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(β, γ)-SECOND HANKEL–CLIFFORD LIPSCHITZ FUNCTIONS IN

THE SPACE L2
µ

MOHAMED EL HAMMA AND AYOUB MAHFOUD

Abstract. In this paper, using a generalized translation operator, we obtain an analogue of the

Younis theorem 5.2 (see in [17] for the second Hankel–Clifford transform on the half-line for the

functions satisfying the (β, γ)-second Hankel–Clifford Lipschitz condition in the space L2
µ(0,+∞).

1. Introduction and Preliminaries

Younis [17, Theorem 5.2], characterized the set of functions in L2(R) satisfying the Dini–Lipschitz
condition by means of an asymptotic estimate growth of the norm of their Fourier transforms, namely,
we have following

Theorem 1.1 ([17, Theorem 5.2]). Let f ∈ L2(R). Then the following are equivalent:

1. ∥f(.+ h)− f(.)∥L2(R) = O

(
hα

(log 1
h )

β

)
as h −→ 0, 0 < α < 1, β > 0,

2.

∫
|λ|≥r

|F(f)(λ)|2dλ = O

(
r−2α

(log r)2β

)
as r −→ +∞,

where F stands for the Fourier transform of f .

There are many analogues of this result: for the Dunkl transform, for Fourier–Bessel transform on
Rn

+, for generalized Fourier–Bessel transform, for generalized Fourier–Dunkl transform, for the first
Hankel–Clifford transform (see, for example, [3–7,11,12]).

The main aim of this paper is to establish an analogue of Theorem 1.1 in the second Hankel–Clifford
transform.

We briefly overview the theory of second Hankel–Clifford transformation and related harmonic
analysis [13–15].

We define the space Lp
µ = Lp

µ(0,+∞), 1 ≤ p < ∞ and µ ≥ 0, as the space of all those real-valued
measurable functions f on (0,+∞) such that

∥f∥Lp
µ
=

( +∞∫
0

|f(x)|pxµdx
) 1

p

<∞.

The Bessel–Clifford function of the first kind of order µ ≥ 0 (see [8])

Cµ(x) =

+∞∑
k=0

(−1)kxk

k!Γ(µ+ k + 1)

is a solution of the differential equation

xy′′ + (µ+ 1)y′ + y = 0

and we have
Cµ(x) = x−

µ
2 Jµ(2

√
x), (1)
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where Jµ is the Bessel function of the first kind.
For f ∈ L1

µ, Hayek [10] introduced the second Hankel–Clifford transformation by

h2,µ(f)(λ) =

+∞∫
0

Cµ(λx)f(x)x
µdx

and its inversion formula defined by

f(x) =

+∞∫
0

Cµ(λx)h2,µ(f)(λ)λ
µdλ.

The corresponding Parseval’s equality now takes the form [14]

+∞∫
0

f(x)g(x)xµdx =

+∞∫
0

F2(λ)G2(λ)λ
µdλ,

where F2(λ) = h2,µ(f)(λ) and G2(λ) = h2,µ(g)(λ), i.e., for f ∈ L2
µ, we have

∥f∥L2
µ
= ∥h2,µ(f)∥L2

µ
.

Let ∆ = ∆(x, y, z) be the area of a triangle with sides x, y, z if such a triangle exists (see [9, 16]).
Set

Dµ(x, y, z) =
∆2µ+1

22µ(xyz)µΓ(µ+ 1
2 )
√
π

if ∆ exists and zero otherwise. We note that Dµ(x, y, z) ≥ 0 and that Dµ(x, y, z) is symmetric in x,
y, z.

The generalized translation operator on L2
µ is defined by

Th(f)(x) =

+∞∫
0

f(z)Dµ(h, x, z)z
µdz, 0 < x, h <∞.

From Lemma 1.3 in [15], we have

h2,µ(Th(f))(λ) = Cµ(λh)h2,µ(f)(λ), (2)

where f ∈ L2
µ.

For µ ≥ − 1
2 , we introduce the normalized spherical Bessel function jµ defined by

jµ(x) =
2µΓ(µ+ 1)Jµ(x)

xµ
. (3)

From [1], we have the following

Lemma 1.1. Let µ ≥ − 1
2 . The following inequalities hold:

1. |jµ(x)| ≤ 1.

2. 1− jµ(x) = O(x2); 0 ≤ x ≤ 1.

3.
√
xJµ(x) = O(1).

Lemma 1.2. For |x| ≥ 1,

|1− jµ(x)| ≥ c,

where c > 0 is a constant.

Proof. (Analogue of Lemma 2.9 in [2]). □

It follows from (1) and (3) that

Cµ(x) =
1

Γ(µ+ 1)
jµ(2

√
x).



(β, γ)-SECOND HANKEL–CLIFFORD LIPSCHITZ FUNCTIONS 47

2. Main Result

In this section, we give the main result of this paper. We first need to define the (β, γ)-second
Hankel–Clifford Lipschitz class.

