τ.

The map ψ can be thought of as a combinatorial model of the projection PX
ξ

−→ X .

4. Truncating twisting functions and twisted Cartesian products

There is the classical notion of a twisting function τ : X → G from a simplicial set to a simplicial
group. Such τ defines a twisted Cartesian product for a simplicial G-module M as a simplicial set
X×τM. In this section we introduce the notion of a twisting function between graded sets in which
the domain and the target have face and degeneracy operators of different types; moreover, the
group structure on each homogeneous component of the target is replaced by a graded monoidal
structure reflecting the standard Cartesian product of cubes. Namely, we define a truncating
twisting function τ : X → Q from a simplicial set X to a monoidal cubical set Q. For a cubical
Q-module with action Q× L→ L, such τ defines a twisted Cartesian product X ×τ L as a cubical
set.
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These notions are motivated by the cubical set PX, which can be viewed as a twisted Cartesian
product determined by the canonical inclusion τ : X → ΩX, x 7→ x̄ of degree −1, referred to as
the universal truncating twisting function.

Definition 4.1. Let X be a 1-reduced simplicial set and Q be a monoidal cubical set. A sequence
of functions τ = {τn : Xn → Qn−1}n≥1 of degree −1 is called a truncating twisting function if it
satisfies:

τ(x) = e, x ∈ X1,

d0
i τ(x) = τ∂i+1 · · · ∂n(x) · τ∂0 · · · ∂i−1(x), i = 1, ..., n− 1, x ∈ Xn, n ≥ 1

d1
i τ(x) = τ∂i(x), i = 1, ..., n− 1, x ∈ Xn, n ≥ 1

ηnτ(x) = τsn(x), x ∈ Xn, n ≥ 1.

Remark 4.1. Note that by definition, a truncating twisting function commutes only with the last
degeneracy operators (compare [30]), since this is so for the universal truncating function.

The next proposition is an analog of the property (ii) of a twisting cochain from 2.2.

Proposition 4.1. Let X be a 1-reduced simplicial set and Q be a monoidal cubical set. A sequence
of functions τ = {τn : Xn → Qn−1}n≥1 of degree −1 is a truncating twisting function if and only
if the monoidal map f : ΩX → Q defined by f(x̄1 . . . x̄k) = τ(x1) . . . τ(xk) is a map of cubical sets.

Proof. Since f is completely determined by its restriction to monoidal generators, use the argument
of verification of cubical identities for a given single generator σ̄ in ΩX being equivalent to that of
identities of the universal truncating function τU : σ → σ̄. �

The following construction is an analog of the property (iii) of a twisting cochain from 2.2.
Given a truncating twisting function τ : X → Q and a cubical set L, which is a Q-module via
Q× L→ L, define the corresponding twisted Cartesian product X ×τ L by replacing ΩX with L
in the definition of PX . This gives the following:

Definition 4.2. Let X be a 1-reduced simplicial set, Q be a monoidal cubical set, and L be a
Q-module via Q× L → L. Let τ = {τn : Xn → Qn−1}n≥1 be a truncating twisting function. The
twisted Cartesian product X ×τ L is the graded set

X ×τ L = Xc×L/ ∼,

where (ηp+1(x), y) ∼ (x, η1(y)), (x, y) ∈ Xc
p×Lq, and is endowed with the face d0

i , d
1
i and degeneracy

ηi operators defined for (x, y) ∈ Xp × Lq ⊂ Xc
p × Lq by

d0
i (x, y) =





(∂1 · · ·∂p(x), τ(x) · y), i = 1,

(∂i · · · ∂p(x), τ∂0 · · · ∂i−2(x) · y), 1 < i ≤ p,

(x, d0
i−p(y)), p < i ≤ n,

d1
i (x, y) =

{
(∂i−1(x), y), 1 ≤ i ≤ p,

(x, d1
i−p(y)), p < i ≤ n,

ηi(x, y) = (ηi(x), y), 1 ≤ i ≤ p,

ηi(x, y) = (x, ηi−p(y)), p < i ≤ n+ 1.

For any (x, y) ∈ X ×τ L the operators uniquely extend to form the cubical set (X ×τ L, d
0
i , d

1
i , ηi).

The geometrical interpretation of τ : X → ΩX is the following: The standard n-simplex (the
base) is converted into the (n − 1)-cube (the fiber) by the canonical truncation procedure; this
truncation yields the n-cube (the total space) as well, and the latter is thought of as the ”twisted
Cartesian product” of the simplex and the cube (see Fig. 1); so that projection ψ is a ”healing”
map. This justifies the name ”truncating twisting function”.



A CUBICAL MODEL FOR A FIBRATION 11

Example 4.1. Let M = {ek}k≥0 be the free graded monoid on a single generator e1 ∈ M1 with
trivial cubical set structure and τ : X →M the sequence of constant maps τn : Xn →Mn−1, n ≥ 1.
Then the twisted Cartesian product X×τM can be thought of as a cubical resolution of the 1-reduced
simplicial set X.

