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Tornike qadeiSvili

algebra

jgufebi

ganmarteba. jgufi ewodeba simravles G operaciiT

 : GG  G, (a,b) = a * b,
romelic akmayofilebs Semdeg aqsiomebs:
1. asociaturoba: a * (b * c) = (a * b) * c;
2. erTeuli:  e  R    i.r. yoveli elementisaTvis a  R    sruldeba 

piroba a * e = e * a = a
3. mopirdapire: a  R   â i.r. a * â = â * a = e;

jgufi komutaturia (abelisaa) Tu damatebiT sruldeba aqsioma
4. a * b = b * a .

abelis jgufebisaTvis gamoiyeneba aditiuri Cawera:
a*b=a+b, e = 0, â = -a,
xolo araabelurebisTvis – multiplikaturi: a *b=ab, e = 1, â = a-1.

magaliTebi
1. luwi ricxvebi Sekrebis mimarT abelis jgufia, kentebi ki ara.
2. (Z, +)  jgufia; 
3. racionaluri ricxvebi gamravlebis mimarT ar aris jgufi. 
4. (Q \ 0, . )  jgufia.
5. Z4 = {0,1,2,3}      jgufia Semdegi operaciis mimarT:      
               

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2

6. Zn = {0,1, … , n - 1}      jgufia Semdegi operaciis mimarT:      

7. araabeluri jgufis magaliTia aragadagvarebul matricTa jgufi
matricTa gamravlebis mimarT:

1 2 2 3 10 13( 3 4 ) . ( 4 5 ) = ( 28 29 )
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xolo
2 3 1 2 11 16( 4 5 ) . ( 3 4 ) = ( 19 28 )

Teorema. jgufSi neitraluri elementi erTaderTia.

Teorema. jgufSi yovel elements gaaCnia mxolod erTi mopirdapire.
damtkiceba.

qvejgufi

ganmarteba. jgufis qvesimravles H  G ewodeba qvejgufi, Tu H
TviTon aris jgufi igive operaciis mimarT, anu sruldeba pirobebi

1. Tu a,b  H,   maSin a * b  H;
2. e  H;
3.   Tu a  H,   maSin â  H

magaliTebi 

1. N  Z   ar aris qvejgufi.
2. kenti ricxvebis simravle ar aris Z-is qvejgufi.
3. luwi ricxvebis simravle 2Z aris Z-is qvejgufi.
4. n-is jerad ricxvTa simravle nZ  aris Z-is qvejgufi.
5. Z6= {0,1,2,3,4,5)   jgufis qvesimravleTagan qvejgufebia mxolod 
{0}, {0,2,4}, {0,3}, {0,1,2,3,4,5) .

Teorema. nZ  Z   qvejgufia, piriqiTac, Z-is nebismieri qvejgufi nZ
saxisaa.

homomorfizmebi

ganmarteba. jgufebis asaxvas

f : G  G’
ewodeba homomorfizmi, Tu sruldeba Semdegi pirobebi
1.  f(e) = e’     ( f(0) = 0 aditiur CaweraSi);
2.  f(a * b) = f(a ) * f(b)  ( f(a + b) = f(a) + f(b)  aditiur CaweraSi).

magaliTebi

1. asaxva f : Z  Z  mocemuli tolobiT f(k) = 3k+1   ar aris 
homomorfizmi.
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2. aseve ar aris homomorpizmi asaxva f(k) = k2:

3. asaxva f : Z  Z  mocemuli tolobiT f(x) = 3x homomorfizmia.

5. asaxva f : Z  Z  mocemuli tolobiT f(x) = nx homomorfizmia, 
piriqiTac, nebismieri homomorfizmi f : Z  Z  aucileblad f(x) = nx
tipisaa.

6. asaxva f : Z  Z2  mocemuli tolobebiT f(2n) = 0, f(2n+1) = 1
homomorfizmia.

7. aRwereT homomorfizmebi  2Z Z .