Definition 2.1. Let β ∈ (0, 1) and γ ≥ 0. A function f ∈ L2
µ is said to be in the (β, γ)-second

Hankel–Clifford Lipschitz class, denoted by SHLip(β, 2, γ) if∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥
L2

µ

= O

(
hβ(

log 1
h

)γ ) as h −→ 0.

Our main result is as follows.

Theorem 2.1. Let f ∈ L2
µ, then the following are equivalent:

1. f ∈ SHLip(β, 2, γ),

2.
∫ +∞
r

|h2,µ(f)(λ)|2 λµdλ = O

(
r−2β

(log 4r)
2γ

)
as r −→ +∞.

Proof. 1) ⇒ 2). Assume that f ∈ SHLip(β, 2, γ). Then∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥
L2

µ

= O

(
hβ(

log 1
h

)γ ) as h −→ 0.

From (2), we have

h2,µ

(
Thf − 1

Γ(µ+ 1)
f
)
(λ) =

(
Cµ(λh)−

1

Γ(µ+ 1)

)
h2,µ(f)(λ)

=
1

Γ(µ+ 1)

(
jµ(2

√
λh)− 1

)
h2,µ(f)(λ).

Parseval’s identity yields ∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥2
L2

µ

=
1

(Γ(µ+ 1))
2

+∞∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ. (4)

If λ ∈
[

1
4h ,

2
4h

]
, then 2

√
λh ≥ 1 and Lemma 1.2 implies that

1 ≤ 1

c2

∣∣∣1− jµ(2
√
λh)

∣∣∣2 .
Then

1

(Γ(µ+ 1))
2

2
4h∫
1
4h

|h2,µ(f)(λ)|2 λµdλ

≤ 1

c2 (Γ(µ+ 1))
2

2
4h∫
1
4h

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ
≤ 1

c2 (Γ(µ+ 1))
2

+∞∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ
≤ 1

c2

∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥2
L2

µ

= O

(
h2β(

log 1
h

)2γ )
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holds and we obtain

2r∫
r

|h2,µ(f)(λ)|2 λµdλ = O

(
r−2β

(log 4r)
2γ

)
as r −→ +∞.

Thus there exists c1 > 0 such that

2r∫
r

|h2,µ(f)(λ)|2 λµdλ ≤ c1
r−2β

(log 4r)
2γ .

So,

+∞∫
r

|h2,µ(f)(λ)|2 λµdλ =

[ 2r∫
r

+

4r∫
2r

+

8r∫
4r

+ · · ·
]
|h2,µ(f)(λ)|2 λµdλ

≤ c1
r−2β

(log 4r)
2γ + c1

(2r)−2β

(log 8r)
2γ + c1

(4r)−2β

(log 16r)
2γ + · · ·

≤ c1
r−2β

(log 4r)
2γ

(
1 + 2−2β +

(
2−2β

)2
+

(
2−2β

)3
+ · · ·

)
≤ c1Kβ

r−2β

(log 4r)
2γ ,

where Kβ =
(
1− 2−2β

)−1
, since 2−2β < 1.

This proves that

+∞∫
r

|h2,µ(f)(λ)|2 λµdλ = O

(
r−2β

(log 4r)
2γ

)
.

2) ⇒ 1). Now, suppose that

+∞∫
r

|h2,µ(f)(λ)|2 λµdλ = O

(
r−2β

(log 4r)
2γ

)
as r −→ +∞.

Then we write
+∞∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ = I1 + I2,

where

I1 =

1
4h∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ
and

I2 =

+∞∫
1
4h

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ.
Estimate the summands I1 and I2.
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From (1) of Lemma 1.1, we have

I2 =

+∞∫
1
4h

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ
≤ 4

+∞∫
1
4h

|h2,µ(f)(λ)|2 λµdλ

= O

(
h2β(

log 1
h

)2γ ).
Then

1

Γ(µ+ 1)

+∞∫
1
4h

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ = O

(
h2β(

log 1
h

)2γ ).
Set

φ(x) =

+∞∫
x

|h2,µ(f)(λ)|2 λµdλ.

We know from (2) of Lemma 1.1 that

1− jµ(2
√
λh) = O(λh) for 0 ≤ 2

√
λh ≤ 1.

Thus there exists c2 > 0 such that∣∣∣1− jµ(2
√
λh)

∣∣∣ ≤ c2λh for 0 ≤ 2
√
λh ≤ 1.

Then

I1 ≤ −c2h2
1
4h∫
0

x2φ′(x)dx.