The normalized cubical chain functor C�
∗ applied to the cubical sets ΩX, PX, X×τ L produce

dg modules C�
∗ (ΩX), C�

∗ (PX), C�
∗ (X ×τ L). It is straightforward to check that

(i) C�
∗ (ΩX) = ΩC∗(X);

(ii) C�
∗ (PX) = Ω(C∗(X);C∗(X));

(iii) C�
∗ (X ×τ L) = C∗(X) ⊗τ∗ C

�
∗ (L).

(4)

5. The cubical model of the path fibration

Let Y be a topological space. In [1], Adams constructed a morphism

(5) ω∗ : ΩC∗(Y ) → C�

∗ (ΩY )

of dg algebras that is a weak equivalence for simply connected Y . There are explicit combinatorial
interpretations of Adams’ cobar construction, the above map ω∗, and the acyclic cobar construction
Ω(C∗(Y );C∗(Y )) in terms of cubical sets. Indeed, we have the following theorem (compare, [25],
[9], [2], [3], [10]).

Theorem 5.1. Let ΩY → PY
π

−→ Y be the Moore path fibration.
(i) There are natural morphisms ω, p, ψ such that

(6)

SingI ΩY −−−−→ SingI PY
π∗−−−−→ SingI Y

ω

x p

x ψ

x

Ω Sing1 Y −−−−→ PSing1 Y
ξ

−−−−→ Sing1 Y,

ψ : Sing1Y → SingIY is a map of graded sets induced by ψ : In → ∆n, while p is a morphism of
cubical sets, and ω a morphism of monoidal cubical sets; moreover, the cubical maps are homotopy
equivalences whenever Y is simply connected.

(ii) The chain complex C�
∗ (ΩSing1Y ) coincides with the cobar construction ΩC∗(Y ), see 2.3.

Moreover, for a simply connected space, Y, the Adams weak equivalence (5)

ω∗ : ΩC∗(Y ) = C�

∗ (ΩSing1Y ) → C�

∗ (ΩY ) = C∗(Sing
IΩY )

is induced by the morphism of monoidal cubical sets ω (and consequently it preserves all structures
which one has in the chain complex of a cubical set).

(iii) The chain complex C�
∗ (PSing1 Y ) coincides with the acyclic cobar construction

Ω(C∗(Y );C∗(Y )).

Proof. (i). Morphisms p and ω are constructed simultaneously by induction on the dimension of
singular simplices in Sing1 Y . For i = 0, 1 and (σ, e) ∈ PSing1 Y , σ ∈ (Sing1 Y )i, define p(σ, e) as
the constant map Ii → PY to the base point y, where e denotes the unit of the monoid Ω Sing1 Y
(and of the monoid SingI ΩY as well). Put ω(e) = e. Denote by P Sing1 Y(i,j) the subset in

PSing1 Y consisting of the elements (σ, σ′) with |σ| ≤ i, and σ′ ∈ Ω Sing1 Y(j), a submonoid in

Ω Sing1 Y having (monoidal) generators σ̄ with |σ̄| ≤ j.
Suppose by induction that we have constructed p and ω on PSing1 Y(n−1,n−2) and Ω Sing1 Y(n−2)

respectively such that

p(σ, σ′) = p(σ, e) · ω(σ′) and ω(σ̄) = p(d0
1(σ, e)),
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where the · product is determined by the action PY × ΩY → ΩY. Let Īn ⊂ In be the union of
the (n − 1)-faces dǫi(I

n) of In except the d0
1(I

n) = (0, x2, ..., xn) and then for a singular simplex
σ : ∆n → Y define the map

p̄ : Īn → PY

by

p̄|dǫ
i
(In) = p(dǫi(σ, e)), ǫ = 0, 1, and i 6= 1 for ǫ = 0.

Then the following diagram commutes:

Īn
p̄

−−−−→ PσY
gσ

−−−−→ PY

i

y πσ

y π

y

In
ψ

−−−−→ ∆n σ
−−−−→ Y.

Clearly, i is a strong deformation retraction and we define p(σ, e) : In → PσY as a lift of ψ.
Define ω(σ̄) = p(d0

1(σ, e)). The proof of p and ω being homotopy equivalences (after the geometric
realizations) immediately follows, for example, from the observation that ξ induces a long exact
homotopy sequence. The last statement is a consequence of the following two facts: (1) |P Sing1X |

is contractible, and (2) the projection ξ induces an isomorphism π∗(|PSing1 Y |, |Ω Sing1 Y |)
ξ∗
−→

π∗(| Sing1 Y |).
(ii)-(iii). This is straightforward. �

Thus, by passing to chain complexes in diagram (6) we obtain the following comultiplicative
model of the path fibration π formed by dgc’s.

Corollary 5.1. For the path fibration ΩY → PY
π

−→ Y there is a comultiplicative model formed
by coassociative dgc’s which is natural in Y :

(7)

C�
∗ (ΩY ) −−−−→ C�

∗ (PY )
π∗−−−−→ C�

∗ (Y )

ω∗

x p∗

x ψ∗

x

ΩC∗(Y ) −−−−→ Ω(C∗(Y );C∗(Y ))
ξ∗

−−−−→ C∗(Y ).

