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EXTRAPOLATION IN GRAND BANACH FUNCTION SPACES AND

APPLICATIONS

ALEXANDER MESKHI

Abstract. In this note extrapolation results in grand Banach function spaces Ep),φ(·) are presented.
The boundedness of martingale transform in these spaces is also established. We deal with diagonal

and off-diagonal cases. Banach function spaces are defined on quasi-metric measure spaces but the

results are new even for domains in Rn.

Let (X, d, µ) be a quasi-metric measure space with a quasi-metric d and measure µ. We will assume
that µ is a finite measure, and it satisfies the doubling condition, i.e., there is a positive constant Dµ

such that for all x ∈ X and r > 0, µ(B(x, 2r)) ≤ Dµµ(B(x, r)), where B(x, r) := {y ∈ X : d(x, y) < r}
is the ball with center x and radius r. In this case we say that (X, d, µ) is a space of homogeneous
type (SHT briefly). Throughout the paper we will assume that (X, d, µ) is an SHT .

Let L0(µ) = L0(X,µ) be the space of (equivalence classes of) µ-measurable real-valued functions.
A Banach space E is said to be a Banach function space (BFS briefly) on X if the following properties
are satisfied (see [1]):

(i) ∥f∥E = 0 if and only if f = 0 µ− a.e.;
(ii) |g| ≤ |f | µ− a.e. implies that ∥g∥X ≤ ∥f∥X ;
(iii) if 0 ≤ fj ↑ f µ− a.e., the, ∥fj∥E ↑ ∥f∥E ;
(iv) if χF ∈ L0(µ) is such that µ(F ) < ∞, then χF ∈ E;
(v) if χF ∈ L0(µ) is such that µ(F ) < ∞, then

∫
F
fdµ ≤ CF ∥f∥E for all f ∈ E and with some

positive constant CF .
For a BFS E it is defined Köthe dual (or associated) space E′ consists of all f ∈ L0(µ)

∥f∥E′ = sup

{∫
X

fgdµ : ∥g∥E ≤ 1

}
< ∞.

It is known that the space E′ is a Banach function space (see e.g., [1, Theorem 2.2]).
For instance, (weighted) Lebesgue, Lorentz, Orlicz, variable exponent Lebesgue spaces are examples

of a BFS.
For a Banach space E and 0 < p < ∞, the p-convexification of E is defined as follows:

Ep = {f : |f |p ∈ E}.

Ep can be equipped with the quasi-norm ∥f∥Ep = ∥|f |p∥1/pE . It can be observed that if 1 ≤ p < ∞,
then Ep is a Banach space as well.

In the papers [14] and [26] the authors introduced grand Banach function space Ep),φ(·). In this
space the norm is defined as follows:

∥f∥Ep),φ(·) := sup
0<ε<p−1

φ(ε)
1

p−ε ∥f∥Ep−ε ,

where 1 < p < ∞ and φ is positive function on (0, p − 1) such that it is non-decreasing on (0, σ)
for some small positive σ, and moreover, limt→0+ φ(x) = 0. In this case we write that φ ∈ Φp. If

φ(ε) ≡ εθ, where θ > 0, then we denote Ep),φ(·) by Ep),θ.
The following properties hold for Ep),φ(·) (see [26] for φ(t) ≡ t, but the proof is the same for all

φ(·) ∈ Φp):
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(i) Ep),φ(·) is a BFS;
(ii) Ep,φ(·) is contained in E;
(iii) for all 0 < ε < p− 1, the following embeddings hold:

Ep ↪→ Ep),φ(·) ↪→ Ep−ε.

(iv) if f belongs to the the closure of L∞ in Ep),φ(·) denoted by E
p),φ(·)
b , then lim

ε→0
φ(ε)

1
p−εEp−ε=0.

Small Ep space was characterized and studied in [26] (see [5] for the classical small Lebesgue spaces).
Let 1 < p < ∞. A weight function w defined on X belongs to the Muckenhoupt class Ap(X) if

[w]Ap(X) := sup
B

(
1

µ(B)

∫
B

w(x) dµ(x)

)(
1

µ(B)

∫
B

w1−p′
(x)dµ(x)

)p−1

< ∞,

where the supremum is taken over all balls B ⊂ X.
Further, we say that w ∈ A1(X) if

(Mw)(x) ≤ Cw(x), for µ− a.e. x ∈ X, (1)

where M is the Hardy–Littlewood maximal operator defined on X, i.e.,

Mg(x) = sup
B∋x

1

µ(B)

∫
B

|g(y)| dµ(y).

We denote by [w]A1
the best possible constant in (1).