Using integration by parts, we obtain

I1 ≤ −c2h2
1
4h∫
0

x2φ′(x)dx

≤ −c2φ
( 1

4h

)
+ 2c2h

2

1
4h∫
0

xφ(x)dx

≤ 2c2h
2

1
4h∫
0

xφ(x)dx

≤ c3h
2

1
4h∫
0

x1−2β

(log 4x)
2γ dx

≤ c3h
2

1
h∫

0

x1−2β

(log x)
2γ dx

≤ c3
h2β(

log 1
h

)2γ .
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Then

1

Γ(µ+ 1)

1
4h∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ = O

(
h2β(

log 1
h

)2γ ).
Hence ∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥
L2

µ

= O

(
hβ(

log 1
h

)γ ) as h −→ 0

and this completes the proof. □

Definition 2.2. A function f ∈ L2
µ is said to be in the (ψ, γ)-second Hankel–Clifford Lipschitz class,

denoted by SHLip(ψ, 2, γ), if

∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥
L2

µ

= O

(
ψ(h)(
log 1

h

)γ ), γ > 0 as h −→ 0,

where

1. ψ(t) is a continuous increasing function on [0,+∞),

2. ψ(0) = 0,

3. ψ(ts) = ψ(t)ψ(s) for all s, t ∈ [0,+∞),

4.
∫ 1

h

0
x
ψ(x−2)

(log x)
2γ dx = O

(
1

h2
ψ(h2)(
log 1

h

)2γ ).
Theorem 2.2. Let f ∈ L2

µ and let ψ be a fixed function satisfying the conditions of Definition 2.2.
Then the following are equivalent:

1. f ∈ SHLip(ψ, 2, γ),

2.
∫ +∞
r

|h2,µ(f)(λ)|2 λµdλ = O

(
ψ(r−2)

(log 4r)
2γ

)
as; r −→ +∞.

Proof. 1) ⇒ 2). Assume that f ∈ SHLip(ψ, 2, γ). Then we have

∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥
L2

µ

= O

(
ψ(h)(
log 1

h

)γ ) as h −→ 0.

If λ ∈
[

1
4h ,

2
4h

]
, then 2

√
λh ≥ 1, and in a similar manner as in the proof of Theorem 2.1, we obtain

2
4h∫
1
4h

|h2,µ(f)(λ)|2 λµdλ ≤ 1

c2

∥∥∥Thf(x)− 1

Γ(µ+ 1)
f(x)

∥∥∥2
L2

µ

= O

(
ψ(h2)(
log 1

h

)2γ ).
Thus there exists a positive constant c4 > 0 such that

2r∫
r

|h2,µ(f)(λ)|2 λµdλ ≤ c4
ψ(r−2)

(log 4r)
2γ .
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Hence
+∞∫
r

|h2,µ(f)(λ)|2 λµdλ =

[ 2r∫
r

+

4r∫
2r

+

8r∫
4r

+ · · ·
]
|h2,µ(f)(λ)|2 λµdλ

≤ c4
ψ
(
r−2

)
(log 4r)

2γ + c4
ψ
(
(2r)−2

)
(log 8r)

2γ + c4
ψ
(
(4r)−2

)
(log 16r)

2γ + · · ·

≤ c4
ψ
(
r−2

)
(log 4r)

2γ + c4
ψ
(
(2r)−2

)
(log 4r)

2γ + c4
ψ
(
(4r)−2

)
(log 4r)

2γ + · · ·

≤ c4
ψ
(
r−2

)
(log 4r)

2γ

(
1 + ψ

(
2−2

)
+

(
ψ
(
2−2

))2
+
(
ψ
(
2−2

))3
+ · · ·

)
≤ c4K

ψ
(
r−2

)
(log 4r)

2γ ,

where K =
(
1− ψ

(
2−2

))−1
. Since by (1) and (3) of Definition 2.2, it follows that ψ

(
2−2

)
< 1.

This proves that

+∞∫
r

|h2,µ(f)(λ)|2 λµdλ = O

(
ψ
(
r−2

)
(log 4r)

2γ

)
as r −→ +∞.

2) ⇒ 1). Now, suppose that

+∞∫
r

|h2,µ(f)(λ)|2 λµdλ = O

(
ψ
(
r−2

)
(log 4r)

2γ

)
as r −→ +∞.

By (4) of Definition 2.2, it follows that we have to show that

+∞∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ = O

(
ψ(h2)(
log 1

h

)2γ ) as h −→ 0

and we write
+∞∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ = I1 + I2

where

I1 =

1
4h∫
0

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ
and

I2 =

+∞∫
1
4h

∣∣∣1− jµ(2
√
λh)

∣∣∣2 |h2,µ(f)(λ)|2 λµdλ.
First, from (1) of Lemma 1.1, we see that

I2 ≤ 4

+∞∫
1
4h

|h2,µ(f)(λ)|2 λµdλ

= O

(
ψ(h2)(
log 1

h

)2γ ) as h −→ 0.
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In proving Theorem 2.1, we can see that there exists a positive constant c2 such that

I1 ≤ 2c2h
2

1
4h∫
0

xφ(x)dx.

Then

I1 ≤ c4h
2

1
4h∫
0

x
ψ(x−2)

(log 4x)
2γ dx.

By (4) of Definition 2.2, it follows that

I1 = O

(
ψ(h2)(
log 1

h

)2γ ),
where c4 is a positive constant and this completes the proof. □
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