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ON THE WEIGHTED RELLICH-SOBOLEV AND HARDY-SOBOLEV
INEQUALITIES IN VARIABLE EXPONENT LEBESGUE SPACES

DAVID EDMUNDS! AND ALEXANDER MESKHI?3

Abstract. In this note, we present the weighted Rellich-Sobolev and Hardy—Sobolev inequalities
in variable exponent Lebesgue spaces LP(") defined on homogeneous stratified groups G. The results
are new even for the Abelian (Euclidean) case and for the Heisenberg groups.

1. INTRODUCTION
Rellich’s classical inequality states that if u € C§° (R*\{0}) and d # 2, then

d*(d—4)* [ |u(z)
< [1A 2
T FE dz_/| u(x)|*dz,
R4 R4

and the constant d?(d — 4)?/16 is sharp. This inequality was announced by Rellich in 1954 (see [19]).
When d = 2, the inequality still holds but only for a restricted class of functions (see [1]).

For further progress regarding Rellich-type inequalities in the classical Lebesgue spaces we refer,
e.g., to [1,6,9] and references cited therein.

We present Rellich-type inequalities in variable exponent Lebesgue spaces (V ELS briefly) )
in the higher dimensional case. We studied the problem in homogeneous groups G, but the results
are new even for the Abelian (Euclidean) case G = (Rd, —l—) and for the Heisenberg groups G = H".
Rellich inequalities in LP()(I) spaces, where I is an interval, were studied in [10] (see also [11] for
two—weighted Rellich type inequalities in these spaces). The results are obtained under the condition
that the Hardy-Littlewood maximal operator is bounded in appropriate unweighed V ELS, which,
for example, is guaranteed if the variable exponent satisfies a log-Holder continuity condition and a
decay condition at infinity. We are also interested in Hardy-type estimates in the variable exponent
setting. Similar results were derived in [13,18] under different conditions on variable exponents.

A Lie group (on R?) G is said to be homogeneous if there is a dilation Dy (z) such that

Dy(z) :== (AN zy,..., \4xy), vy,...,v3>0, Dy:R?—R?

which is an automorphism of the group G for each A > 0. In the sequel, we use the notation Az
for the dilation Dy (x). The number @ := vq + - -+ + vy is called the homogeneous dimension of G.
A homogeneous quasi-norm on G is a continuous non-negative function r : G — [0, 00) such that

i) r(z) =r(27!) for all z € G,

ii) r(Az) = Ar (z) for all z € G and A\ > 0,

iii) r(z) =0 if and only z = 0.

The quasi-ball centred at z € G with radius R > 0 is defined by

B(z,R):={yeG: r (x_ly) < R}.

A homogeneous group is necessarily nilpotent and the Haar measure on G coincides with the
Lebesgue measure; we denote it by dz. If |E| denotes the measure of a measurable set E C G, then

|IDA(E)| = \?|E| and fOx)de =A@ [ f(z)dz.
[ roawe=e]
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Hence, we have that the Haar measure of the quasi—ball has the following property: there is a

constant A > 1 such that
A7'RY <|B(z, R)| < ARC.

A homogeneous group with the quasi-norm r(-) and Haar measure dx is an example of a quasi-
metric measure space with a doubling measure, which is also called a space of homogeneous type
(SHT briefly).

Let us now recall the definition of a homogeneous stratified group (or homogeneous Carnot group).
These form an important class of homogeneous groups. We refer, e.g., to [2,12,20].

Definition 1.1. A Lie group G = (Rd, o) is called a homogeneous stratified group if the following
conditions hold:
(a) the decomposition R? = R x ... x R% is valid for some natural numbers di,...,d, with
dy + -+ -+ ds = d; the dilation § : R¢ — R¢ given by
ox(z) = 5>\(x(1), . 733(3)) = ()\m(l), ey )\(s)x(r)), t® e R%* k=1,...,s,
is an automorphism of the group G for every A > 0.
(b) If dy is as in (a) and X, ..., X4, are the left-invariant vector fields on G such that X (0) = 2~

Oy 0
for k=1,...,dq, then
rank (Lie {X1,...,Xa,}) =d,

for every x € R?. In other words, the iterated commutators of X1, ..., X4, span the Lie algebra of G.

In the sequel, by the symbol
V(G, = (X1, e ,Xdl)
we denote the horizontal gradient on G. Hence, the sub-Laplacian on (homogeneous) stratified groups
is determined by the formula
Ag := Vg - Vg.

We will assume that G is a stratified homogeneous group.

From the beginning of this century, the non-standard function spaces such as variable exponent
function spaces, attracted a considerable interest of researchers. The main reason for that was to
solve a number of contemporary problems arising naturally in non-linear theory of elasticity, fluid
mechanics, image restoration, mathematical modelling of various physical phenomena, solvability
problems of non-linear partial differential equations, etc. The VELS (called also Nakano space) r®)
appeared first in a paper by Orlicz written in the 1930s. We refer to the monographs [3, 8,15, 16]
and the survey [14] for the recent results and progress regarding differential and integral operators in
variable exponent function spaces.