6. Cubical models for fibrations

Here we prove the main result in this paper. Let G be a topological group, F be a G-space

G× F → F , G→ P
π

−→ Y be a principal G-bundle and F → E
ζ

−→ Y be the associated fibration
with the fiber F . Let X = Sing1Y , Q = SingIG and L = SingIF. The group operation G×G→ G
induces the structure of a monoidal cubical set on Q and the action G×F → F induces a Q-module
structure Q× L→ L on L.

Theorem 6.1. The principal G-fibration G→ P
π

−→ Y determines a truncating twisting function
τ : Sing1 Y → SingIG such that the twisted Cartesian product Sing1Y ×τ SingIF models the total

space E of the associated fibration F → E
ζ

−→ Y , that is there exists a cubical map

Sing1Y ×τ SingIF → SingI E

inducing homology isomorphism.

Proof. Let ω : ΩX → SingIΩY be the map of monoidal cubical sets from Theorem 5.1. By Proposi-

tion 4.1 ω corresponds to a truncating twisting function τ ′ : X = Sing1Y
τU−→ ΩX = Ω Sing1 Y

ω
−→

SingIΩY. Composing τ ′ with the map of monoidal cubical sets SingIΩY → SingIG = Q induced
by the canonical map ΩY → G of monoids we obtain a truncating twisting function τ : X → Q.
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The resulting twisted Cartesian product Sing1Y ×τ SingIF is a cubical model of E. Indeed, we
have the canonical equality

X ×τ L = (X ×τ Q) × L/ ∼,

where (xg, y) ∼ (x, gy). Next the argument of the proof of Theorem 5.1 gives a cubical map

f ′ : X ×τU
ΩX → SingI P preserving the actions of ΩX and Q. Hence, this map extends to a

cubical map f : X ×τ Q→ SingI P by f(x, g) = f ′(x, e)g. The map

f × Id : (X ×τ Q) × L→ SingI P × L→ SingI(P × F )

induces the map
Sing1 Y ×τ SingI F → SingI E

as desired. �

For convenience, assume that X,Q and L are as in the Definition 4.2. On the chain level a
truncating twisting function τ induces the twisting cochains τ∗ : C∗(X) → C∗−1(Q) and τ∗ :
C∗(Q) → C∗+1(X) in the standard sense ([8],[7],[14]). Recall the equality of dg modules ((iii) of
4)

(8) C�

∗ (X ×τ L) = C∗(X) ⊗τ∗ C
�

∗ (L)

and, consequently, the obvious injection

(9) C∗
�

(X ×τ L) ⊃ C∗(X) ⊗τ∗ C∗
�

(L)

of dg modules (which is an equality if the graded sets are of finite type).
The cubical structure of X ×τ L induces a dgc structure on C�

∗ (X ×τ L). Transporting this
structure (the Serre diagonal (3)) to the right-hand side of (8) we obtain a comultiplicative model
C∗(X)⊗τ∗C

�
∗ (L) of our fibration. Dually, C∗

�
(X×τL) is a dga, so a dga structure (a multiplication)

arises on the right-hand side of (9) and we obtain a multiplicative model C∗(X)⊗τ∗ C∗
�

(L) of our
fibration.

Below we describe these structures (the comultiplication on C∗(X) ⊗τ∗ C
�
∗ (L) and the multi-

plication on C∗(X) ⊗τ∗ C∗
�

(L)) in terms of certain (co)chain operations that form a homotopy
G-(co)algebra structure on the (co)chain complex of X .

6.1. The canonical homotopy G-algebra structure on C∗(X). To describe these structures
in more detail, we focus on equality (i) of (4)

C�

∗ (ΩX) = ΩC∗(X).

As before, the cubical structure of ΩX induces a comultiplication (Serre diagonal) on C�
∗ (ΩX),

thus this structure also appears on the right-hand side of the above equality, so that the cobar
construction ΩC∗(X) becomes a dg Hopf algebra. Such a comultiplication was defined on the cobar
construction ΩCN∗ (X) of the normalized complex CN∗ (X) by Baues in [2], [3].

In the combinatorics of Proposition 3.1, this diagonal is expressed as

∆[0, 1, ..., n+ 1] = Σ(−1)ǫ [0, 1, ..., j1][j1, ..., j2][j2, ..., j3]...[jp, ..., n+ 1]⊗
[0, j1, j2, ..., jp, n+ 1].

Note that the summands [01...n+ 1] ⊗ [0, n+ 1] and [01][12][23]...[n, n+ 1] ⊗ [01...n+ 1] form the
primitive part of the diagonal.

