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FULL EQUIPMENT OF THE MANIFOLD TANGENT FIBER SPACE TT (T (V n))

GOCHA TODUA

Abstract. We consider the manifold tangent space T (T (V n)) of the tangent fiber space T (V n).
Invariant I-forms of the space T (T (V n)) are defined and their structural equations are obtained.

Linear connections of the space T (T (V n)) are considered when it is fully equipped.

Let us consider the manifold tangent fiber space T (T (V n)) with local coordinates (xi, yi, yi, zi),

i, j, k = 1, n, i, j, k = 1, n, where xi, yi are the coordinates of the basis T (V n), and yi, zi are the
coordinates of the fiber Tz, z ∈ T (V n) In other words, the vector fields X

X =yi
∂

∂xi
+ zi

∂

∂yi

generate the fiber space T (T (V n)). It is obvious that the local coordinates (xi, yi, yi, zi) of a point of
the fiber space T (T (V n)) are transformed as follows:

xi = xi(xk), yi = xi
ky

k, yi = xi
k
yk, zi = xi

k
zk + xi

kj
ykyj .

On the space T (T (V n)) one can define the following I-forms:

θi = dyi + ωi
ky

k, θi = dyi + ωi
k
yk, ϑi = dzi + ωi

k
zk + ωi

kj
ykyj .

Differentiating these equalities externally and using structural equations for the I-form ωi
k, ω

i
k
,

ωi
kj

[1] we obtain:

Dθi = θk ∧ ωi
k + ωk ∧ θik,

Dθi = θk ∧ ωi
k
+ ωk ∧ θik,

Dϑi = ϑk ∧ ωi
k
+ θk ∧ θi

k
+ θk ∧ θik + ωk ∧ ϑi

k,

where

θik = ωi
jk
yj , θik = ωi

kjy
j , θi

k
= ωi

kj
yj , ϑi

j = ωi
kj
zk + ωi

kij
ykyi.

From the transformation law of the local coordinates of a point of the tangent fiber space T (T (V n))
it follows that

dxi = xi
kdx

k,

dyi = xi
kjy

kdxj + xi
kdy

k,

dyi = xi
kj
ykdxj + xi

k
dyk,

dzi = (xi
kj
zk + xi

kpj
ykyp)dxj + xi

kj
yjdyk + xi

kj
ykdyj + xi

k
dzk.

The quantities {dxk, dyk, dyk, dzk} define the co-basis of the co-tangent space
∗
TT (T (V n)).

It is obvious that the space
∗
TT (T (V n)) always has an invariant subspace spanned over the co-basis

{dxk}. Let us consider the case when
∗
TT (T (V n)) is a fully equipped space. Then the matrix of
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reference frame transformation has the form∥∥∥∥∥∥∥∥
xi
k 0 0 0

0 xi
k

0 0

0 0 xi
k 0

0 0 0 xi
k

∥∥∥∥∥∥∥∥ .

The object of linear triangular co-connection always generates an object of linear triangular con-
nection. In our case in which we deal with the full equipment of the tangent or co-tangent space, the
linear connection does not generate the linear connection. However, between them there all the same
exists a certain connection and that is why we separately consider the full equipment of the tangent
and co-tangent spaces.

For the co-tangent space
∗
TT (T (V n)) to be fully equipped, it is necessary that all of its subspaces

be invariant.

The space
∗
TT (T (V n)) always has an invariant subspace spanned over the co-basis {dxk}, while

other subspaces can be defined by means of the co-bases Dyi, Dyi, Dzi:

Dyi = dyi +Gi
jdx

j ,

Dyi = dyi + Γi
jdx

j ,

Dzi = dzi + Li
kDyk +Gi

kdy
k +Gi

k
dyk.