8. dawereT homomorfizmi  (R, +) → (R+ , ∙ ),   aq es ukanaskneli 
dadebiT ricxvTa multiplikaturi jgufia.

9. dawereT homomorfizmi  (R+ , ∙ ) →(R, +).  

anasaxi da birTvi

ganmarteba. f : G  G’  homomorfizmis anasaxi ewodeba qvesimravles

Im f = {g  G’, g = f(h) }.
Im f yovelTvis aracarielia: e’ = f(e)  Im f.

ganmarteba. f : G  G’  homomorfizmis birTvi ewodeba qvesimravles

Ker f = {g G,  f(g) = e’ }
(  f(g) =0  aditiur CaweraSi ).  Ker f yovelTvis aracarielia: e  Ker f.

magaliTebi

1. f : Z  Z,  f(x) = 3x  homomorfizmisTvis
Im f = { …, -6,-3,0,3,6,…},  Ker f = {0}.
2. f : Z  Z2,  f(2x) = 0,  f(2x+1) = 1  homomorfizmisTvis
Im f = Z2,  Ker f = { …,-4,-2,0,2,4,… }.

Teorema. Im f qvejgufia.

Teorema. Ker f qvejgufia.

Teorema. homomorfizmi f : H  G ineqciaa maSin da mxolod maSin, 
rodesac Ker f = e.



4

monomorfizmi, epimorfizmi, izomorfizmi

modიT amis Semdeg mxolod abelis jgufebze vilaparakoT. 

ganmarteba. 
monomorfizmi qvia ineqciur homomorfizms.
epimorfizmi qvia siureqciul homomorfizms.
izomorfizmi qvia bieqciur homomorfizms.

ganmarteba. homomorfizms f : H  G aqvs marjvena Sebrunebuli, Tu 

arsebobs homomorfizmi  g : G  H  iseTi, rom .Gf g id

Teorema. Tu homomorfizms aqvs marjvena Sebrunebuli, maSin is 
epimorfizmia.

magram ara piriqiT: epimorfuloba ar iwvevs marjvena Sebrunebulis 
arsebobas, simravluri marjvena Sebrunebuli SeiZleba ar iyos 

homomorfizmi. mag. 2: , (2 ) 0, (2 1) 1f Z Z f n f n     (aq sakmarisia iTqvas 

mxolod (1) 1f  ).

ganmarteba. homomorfizms f : H  G aqvs marcxena Sebrunebuli, Tu 

arsebobs homomorfizmi  g : G  H  iseTi, rom .Hg f id

Teorema. Tu homomorfizms aqvs marcxena Sebrunebuli, maSin is 
monomorfizmia.

magram ara piriqiT: ineqciuloba ar iwvevs marcxena Sebrunebulis 
arsebobas, simravluri marcxena Sebrunebuli SeiZleba ar iyos 
homomorfizmi. mag. : , ( ) 2 .g Z Z g n n 

ganmarteba. homomorfizms f : H  G aqvs Sebrunebuli (Sebrunebadia) 

Tu arsebobs homomorfizmi  g : G  H  iseTi, rom , .G Hf g id g f id  

Teorema. homomorfizmi  f : H  G   izomorfizmia maSin da mxolod 
maSin, rodesac is Sbrunebadia.

zusti mimdevrobebi

abelis jgufTa da hohomorfizmTa mimdevrobas 
f gA B C 
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qvia zusti, Tu  Im .f Ker g

Teorema. homomorfizmi fA B  epimorfizmia maSin da mxolod 

maSin, roca zustia mimdevroba  0fA B  .

Teorema. homomorfizmi fA B  monomorfizmia maSin da mxolod 

maSin, roca zustia mimdevroba  0 .fA B  .

Teorema. homomorfizmi fA B  izomorfizmia maSin da mxolod 

maSin, roca zustia mimdevroba  0 0.fA B   .

magaliTebi

1. mimdevroba 

20 0g fZ Z Z   
zustia yvela wevrSi (aq (1) 2, (1) 1g f  ).

2. mimdevroba 

0 0g f
nZ Z Z   

zustia yvela wevrSi (aq (1) , (1) 1g n f  ).