Now regarding the blocks of natural numbers above as faces of the standard (n + 1)-simplex,
we obtain Baues’ formula for the coproduct ∆ : ΩC∗(X) → ΩC∗(X) ⊗ ΩC∗(X): For a generator
σ ∈ Cn+1(X) ⊂ ΩC∗(X) define

(10)
∆[σ] = Σ(−1)ǫ [σ(0, 1, ..., j1)|σ(j1, ..., j2)|σ(j2, ..., j3)|...|σ(jp, ..., n+ 1)]⊗

[σ(0, j1, j2, ..., jp, n+ 1)],

where σ(i1, ..., ik) denotes the suitable face of σ. Note that since X is assumed to be 1-reduced,
the image [ ¯σ(k, k + 1)] of each 1-dimensional face σ(k, k + 1) is the unit in ΩC∗(X) and hence
can be omitted. Note also that the formula is highly asymmetric, the left-hand factors of ∆[σ] in
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ΩC∗(X)⊗ΩC∗(X) have length ≥ 1 and the right-hand factors have length 1; this is a consequence
of (3) and the structure of d0

i , d
1
i from Proposition 3.1.

Actually this diagonal consists of components

Ek,1 = pr ◦ ∆ : C∗(X) → ΩC∗(X) ⊗ ΩC∗(X) → C∗(X)⊗k ⊗ C∗(X), k ≥ 1,

where pr is the obvious projection. The basic component E1,1 looks like

E1,1(σ) = Σs,t(−1)ǫ (σ(0, 1) ⊗ σ(1, 2) ⊗ ...⊗ σ(s− 1, s) ⊗ σ(s, s+ 1, ..., t) ⊗ σ(t, t+ 1)⊗
...⊗ σ(n, n+ 1)) ⊗ σ(0, 1, ..., s− 1, s, t, t+ 1, ..., n+ 1) =
Σs,t(−1)ǫ σ(s, s+ 1, ..., t) ⊗ σ(0, 1, ..., s− 1, s, t, t+ 1, ..., n+ 1),

which is a chain operation dual to Steenrod’s ⌣1-product.
Dualizing the operations Ek,1, we obtain the sequence of cochain operations

{Ek,1 : C∗(X)⊗k ⊗ C∗(X) → C∗(X)}k≥1,

which define a multiplication on the bar construction BC∗(X) ⊗ BC∗(X) → BC∗(X). These
cochain operations form a homotopy G-algebra structure on C∗(X) (see the next section).

6.2. The non simply-connected case. The operations {Ek,1} above are restrictions of more

general cochain operations that arise on C̃∗(X) for a based space Y , which is not necessarily
1-connected. In this case, for X = Sing Y we have the operations

{Ek,1 : C̃∗(X)⊗k ⊗ C̃∗(X) → C̃∗(X)} k≥0,

given by the following explicit formulas: For ai ∈ C̃mi(X), mi ≥ 2, 1 ≤ i ≤ k, let

Ek,1(a1, ..., ak; a0) =
∑

j≥k

Ẽj,1(ǫ
1, a1, ǫ

1, ..., ǫ1, ak, ǫ
1; a0),

where ǫ1 ∈ C̃1(X) is the generator represented by the constant singular 1-simplex at the base

point ∆1 → y ∈ Y and the operations Ẽk,1 are defined for cj ∈ C̃mj (X), mj ≥ 1, 1 ≤ j ≤ k,

c0 ∈ C̃k(X), by

Ẽk,1(c1, c2, ..., ck; c0) = c ∈ C̃n(X), n = m1 + · · · +mk,

c(σ) = (−1)εc1(∂i1+1 · · ·∂nσ)c2(∂0 · · · ∂i1−1∂i2+1 · · · ∂nσ) · · ·

ck(∂0 · · · ∂ik−1−1σ)c0(∂̂0∂1∂̂i1 · · · ∂̂ik−1
· · ·∂n−1∂̂nσ)

ε =
∑k

j=1(j − 1)(mj − 1),

where iq = m1 + · · ·+mq, 1 ≤ q ≤ k − 1, σ ∈ Xn, and where Ẽk,1(c1, c2, ..., ck; c0) = 0 otherwise.

Remark 6.1. Though each Ẽk,1, and in particular Ẽ1,1 has only one component, the formula for
k = 1 defines E1,1 as the Steenrod cochain ⌣1-operation without any restriction on Y . This fact
evidently indicates a difference between topological and algebraic interpretation of the operations
{Ek,1}k≥1 in terms of 1-reduced algebras (see also Example 7.3).

6.3. Twisted multiplicative model for a fibration. Next we further explore the twisted Carte-
sian product X ×τ L. To describe the corresponding coproduct and product on the right-hand
sides of (8) and (9) respectively, it is very convenient to express the Serre diagonal (3) using the
combinatorics of Proposition 3.2:

(11)
01...n]

∆
−→ Σ(−1)ǫ 0...j1][j1...j2][j2...j3]...[jk...n]⊗

0̂, ..., ĵ1 − 1, j1, ĵ1 + 1, ..., ĵ2 − 1, j2, ..., jk, ĵk+1, ..., n̂− 1, n],

0 ≤ j1 < · · · < jk < n, where the summands 01...n]⊗n] and 0][01][12][23]...[n− 1, n]⊗ 01...n] form
the primitive part of the diagonal.