From the invariance condition it follows that by the change of coordinates, the quantities Gi
j , Γ

i
j , L

i
k,

Gi
k
generate a differential-geometric object of co-connection in compliance with the following law of

transformation of its components, respectively:

xi
k
Gk

j = xk
j
G

i

k + xi
kj
yk, (1)

xp
iΓ

i
k = xi

kΓ
p

i + xp
kiy

i, (2)

xi
j
Lj
k = xj

kL
i

j +G
i

jx
j
pky

p +G
i

px
p
jky

j + xi
jk
zj + xi

jpk
yjyp, (3)

xi
j
Gj

k
= xj

k
G

i

j + xi
kj
yj . (4)

The full equipment of the space TT (T (V n)) can be defined by using the vectors Fi, Di, Dk:

Fi =
∂

∂yi
−Qk

i

∂

∂zk
,

Di =
∂

∂yi
− Ek

i

∂

∂zk
,

Dk =
∂

∂xk
− Ci

k

∂

∂zi
−Qi

k

∂

∂yi
− Ei

k

∂

∂yi
.

From the invariance condition it follows that the quantities Qk
i , E

k
i
, Ci

k, E
i
k form an object of con-

nection of the space T (T (V n)). The coordinates are changed in compliance with the following law of
transformation of their components:

xi
k
Qk

j = xk
j
Q

i

k + xi
kj
yk, (5)

xp
iE

i
k = xi

kE
p

i + xp
kiy

i, (6)

xi
kC

j
i = xj

i
C

i

k +Q
p

kx
j
piy

i + E
i

kx
j
piy

p − xj

ik
zi − xj

ipk
yiyp, (7)

xi
j
Ej

k
= xj

k
E

i

j + xi
kj
yj . (8)

Formulas (1)–(4), and (5)–(8) show that the quantities Gk
j and Qk

j , G
j

k
, and Ej

k
, Γi

k and Ei
k generate

one and the same object of connection. From the transformation laws (3) and (7) we see that the linear
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connection Lj
k and the linear connection Cj

k do not generate one and the same object of connection
and note that between them there exists a certain connection which will be defined below.

Here there arises the same question as in the case of the partial equipment of the space TT (T (V n)):
whether from the triplet connection and its differential continuation it is possible to construct an object
connection of the space TT (T (V n))? It turns out that like in the case of partial equipment the answer
is also positive. Let us introduce the following notations:

Ǧk
i ≡ Γk

i , Ǧk
i
≡ Γk

ip
yp, Γ̌i

j
≡ Γi

jky
k,

Ľk
i ≡ Γk

ipz
p +

Γ

∂i Γ
k
p yp + Γk

iqΓ
q
p yp + Γq

iΓ
k
jqy

j , (9)

Čk
i ≡ Γk

ipz
p +

Γ

∂i Γ
k
p yp + Γk

iqΓ
q
p yp + Γk

jΓ
j
piy

p,

where the quantities Γk
j are functions only of xi and yi, i.e. Γk

j ≡ Γk
j (x

i, yi), while for other quantities,
it is a assumed that

Ǧk
i
≡ Ǧk

i
(xi, yi, yi), Γ̌i

j
≡ Γ̌i

j
(xi, yi, yi),

Ľk
i ≡ Ľk

i (x
i, yi, yi, zi), Čk

i ≡ Čk
i (x

i, yi, yi, zi).

By the change of coordinates, the quantities Ǧk
i
, Ǧk

i , Γ̌i
j
, Ľk

i , Čk
i according to the same law, are

transformed to the quantities Gj

k
, Gj

k, Γ
i
j , L

k
i , C

k
i , respectively.

Hence the following theorem follows.

Theorem. The object of triplet connection and the differential continuation of the object Γk
p :

(Γ
∂i Γ

k
p

)
always generate the full equipment of the manifold tangent fiber space TT (T (V n)).

From formulas (9) we see that the objects of connections Lj
k and Cj

k are related by the equality

Lj
k = Cj

k + Γi
kG

j

i
+ Γj

iΓ
i
k,

which was our aim to establish (see also [1–7] for related topics).
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