3. mimdevroba 

2 4 20 0g fZ Z Z   
zustia yvela wevrSi (aq (1) 2, (1) 1g f  ).

3’. mimdevroba 

2 2 2 20 0g fZ Z Z Z    
zustia yvela wevrSi (aq (1) (1,0), (1,0) 0, (0,1) 1g f f   ).

miaqcieT yuradReba, 4 {0,1, 2,3}Z   da  2 2 {(0,0), (1,0), (0,1), (1,1)}Z Z 
(koordinatobrivi SekrebiT) orive 4 elementiani, magram 
erTmaneTisgan gansxvavebuli jgufia. es fenomeni dasabams aZlevs 
gafarToebaTa Teorias.

5. faqtorjgufi

vTqvaT, A  abelis jgufia, xolo B A  misi qvejgufi. SemovitanoT 
A -Si aseTi mimarTeba: a b  Tu .a b B 

Teorema. es eqvivalentobis mimarTebaa.
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/A B  iyos Sesabamisi faqtorsimravle. SemovitanoT am 
fatorsimravleSi aseTi Sekrebis operacia: nebismieri ori 
eqvivalentobis klasisaTvis  , ' /A B    ganvmartoT 

' : ( ')cl a a   
aq  , ' 'a a    am eqvivalentobis klasebidan amorCeuli nebismieri 

elementebia, xolo ( )cl x  aRniSnavs x A  elementis eqvivalentobis 

klass faqtorsimravleSi / .A B

Teorema. es operacia koreqtulia da aqcevs faqtorsimravles /A B
abelis jgufad.

am jgufs fatorjgufi qvia.
ganmarteba. :f A B homomorfizmis kobirTvi kerCo f ewodeba 
faqtorjgufs / ImB f .

magaliTebi

1. aageT izomorfizmi / 2Z Z  faqtorjgufsa da  2Z -s Soris.

2. aageT izomorfizmi /Z nZ  faqtorjgufsa da  nZ -s Soris.

3. neta ra aris /R Z ?

4. homomorfizmisTvis : , (1) 5f Z Z f    aRwereT  , ImKer f f  da  

kerCo f .

5. homomorfizmisTvis : , ( ) ( ,0)f A A B f a a     aRwereT  , ImKer f f
da  kerCo f .

6. homomorfizmisTvis 2 4: , (1) 2f Z Z f    aRwereT  , ImKer f f  da  

kerCo f .

rgolebi da velebi

ganmarteba. rgoli ewodeba simravles R aRWurvils ori operaciiT, 

“SekrebiTa” da “gamravlebiT” a + b, a b,  romlebic akmayofileben 
Semdeg aqsiomebs
1. (R, + ) komutaturi jgufia;
2. Sekreba da gamravleba dakavSirebulni arian distribuciulobis 

kanonebiT:   a  (b + c) = a  b + a  c,  (a + b) c = a  c + b c;
3. gamravleba asociaturia: a  (b  c) = (a  b)  c;
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rgols hqvia erTeuliani, Tu damatebiT sruldeba aqsioma

4. arsebobs elementi e  R,  romelic gamravlebis mimarT 

neitralur elemnts warmoadgens: a  e = e  a = a;

rgols hqvia komutaturi, Tu damatebiT sruldeba piroba

5. a  b = b  a.

ganmarteba. rgols (R, +,  )   ewodeba veli, Tu is erTeuliania, 
komutaturia da yovel aranulovan elements gaaCnia Sebrunebuli, 

anu  a  0 R   â R i.r.  a  â = e.

magaliTebi.

1. (Z, +,  )  rgolia, magram ar aris veli.

2. (Q, +,  )  velia.
3. Z4  rgolia Semdegi operaciebis mimarT:

+ 0 1 2 3  0 1 2 3
0 0 1 1 3 0 0 0 0 0
1 1 2 3 0 1 0 1 2 3
2 2 3 0 1 2 0 2 0 2
3 3 0 1 2 3 0 3 2 1

magram ar aris veli: 
4.  Z3   velia.       