Furthermore, the action Q×L→ L induces a comodule structure ∆L : C∗(L) → C∗(Q)⊗C∗(L),
and it is not hard to see that the cubical multiplication of (9) can be expressed by this comodule
structure, the diagonal (11), the twisting cochain τ∗, and the operations {Ek,1}k≥1 by the following
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formula: Let a1 ⊗m1, a2 ⊗m2 ∈ C∗(X) ⊗τ∗ C∗
�

(L) and ∆k
L : C∗(L) → C∗(Q)⊗k ⊗ C∗(L) be the

iterated ∆L with ∆0
L = Id : C∗(L) → C∗(L); let ∆k

L(m1) =
∑
c1 ⊗ . . .⊗ ck ⊗mk+1

1 . Then

(12) µτ∗((a1 ⊗m1) ⊗ (a2 ⊗m2)) =
∑

k≥0

(−1)|a2||m
k+1
1 |a1Ek,1(τ

∗(c1), . . . , τ∗(ck); a2) ⊗mk+1
1 m2.

Corollary 6.1. Under the circumstances of Theorem 6.1, the twisted differential dτ and multi-
plication µ turn the tensor product C∗(Y ) ⊗ C∗

�
(F ) into a dga (C∗(Y ) ⊗ C∗

�
(F ), dτ , µτ ) weakly

equivalent to the dga C∗
�

(E).

Such a multiplicative model is constructed in [6] without explicit formulas for the multiplication.

Corollary 6.2. There exists on the acyclic bar construction B(C∗(Y );C∗(Y )) the following strictly
associative multiplication: for a = a0 ⊗ [ā1| · · · |ān], b = b0 ⊗ [b̄1| · · · |b̄m], ai, bj ∈ C∗(Y ), 0 ≤ i ≤
n, 0 ≤ j ≤ m, let

(13) ab =

n∑

k=0

(−1)|b0|(|āk+1|+···+|ān|)a0Ek,1(a1, . . . , ak; b0) ⊗ [āk+1| · · · |ān] ◦ [b̄1| · · · |b̄m].

Proof. Take Q = L = ΩX . Then the multiplication (12) looks as (13). �

7. Twisted tensor products for homotopy G-algebras

The notion of homotopy G-(co)algebra naturally generalizes that of a (co)commutative (co)alge-
bra. For commutative dga’s there exists the theory of multiplicative twisted tensor products. Below
we generalize this theory for homotopy G-algebras. Namely we define a twisted tensor product
with both twisted differential and twisted multiplication inspired by the formulas (12) and (13)
established in the previous section.

The following definition of homotopy G-algebra (hga) differs from the definition in [12] only by
grading (see also [13]). Let A be a dga and consider the dg module (Hom(BA⊗BA,A),∇) with
differential ∇. The ⌣-product induces a dga structure (the tensor product BA⊗BA is a dgc with
the standard coalgebra structure).

Definition 7.1. A homotopy G-algebra is a 1-reduced dga A equipped with multilinear maps

Ep,q : A⊗p ⊗A⊗q → A, p, q ≥ 0, p+ q > 0,

satisfying the following properties:

(i) Ep,q is of degree 1 − p− q;

(ii) Ep,q = 0 except E1,0 = id, E0,1 = id and Ek,1, k ≥ 1;

(iii) the homomorphism E : BA⊗BA→ A defined by

E([ā1| · · · |āp] ⊗ [b̄1| · · · |b̄q]) = Ep,q(a1, ..., ap; b1, ..., bq)

is a twisting cochain in the dga (Hom(BA⊗BA,A),∇,⌣), i.e. satisfies ∇E = E ⌣ E;

(iv) the multiplication µE is associative, i.e. BA is a dg Hopf algebra.

Condition (iii) implies that the comultiplicative extension µE : BA ⊗ BA → BA is a chain map;
conditions (iii) and (iv) can be rewritten in terms of the components Ep,q (see [12]). In particular
the operation E1,1 satisfies conditions similar to Steenrod’s ⌣1 product: Condition (iii) gives

(14)
dE1,1(a1; a0) − E1,1(da1; a0) + (−1)|a1|E1,1(a1; da0) =

(−1)|a1|a1a0 − (−1)|a1|(|a0|+1)a0a1,

so it measures the non-commutativity of the product of A. Hence, a homotopy G-algebra with
E1,1 = 0 is a commutative dga. We denote E1,1(a, b) by a ⌣1 b. This notation is also justified by
the other condition that follows from (iii), namely,

(15) c ⌣1 (ab) = (c ⌣1 a)b+ (−1)|a|(|c|−1)a(c ⌣1 b).
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Thus map a ⌣1 − : A → A is a derivation; when A = C∗(X) formula 15 is called the Hirsch
formula. On the other hand, the map − ⌣1 c : A → A is a derivation only up to homotopy with
the operation E2,1 serving as a suitable homotopy: This time condition (iii) gives

(16)
dE2,1(a, b; c) − E2,1(da, b; c) − (−1)|a|E2,1(a, db; c) − (−1)|a|+|b|E2,1(a, b; dc) =

(−1)|a|+|b|(ab) ⌣1 c− (−1)|a|+|b||c|(a ⌣1 c)b− (−1)|a|+|b|a(b ⌣1 c).