We say that a BFS E belongs to M if the operator M is bounded in E.
It is known that (see, e.g., [6, 7, 27]) that important operators of Harmonic Analysis are bounded

in weighted Lebesgue spaces under the Muckenhoupt condition on weights.
Let us now recall the basic concepts of the martingale transform. Let (Ω,F ,P) be a complete

probability space and let M0 be the class of all measurable functions on Ω. Suppose that F = (F)n≥0

is a filtration on (Ω,F ,P), where F = (F)n≥0 is a non-decreasing sequence of sub-σ- algebras of Ω.
Let F−1 = F0. For any martingale f = (fn)n≥0 on Ω, we set dif = fi− fi−1, i > 0 and d0f = f0. Let
f = (fn)n≥0 be a uniformly integrable martingale. We identify the martingale f with its pointwise
limit f∞, where the existence of the limit is guaranteed by the uniform integrability. For any integrable
function f , the martingale generated by f is given by fn = Enf , where En is the expectation operator
associated with Fn, n ≥ 0.

The maximal function and the truncated maximal function of the martingale f is defined by

Mf = sup
i≥0

|fi| and Mnf = sup
0≤i≤n

|fi|, n ≥ 0,

respectively.
For any predictable sequence v = (vn)n≥0 and martingale f , the martingale transform Tv is defined

as

(Tvf)n =

n∑
k=1

vkdkf, (Tvf)0 = 0.

Moreover, whenever ∥v∥L∞ := supn≥0 ∥vn∥L∞ < ∞, for any f ∈ E, the martingale transform
Tvf = (Tvf))n≥0 converges a.e. on Ω. Thus, we are allowed to identify the martingale transform Tvf
with its pointwise limit (Tvf)∞.

We will assume that every σ− algebra Fn is regular and generated by finitely or countably many
atoms, where B ∈ Fn is called an atom it it satisfies the nested property. That is, any A ⊆ B with
A ∈ Fn satisfying P (A) = P (B) or P (A) = 0.

Denote the set of atoms by A = ∪n≥0A(F)n≥0 satisfy the above condition, we say that F is
generated by atoms.

The well-known result on the convergence of the martingale transform states that whenever f
is a bounded L1 martingale, then Tvf = ((Tvf)n)n≥0 converges almost everywhere on {x ∈ Ω :
Mv(x) < ∞}.
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Let F is generated by atoms. Then for any measurable function f ,

Mf(x) = sup
A∋x

1

P(A)

∫
A

|f |dP,

where the supremum is taken over all A ∈ A containing x.
Let us recall the definition of the Muckenhoupt weight functions on probability space. Let (Ω,F ,P)

be a complete probability space with F generated by atoms. We say that a.e. positive integrable on
Ω function w (weight) elongs to the Muckenhoupt class Ap if

[w]Ap(Ω) := sup
A∈A

(
1

P(A)

∫
B

w dP
)(

1

P(A)

∫
B

w1−p′
dP

)p−1

< ∞, p′ :=
p

p− 1
.

Further, we say that a weight w belongs to the class A1(Ω) if there is a positive constant C such
that

1

P(A)

∫
A

wdP ≤ Cw, a.e. on A.

The best possible constant C in the previous inequality is called A1- characteristic of w and is denoted,
as before, by [w]A1(Ω).

Let E be a BFS on (Ω,F ,P). When we deal with martingale transform we are also interested in

grand weak BFS, denoted by E
p),φ(·)
w , p > 1, and defined with respect to the norm

∥f∥Ep),φ(·) = sup
0<ε<p−1

φ(ε)
1

p−ε ∥f∥Ep−ε
w

,

where Ew is a weak BFS defined by

Ew =

{
f : Ω → R : ∥f∥Ew

= sup
λ>0

∥χx∈Ω:|f(x)|>λ∥E < ∞
}
.

Grand weak Lebesgue spaces were introduced in [16] (see also [21, p. 743]).
Finally, we write that a BFS E defined on (Ω,F ,P) belongs to M if the operator M is bounded

in E.

1. Main Results

1.1. Extrapolation Statements. In the papers [10, 14, 20, 24] Rubio de Franćıa’s extrapolation
results were studied in general BFSs. In [3] the same problem was studied in rearrangement-invariant
Banach function spaces. We refer also to [18–20] for extrapolation results in grand Lebesgue and
Lorentz spaces with constant exponents (see [2] and [17] for extrapolation in variable exponent and
grand variable exponent Lebesgue spaces, respectively).

Our main results read as follows:

Theorem 1 (Diagonal Case). Let E be a family of pairs (f, g) of measurable non-negative functions
f, g defined on X. Suppose for some 1 ≤ p0 < ∞, for every w ∈ Ap0

(X) and all (f, g) ∈ E, the
one-weight inequality holds(∫

X

gp0(x)w(x) dµ(x)

) 1
p0

≤ CN
(
[w]Ap0

)(∫
X

fp0(x)w(x) dµ(x)