5. kompleqsur ricxvTa veli. R2 = {(a,b),  a,b  R }  Semdegi operaciebiT 

(a,b) + (c,d) = (a+c, b+d),    (a,b)  (c,d) = (a  c - b  d, a  d + b  c)
velia.

ganmarteba. R rgolis aranulovan elements a    hqvia 0-is gamyofi, 
Tu arsebobs aranulovani bR   iseTi, rom a  b = 0.    rgols hqvia 
unulgayofo, Tu mas nulis gamyofebi ar aqvs.

magaliTebi.
1. Z      da  Q    unulgamyofo rgolebia.

2. Z4- s aqvs nulis gamyofi: 2  2 = 0.

Teorema. vels ar SeiZleba hqondes nulis gamyofebi.

Teorema. Zn unulgamyofoa maSin da mxolod maSin, rodesac n 
martivia.
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Teorema. Zn velia maSin da mxolod maSin, rodesac n martivia. 

amocanebi

1. 2+4 Z5-Si aris 
(a) 6  (b) 0 (g) 1  (d) 3

2.   Z6-Si 4-is mopirdapire (Sekrebis mimarT) aris 
(a) 6  (b) 0 (g) 1  (d) 2

3. am qvesimravleTagan  Z-is qvejgufia
(a) naturaluri ricxvebi (b) kenti ricxvebi 
(g) 3-is jeradi ricxvebi (d) sruli kvadratebi 

4. am qvesimravleTagan  Z-is qvejgufia
(b) dadebiTi ricxvebi (b) uaryofiTi ricxvebi 
(g) 0  (d) 100-ze naklebi ricxvebi

5. am qvesimravleTagan  Z4-is qvejgufia
(a) {1,2,3} (b) {0,1,2} (g) {2,4} (d) {0,2}

6. am asaxvaTagan f : R  R romelia homomorfizmi
(a) f(x) = x2  (b) f(x) = sin x  (g) f(x) = 2x  (d) f(x) = 5x

7. (2,4) da (1,3) kompleqsur ricxvTa namravlia 
(a) (2,12)  (b) (-10,10)  (g) (10,-10)  (d) (14,10)

8. (0,1) kompleqsuri ricxvis kvadratia
(a) (0,-1)  (b) (1,0)  (g) (1,1)  (d) (-1,0)

9. (0,1) kompleqsuri ricxvis  Sebrunebulia
(a) (1,0)  (b) (0,0)  (g) (1,1)  (d) (0,-1)  

10. am rgolTagan romeli ar aris veli
(a) racionaluri ricxvebi Q  (b) mTeli ricxvebi Z  
(g) namdvili ricxveebi R  (d) kompleqsuri ricxvebi C

11. romelia am rgolTagan veli
(a) Z4  (b) Z3  (g) Z6  (d) Z   

12. romelia am rgolTagan unulgamyofo
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(a) Z4  (b) Z8  (g) Z6  (d) Z

13. am rgolTagan romels aqvs  0-is gamyofebi
(a) Z2  (b) Z3  (g) Z6  (d) Z

14. 3  4 Z5-Si aris 
(b) 12  (b) 2 (g) 0  (d) 3

15. Z5-Si 4-is Sebrunebuli (gamravlebis mimarT) aris 
(a) 0,25  (b) 4  (g)  1  (d) 3

16. Z6-Si 0-is gamyofia 
(a) 3  (b) 4  (g)  1  (d) 5

17. Z7 –Si 2-is mopirdapire Sekrebis mimarT aris
(a) -2  (b) 4  (g)  1  (d) 5

18. Z7 –Si 2-is mopirdapire gamravlebis mimarT aris

(a) 0.5  (b) 4  (g)  1  (d) 5

19. Z7 –Si 3 – 5 aris
(a) 0  (b) 4  (g)  1  (d) 5

20. Z7 –Si 3:2 aris
(b) 0  (b) 4  (g)  1  (d) 5