The main examples of hga’s are: C∗(X) (see [2], [3],[13] and previous section) and the Hochschild
cochain complex of an associative algebra, with the operations E1,1 and E2,1 defined by Gersten-
haber in [11] and the higher operations given in [20], [13],[12]. Another example is the cobar
construction of a dg Hopf algebra [21]. Note also that certain algebras (including polynomial
algebras) that are realized as the cohomology of topological spaces also admit a non-trivial hga
structure [29](see also Example 7.3 below).

The dual notion is that of a homotopy G-coalgebra (hgc). For an hgc (C, d,∆, {Ep,q : C →
C⊗p ⊗ C⊗q}) the cobar construction ΩC is a dg Hopf algebra with a comultiplication induced by
{Ep,q}.

Remark 7.1. For a hga A, the operation E2,1, besides of (16), measures the lack of associativity
of E1,1 =⌣1. In particular, condition (iv) yields

(17) a ⌣1 (b ⌣1 c) − (a ⌣1 b) ⌣1 c = E2,1(a, b; c) + (−1)(|a|+1)(|b|+1)E2,1(b, a; c),

which implies that the commutator [a, b] = a ⌣1 b − (−1)(|a|+1)(|b|+1)b ⌣1 a satisfies the Jacobi
identity. In view of (14), this commutator induces a Lie bracket of degree -1 on H(A). Furthermore,
(15) and (16) imply that [a,−] : H(A) → H(A) is a derivation, so that H(A) is a Gerstenhaber
algebra [11] (this notion is not a particular case of hga). This structure is generally nontrivial in
the Hochschild cohomology of an associative algebra, but the existence of a ⌣2 product trivializes
the induced Gerstenhaber algebra structure on H(C∗(X)) = H∗(X).

7.1. Multiplicative twisted tensor products. Let C be a dgc, A a dga and M a dg comodule
over C. Brown’s twisting cochain φ : C → A (see 2.2) determines a dga map fφ : ΩC → A (the
multiplicative extension of φ), a dgc map gφ : C → BA (the comultiplicative extension of φ) and
the twisted differential dφ = d ⊗ Id + Id ⊗ d + φ∩− : A ⊗M → A ⊗M . Suppose furthermore,
that C is a dg Hopf algebra, M is a dga, and M → C ⊗M is a dga map. In general dφ is not
a derivation with respect to the multiplication on the tensor product A ⊗M . But when A is a
commutative dga (in this case BA is a dg Hopf algebra with respect to the shuffle product µsh)
and gφ : C → BA is a map of dg Hopf algebras, the twisted differential dφ is a derivation with
respect to the standard multiplication of the tensor product A⊗C and the twisted tensor product
A⊗φ C is a dga (see Proutè [27]). We shall generalize this phenomenon for a homotopy G-algebra
A, in which case BA is again a dg Hopf algebra with respect to the multiplication µE .

Definition 7.2. A twisting cochain φ : C → A in Hom(C,A) is multiplicative if the comultiplica-
tive extension C → BA is an algebra map.

It is clear that if φ : C → A is a multiplicative twisting cochain and if g : B → C is a map of
dg Hopf algebras then the composition φg : B → A is again a multiplicative twisting cochain.
The canonical projection BA → A provides an example of the universal multiplicative cochain.
For a commutative dga A, the multiplication map µE equals µsh, so Proutè’s twisting cochain is
multiplicative (see, for example, [28]). The argument for the proof of formula (12) immediately
yields the following:

Theorem 7.1. Let φ : C → A be a multiplicative twisting cochain. Then the tensor product A⊗M
with the twisting differential dφ = d⊗ Id+ Id⊗ d+ φ∩− becomes a dga (A ⊗M,dφ, µφ) with the
twisted multiplication µφ determined by formula (12).

Remark 7.2. As in 2.2, this construction is functorial in the following sense: Let η : A′ → A
be a strict morphism of hga’s (i.e., η is a morphism of dga’s strictly compatible with all Ep,q’s),
ϕ : C′ → C be a dg Hopf algebra morphism, ψ : M ′ → M be simultaneously a morphism of
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comodules and a dga morphism, and φ′ : C′ → A′ be a multiplicative twisting cochain such that
ηφ′ = φϕ. Then

η ⊗ ψ : (A′ ⊗M ′, dφ′ , µφ′) → (A⊗M,dφ, µφ)

is a morphism dga’s.

The above theorem includes the twisted tensor product theory for commutative algebras ([27]).

Corollary 7.1. For a homotopy G-algebra A, the acyclic bar-construction B(A;A), endowed with
the twisted multiplication determined by formula (13) acquires a dga structure.