) 1
p0

,

where C and N(
(
[w]Ap0

)
are positive constants such that C is independent of (f, g) and w, and

N(
(
[w]Ap0

)
is independent of (f, g) and depends on [w]Ap0

so that the mapping · 7→ N(·) is non-

decreasing. Let E be a BFS and let there exist 1 < q0 < ∞ such that E1/q0 is again a BFS.
Then for any p > 1, φ(·) ∈ Φp, there exists a positive constant C such that for all (f, g) ∈ E, the

inequality
∥g∥Ep),φ(·) ≤ C∥f∥Ep),φ(·) , (f, g) ∈ E ,

holds provided that (E(p−ε)/q0)′ ∈ M, ε ∈ (0, σ), and that sup0<ε<σ ∥M∥(E(p−ε)/q0 )′ < ∞, where σ is
some small positive constant.
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Theorem 2 (Off-diagonal Case). Let E be a family of pairs (f, g) of measurable non-negative functions
f, g on X. Suppose that for some 1 ≤ p0, q0 < ∞ and for every w ∈ A1+q0/(p0)′(X) and (f, g) ∈ E,
the one-weight inequality holds(∫

X

gq0(x)w(x) dµ(x)

) 1
q0

≤ CN
(
[w]A

1+
q0

(p0)′
(X)

)(∫
X

fp0(x)w
p0
q0 (x) dµ(x)

) 1
p0

,

where C and N
(
[w]A

1+
q0

(p0)′
(X)

)
are positive constants such that C is independent of (f, g) and w, and

N
(
[w]A

1+
q0

(p0)′

)
is independent of (f, g) and depends on [w]A

1+
q0

(p0)′
(X) so that the mapping · 7→ N(·)

is non-decreasing. Assume that E and E are BFSs such that there exist 1 < p̃0 < ∞, 1 < q̃0 < ∞
satisfying the conditions

1

p̃0
− 1

q̃0
=

1

p0
− 1

q0
,

E
1/q̃0

, E1/p̃0 are BFSs.

Then for every pair (p, q), 1 < p < q < ∞, satisfying the condition: for every sufficiently small η > 0,
there is ε > 0 such that 1

p−ε − 1
q−η = 1

p0
− 1

q0
and(

E
(q−η)/q̃0)′

=
[(
E(p−ε)/p̃0

)′]p̃0/q̃0
,

and for every θ > 0, there exists a positive constant C such that for all (f, g) ∈ E the inequality

∥g∥
E

q),qθ/p ≤ C∥f∥Ep),θ

holds provided that
(
E

(q−η)/q̃0)′ ∈ M, η ∈ (0, δ), and that sup0<η<δ ∥M∥
(E

(q−η)/q̃0 )′
< ∞ for some

small positive constant δ.

Remark. Taking g = Tf in Theorems 1, 2, as a particular case, we can formulate appropriate extrap-
olation statements for T , where T is one of the operators of Harmonic analysis such that it is bounded
in Lp0

w (X) for p0 > 1 and and all w ∈ Ap0
(X). Such operators are, for example, Hardy–Littlewood

maximal and Calderón–Zygmund singular integral operators, commutators of singular integrals, Riesz
potential operators and their commutators, etc.

2. Martingale Transform

For the martingale transform we have the following statements.

Theorem 3. Let E be a BFS on a complete probability space (Ω,F ,P). Let F be generated by atoms
and predictable sequence v = (vn)n≥0 satisfies the condition ∥v∥L∞ < ∞.

(i) Suppose that there is a constant p0 > 1 such that E1/p0 is again a BFS. Then for p ∈ (1,∞),
there is a positive constant C such that for all f ∈ Ep),φ(·),

∥Tvf∥Ep),φ(·) ≤ C∥f∥Ep),φ(·)

holds, provided that there is a positive constant σ ∈ (0, p− 1) such that for all ε ∈ (0, σ), (E(p−ε)/p0)′

∈ M and moreover, sup0<ε<σ ∥M∥(E(p−ε)/p0 )′ < ∞.

(ii) Then for every p ∈ (1,∞), there is a positive constant C such that for all f ∈ Ep),φ(·),

∥Tvf∥Ep),φ(·)
w

≤ C∥f∥Ep),φ(·) ,

holds, provided that there is a positive constant σ ∈ (0, p−1) such that for all ε ∈ (0, σ), (Ep−ε)′ ∈ M
and moreover, sup0<ε<σ ∥M∥(Ep−ε)′ < ∞.

Finally we mention that the boundedness of the martingale transform in BFSs defined on a com-
plete probability space (Ω,F ,P) was established in [11].
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3. G. P. Curbera, J. Garćıa-Cuerva, J. M. Martell, C. Pérez, Extrapolation with weights, rearrangement-invariant
function spaces, modular inequalities and applications to singular integrals. Adv. Math. 203 (2006), no. 1, 256–318.

4. J. Duoandikoetxea, Extrapolation of weights revisited: new proofs and sharp bounds. J. Funct. Anal. 260 (2011),

no. 6, 1886–1901.
5. A. Fiorenza, Duality and reflexivity in grand Lebesgue spaces. Collect. Math. 51 (2000), no. 2, 131–148.
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