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FULL EQUIPMENT OF THE MANIFOLD TANGENT FIBER SPACE TT(T(Vn))

GOCHA TODUA

Abstract. We consider the manifold tangent space T(T(Vn)) of the tangent fiber space T(Vn).
Invariant I-forms of the space T(T'(Vn)) are defined and their structural equations are obtained.
Linear connections of the space T'(T'(Vn)) are considered when it is fully equipped.

Let us consider the manifold tangent fiber space T'(T'(Vn)) with local coordinates (sci,yj, yi, 20,
i,j,k = 1,n, i,j,k = 1,n, where z°,y° are the coordinates of the basis T(Vn), and %%, 2 are the
coordinates of the fiber T,, z € T(Vn) In other words, the vector fields X

9 -
X=y'— +2'—
Vor 77 oyt

generate the fiber space T(T(Vn)). It is obvious that the local coordinates (z°, vyt z;) of a point of
the fiber space T(T(Vn)) are transformed as follows:
=T, 7=y, 7=apf, 7= el by
On the space T(T(Vn)) one can define the following I-forms:
0t = dyi + w,iyk, 0 = dy’T + w%yg, 9 = dzt + w%zE + w%jyﬁyj.

Differentiating these equalities externally and using structural equations for the I-form w,i, w%

wi  [1] we obtain:

kj
DO’ = 0% Awj 4wt A6,
DO = 6F N wh + W A6,
DO’ = 9% AWl + 0F AL+ 0% A 6], + wF AV,
where

i = %ky;’ b =Wk 9% = w%jyj’ 19§ = w%jzi_~_ w%ijyi_
From the transformation law of the local coordinates of a point of the tangent fiber space T'(T'(Vn))
it follows that
dz' = i da”,
dy' = xzjykdxj + 2hdy",
dy;' = x%j ygd:zrj + x%dyg,
dz' = (x%] F 4 :U%pj yEyP Ydad + x%j Yy’ dyE + x%j yEdyj + x%dzz.
The quantities {dx*, dyE, dy*, dzE} define the co-basis of the co-tangent space %T(T(Vn)).
It is obvious that the space %T(T(Vn)) always has an invariant subspace spanned over the co-basis

{dz*}. Let us consider the case when %T(T(Vn)) is a fully equipped space. Then the matrix of
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reference frame transformation has the form

0 0 0
0 & 0 0
0 0 zi 0
0 0 0 x%

The object of linear triangular co-connection always generates an object of linear triangular con-
nection. In our case in which we deal with the full equipment of the tangent or co-tangent space, the
linear connection does not generate the linear connection. However, between them there all the same
exists a certain connection and that is why we separately consider the full equipment of the tangent
and co-tangent spaces.

*
For the co-tangent space TT(T(Vn)) to be fully equipped, it is necessary that all of its subspaces
be invariant.

The space TT(T(Vn)) always has an invariant subspace spanned over the co-basis {dx*}, while
other subspaces can be defined by means of the co-bases Dy, Dy*, Dz*:

Dy’ = dy’ + ngxj,
Dyt = dy' + I‘;- da?
Dz =ds' + L;,;Dy’c + Gidyk + G%dyﬁ.
From the invariance condition it follows that by the change of coordinates, the quantities Gg, I‘;, Li,

G% generate a differential-geometric object of co-connection in compliance with the following law of
transformation of its components, respectively:

zE’EG;C = xjﬁé% + x%jyk, (1)
a?Th = 24T + ab yt, (2)
l‘%Li = L + szpkyp + G xjkyj + 93, iy xgpkyi-yp, (3)
% Gj = xJG + xk]y (4)
The full equipment of the space TT(T(Vn)) can be defined by using the vectors F;, D;, Dy:
F; = - Q?i
i 92k
= 0
D;=— - EFf —,
yz ? a k
0 0
Dy=-2 —
kT ogk Qk kay

From the invariance condition it follows that the quantities f , Ef, C’,’Z, Ei form an object of con-
nection of the space T(T(Vn)). The coordinates are changed in compliance with the following law of
transformation of their components:

Q= oE Qi + ok o, (5)

2P B = 1} E! + 2Py, (6)

I = 230}, + Qrad ' + By —ad 2 —al Y (7)
szl = xiF;f + 33% KT (8)

Formulas (1)—(4), and (5)—(8) show that the quantities Gk and Qk Gi and EJ I'i and E} generate
one and the same object of connection. From the transformatlon laws (3 ) and (7 ) we see that the linear



FULL EQUIPMENT OF THE MANIFOLD TANGENT FIBER SPACE TT(T(Vn)) 177

connection Li and the linear connection C,z do not generate one and the same object of connection
and note that between them there exists a certain connection which will be defined below.

Here there arises the same question as in the case of the partial equipment of the space TT (T (Vn)):
whether from the triplet connection and its differential continuation it is possible to construct an object
connection of the space TT(T(Vn))? It turns out that like in the case of partial equipment the answer
is also positive. Let us introduce the following notations:

Gy =Ty, GP=Thy, Ti=Tjyk,

— T — — —
ik _ pk P k kg ark ., j
Li =T3P + 0, Ty yP + TETE yP + T 7, 9)

~ 7. 1. = r 7. a ]
CF =T3P +0; Ty yP + Tld o + THT 4P,

where the quantities I‘]E are functions only of z* and yz, ie. I‘]E = I‘?(xi, y{), while for other quantities,
it is a assumed that

By the change of coordinates, the quantities G’;.E, G?, f;;, IZ?, CV’E according to the same law, are
transformed to the quantities G%, Gi, F;, LZE, C’E, respectively.
Hence the following theorem follows.

— I —
Theorem. The object of triplet connection and the differential continuation of the object F’; : (8i I";)
always generate the full equipment of the manifold tangent fiber space TT(T(Vn)).

From formulas (9) we see that the objects of connections Li and C,z are related by the equality
L] = C} + T}GL + TT},
which was our aim to establish (see also [1-7] for related topics).
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