For a positive continuous exponent function p(-) defined on a Haar-measurable set E C G, we set

p—(B):=infp(),  pi(E):= s%pp()-
We write p_ and py for p_(F) and p;(FE), respectively, if E := G. Let P(E) be the class of
continuous exponents p(-) defined on E, E C G such that
1<p_(E) <py(E) < .

Let p(-) € P(E). A VELS, denoted by LP()(E), is the linear space of all Haar-measurable functions
f on E for which

Sy (B, f) = / 1£(2)[P) dar < oo,
E

By the symbol [ g(z)dz we mean [ g(z)xg(z)dz.
B G
The norm in LPC)(E) is defined as follows:
[ fll Loy =inf {A>0: S,y (B, f/A) <1}.

If p(-) = p. = const, then LP()(E) coincides with the classical Lebesgue space LP<(E).
It is known (see, e.g., [17]) that LP()(E) is a Banach space.
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Definition 1.2. Let E be a measurable subset of G. We denote by P(l)og(E) the class of all positive
continuous exponents s(-) on E satisfying the log—Holder continuity condition on E,| i.e., there is a

positive constant L such that for all z,y € £, 0 <r (xy_l) < %,
L
() = s(0)] < ———
n =T
r(zy=1)

Definition 1.3. We say that an exponent function s(-) € P(G) satisfies the decay condition (s(-) €

PLE(G)) if there exists the limit s(co) = (li)m s(x) and a positive constant L., such that
r(x)—>00
s(a) = s(00) | < T ae@ 1)
s(#) = s(eo)l < L=y @€

Let us call “decay constant” the best possible constant in (1).

We denote P8(E) := P8 (E) N PL5(G).

It is known that the condition p € P(E) N PYE(E) (resp., p € P(E) N PyYé(E)) guarantees the
boundedness of various important operators of Harmonic Analysis in V ELS defined on an unbounded
set F (resp., bounded set E). The same is true for an SHT with a finite measure (see [3,7,8,15,16]).

Let M f(z) be the Hardy—Littlewood maximal function on G defined by the formula

B3x

Ammqw@ﬂmw,mmmm
B

where the supremum is taken over all balls B containing = € G.

It is known that the condition p(-) € P¢(G) guarantees the boundedness of the operator M in
LPO)(G) (see [4,7] for Euclidean spaces, and [5] for an quasi-metric measure space with doubling
measure).

2. MAIN RESULTS

Now, we formulate the main results of this paper. We will use the following notation:

/ _ ’I“()

r ( ) - ’I’() -1 .

Theorem 2.1 (Weighted Rellich-Sobolev inequality). Let G be a stratified homogeneous group with
homogeneous dimension Q > 2. Suppose that 1 < p_ < p; < % and q(-) = in(é)zf%-)' Let —q% <
n < % If 4(-) € B(G) for some qo < q_, then there is a positive constant C depending on
p(')7777A7Q? ||MHLE/(‘)(G) such that fO?“ allw € 080 (RdvR);

[

q() =q()/q0, qo <q-,

< CHM(-)AM(

LQ(-)(({;, LP(')(G)

holds.

Theorem 2.2 (Weighted Rellich Inequality). Let G be a stratified homogeneous group with homo-
geneous dimension @ > 2. Suppose that 1 < p_ < py < % Let %;%Q <n< %. Let B be
a constant such that B < —2. If p(-) € P8(G), then there is a positive constant C depending on
p(*),m, A, Q, ||MHL§/<.)(G) such that for all u € C§° (R%R),

| @) ()|

LrO)(G) < CP(')»W,A,Q (||MHL7(G)) ||T(')nAU(‘)||Lp<-)(@)

holds.

Theorem 2.3 (Weighted Hardy—Sobolev (Weighted Sobolev—Stein embedding)). Let G be a stratified

homogeneous group with homogeneous dimension Q. Let 1 < p_ < p; < Q andq(-) = 5(7'7%. Suppose
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that fq— <n< (p 7 Ifq' () € B(G) for some qy < q_, then there is a positive constant C' depending
on p(-),n,A,Q, || M| .« () (g) Such that the inequality

Jutr0)] ¢||veutre)|
holds for allu € C§° (R, R).

La( )(G) Lr() (G)

Theorem 2.4 (Weighted Hardy Inequality). Let G be a stratified homogeneous group with homo-

geneous dimension Q. Let 1 < p_ < py < Q. Suppose that B < —1 and p‘p%Q <n< %, If

p(-) € P8(G), then there is a positive constant C depending on p(-),n, A, Q, M|z (g such that
[HOEERTOIEAIC] C||veuyre)|

holds for all v € C§° (Rd,R).

Lp( )((G,) LP()(G)

Remark 2.5. Theorems 2.1 and 2.3 remain valid under the condition p(-) € P'°8(G), since it implies
the condition.
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