7.2. Brown’s model as a dga. In conclusion, we replace the cubical cochains C∗
�

(F ) and C∗
�

(G)
by the normalized simplicial cochains C∗

N (F ) and C∗
N (G) in Corollary 6.1 to introduce an associa-

tive multiplication on Brown’s model C∗(Y )⊗φC
∗
N (F ) for a special twisting cochain φ. Specifically,

we have:

Corollary 7.2. Let F → E
ζ
→ Y be a fibration as in Corollary 6.1. There exists a multi-

plicative twisting cochain φ : C∗
N (G) → C∗+1(Y ) such that the twisted tensor product (C∗(Y ) ⊗

C∗
N (F ), dφ, µφ) with twisted differential dφ and twisted multiplication µφ is a dga with cohomology

algebra isomorphic to H∗(E).

Proof. Let us first mention that there exists the following standard triangulation of the cub In, see
for example [10]. Each vertex of In is a sequence (ǫ1, ..., ǫn), ǫi = 0, 1. The set of all 2n vertexes
is ordered: (ǫ1, ..., ǫn) ≤ (ǫ′1, ..., ǫ

′
n) if ǫi ≤ ǫ′i. There are n! increasing sequences of maximal length

n + 1 which start with minimal vertex (0, ..., 0) and end with maximal (1, ..., 1). They form n!
n-simplices which triangulate In.

Let ϕ : C∗
N (G) → C∗

�
(G) and ψ : C∗

N (F ) → C∗
�

(F ) be the maps induced by triangulation
of cubes (see, for example, [10]), and φ = τ∗ϕ : C∗

N (G) → C∗
�

(G) → C∗(Y ). Then the 4-tuple
{η = Id, ϕ, ψ, φ} satisfies the conditions of Remark 7.2, thus

Id⊗ ψ : (C∗(Y ) ⊗ C∗
N (F ), dφ, µφ) → (C∗(Y ) ⊗ C∗

�
(F ), dτ∗ , µτ∗)

is a morphism of dga’s. A standard spectral sequence argument shows that this is a weak equiva-
lence. �

7.3. Examples. Here we assume that the ground ring R is a field, and all spaces are path con-
nected. We present examples based on the fact that for a space being a suspension the correspond-
ing homotopy G-algebra structure is extremely simple: it consists just of E1,1 =⌣1 and all other
operations Ek>1,1 are trivial.

1. The classical Bott-Samelson theorem establishes that the inclusion i : X → ΩSX induces an
algebra isomorphism i∗ : T H̃∗(X)

≈
→ H∗(ΩSX), where SX denotes a suspension on a space X .

The left hand-side T H̃∗(X) is a Hopf algebra with respect to the comultiplication which extends
the one from H∗(X) multiplicatively, and the Bott-Samelson map i∗ is a Hopf algebra isomorphism
too. There is the dual statement for the cohomology as well (cf. Appendix in [16]).

First we recover the above facts in the following way. Let Y be the suspension over a polyhedron
X ; explicitly, regard Y as the geometric realization of a quotient simplicial set Y = SX/C−X where
SX = C+X ∪ C−X, the union of two cones over X with the standard simplicial set structure. It
is immediate to check by (10) that all Ek,1 for k ≥ 2 are identically zero, and, moreover, so is the
AW diagonal ∆ : C∗(Y ) → C∗(Y ) ⊗ C∗(Y ) in positive degrees as well (cf. [29]). Consequently,
since of (14) and (17) E1,1 : C∗(Y ) → C∗(Y )⊗C∗(Y ) becomes coassociative chain map of degree 1
and thus it induces a binary cooperation of degree 1 on the homology denoted by Sq1,1 : H∗(Y ) →
H∗(Y ) ⊗ H∗(Y ). Notice that both (C∗(Y ), d, ∆̄ = 0, E1,1) and (H∗(Y ), d = 0, ∆̄∗ = 0, Sq1,1) are
homotopy G-coalgebras, thus ΩC∗(Y ) and ΩH∗(Y ) both are dg Hopf algebras.

The cycle choosing homomorphism ι : H∗(Y ) → C∗(Y ) is a dg coalgebra map in this case. Thus
there is a dg algebra map Ωι : ΩH∗(Y ) → ΩC∗(Y ) which induces the Bott-Samelson isomorphism
of graded algebras

(18) T H̃∗(X) = ΩH∗(Y ) = H(ΩH∗(Y ))
(Ωι)∗
−→ H∗(ΩC∗(Y )) = H∗(ΩY ).
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To show that (18) is a Hopf algebra isomorphism, let first consider the diagram

C∗(Y )
E1,1

−−−−→ C∗(Y ) ⊗ C∗(Y )
xι

xι⊗ι

H̃∗(Y )
Sq1,1

−−−−→ H̃∗(Y ) ⊗ H̃∗(Y )

≈

xs ≈

xs⊗s

H̃∗−1(X)
∆∗−−−−→ H̃∗−1(X) ⊗ H̃∗−1(X),

where s is the suspension isomorphism; the upper square is commutative up to a chain homotopy,
while the bottom square is strict commutative. This implies that Ωι is also a coalgebra map up to
a chain homotopy, consequently (18) is a coalgebra map too.

2. Let ΩY → PY
π
→ Y be the Moore path fibration with the base Y which is the suspension

over a polyhedron X. Let f : Y → Z be a map, ΩY × ΩZ → ΩZ be the induced action via the
composition

ΩY × ΩZ
Ωf×Id
−→ ΩZ × ΩZ → ΩZ,

and ΩZ → Ef
ξ
→ Y be the associated fibration; for simplicity assume that Z is the suspension and

simply connected CW -complex of finite type, as well. We present two multiplicative models for
the fibration ξ using the cubical model Y ×τ ΩZ with the universal truncating twisting function
τ = τU : Y → ΩY .

Notice that the twisted differential of the cochain complex (C∗(Y ×τ ΩZ), d) = (C∗(Y ) ⊗
C∗(ΩZ), dτ#) = (C∗(Y )⊗BC∗(Z), dτ#) with universal τ# : BC∗(Y ) → C∗(Y ) becomes the form

dτ#(a⊗ [m̄1|...|m̄n]) = da⊗ [m̄1|...|m̄n] +
∑n

k=1 a⊗ [m̄1|...|dm̄k|...|m̄n]+
a ·m1 ⊗ [m̄2|...|m̄n].

Since the simplified structure of the homotopy G-algebra (C∗(Y ), d, µ = 0, E1,1) formula (12)
becomes the following form:

(19) µτ#((a1 ⊗m1)(a2 ⊗m2)) = a1a2 ⊗m1m2 + a1E1,1(f
#(m1

1), a2) ⊗ [m̄2
1|...|m̄

n
1 ] ·m2,

where f# : C∗(Z) → C∗(Y ), a1, a2 ∈ C∗(Y ), m1 = [m̄1
1|...|m̄

n
1 ],m2 ∈ BC∗(Z), n ≥ 0. Note

that since the product on C>0(Y ) is zero, the twisted part of µτ# (the second summand) may be
non-zero only for a1 ∈ C0(Y ).

So that we get that H(C∗(Y ) ⊗BC∗(Z), dτ# , µτ#) and H∗(Ef ) are isomorphic as algebras.
On the other hand, let us consider the following multiplicative twisted tensor product (H∗(Y )⊗

H∗(ΩZ), dτ∗) = (H∗(Y ) ⊗ BH∗(Z), dτ∗) with universal τ∗ : BH∗(Y ) → H∗(Y ). The differential
here is of the form:

dτ∗(a⊗ [m̄1|...|m̄n]) = a ·m1 ⊗ [m̄2|...|m̄n].

Again since the simplified structure of the homotopy G-algebra (H∗(Y ), d = 0, µ∗ = 0, Sq1,1) the
formula (12) becomes the following form:

(20) µτ∗((a1 ⊗m1)(a2 ⊗m2)) = a1a2 ⊗m1m2 + a1Sq1,1(f
∗(m1

1), a2) ⊗ [m̄2
1|...|m̄

n
1 ] ·m2,

where f∗ : H∗(Z) → H∗(Y ), a1, a2 ∈ H∗(Y ), m1 = [m̄1
1|...|m̄

n
1 ],m2 ∈ BH∗(Z), n ≥ 0. Note

that since the product on H>0(Y ) is zero, the twisted part of µτ∗ (the second summand) may
be non-zero only for a1 ∈ H0(Y ). Also we remark that for an element a ∈ H∗(Y ), one gets
Sq1,1(a, a) = Sq1(a), the Steenrod square.

We claim that (H∗(Y )⊗BH∗(Z), dτ∗) is a ”small” multiplicative model of the fibration ξ, i.e.,
H(H∗(Y )⊗BH∗(Z), dτ∗) and H∗(Ef ) are isomorphic as algebras. Indeed, it is straightforward to
calculate (or using the standard spectral sequence argument) that additively

H(C∗(Y ) ⊗BC∗(Z), dτ#) ≈ H(H∗(Y ) ⊗BH∗(Z), dτ∗) ≈
H0(Y ) ⊗ Tf (H

∗(Z))
⊕
H∗(Y )/Imf∗ ⊗BH∗(Z),
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where Tf (H
∗(Z)) = s−1(Kerf∗)+s−1(Kerf∗)⊗s−1H∗(Z)+ · · ·+s−1(Kerf∗)⊗ (s−1H∗(Z))⊗n+

· · · , n ≥ 1. Since the explicit formulas (19) and (20) it is easy to calculate that the twisted parts
of µτ# and µτ∗ annihilate in homology, thus they induce the same multiplication on H∗(Ef ). As
a byproduct we obtain that the multiplicative structure of the total space Ef does not depend
on a map f in a sense that if f∗ = g∗ then H∗(Ef ) = H∗(Eg) as algebras. Note also that this
multiplicative structure is purely defined by the ⌣ and ⌣1 operations.
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