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Abstract. In this paper, the coupled linear quasi-static theory of elasticity for materials with double
porosity is considered in which the concepts of Darcy’s law and volume fractions are proposed. The
system of general governing equations is expressed in terms of the displacement vector field, the
changes of the volume fractions of pores and fissures, and the changes of the fluid pressures in pores
and fissures networks. By virtue of Green’s identity, the uniqueness theorems of the basic internal
and external boundary value problems (BVPs) are proved. The fundamental solution of the system
of steady vibration equations in the theory under consideration is constructed. Then, the surface and
volume potentials are constructed and their basic properties are given. Some useful singular integral
operators are studied. Finally, on the basis of these results the existence theorems for classical
solutions of the BVPs are proved by means of the potential method (boundary integral equation
method) and the theory of singular integral equations.

1. INTRODUCTION

The theory of porous media is an important research area of continuum mechanics. The first quasi-
static theory of poroelasticity based on Darcy’s law was proposed by Biot [3] in which a coupling
effect between fluid pressure and mechanical stress is shown. In this paper, the independent kinematic
variables are the displacement vector and the pressure in a pore network.

In the last decades, Biot’s classical theory of poroelasticity is developed by using several coupling
processes and considerable progress has been made in the study of these coupled effects by many
research groups. The basic results and historical information on the poroelasticity and thermoporoe-
lasticity for single-porosity materials can be found in the books by Cheng [6], Coussy [8], Selvadurai
and Suvorov [22], Wang [32] (see also references therein).

Moreover, the first quasi-static mathematical model of elastic solids with double porosity, as exten-
sions of Biot’s theory, was developed by Wilson and Aifantis [33]. More general models of the theories
of elasticity and thermoelasticity for double porosity materials by using Darcy’s law have been pro-
posed by several investigators (see, Bai and Roegiers [1], Berryman and Wang [2], Gelet et al. [10],
Khalili et al. [14], Khalili and Selvadurai [15], Masters et al. [18], Svanadze [25]). Then these models of
double porosity materials are investigated extensively by various researchers. A comprehensive review
of the basic results in the theories for double-porosity materials based on the concept of Darcy’s law
may be found in the books by Straughan [24] and Svanadze [26].

On the other hand, applying the concept of volume fraction, the theory of elasticity for materials
with single-porosity is presented by Nunziato and Cowin [9,21]. The theories of thermoelasticity for
materials with single-and double-porosity structures as an extension of the Nunziato-Cowin theory,
are developed by Iesan [11] and Iesan and Quintanilla [13], respectively. The governing equations of
this theory involve the displacement vector field, the volume fraction fields associated with the pores
and fissures and also the change of temperature. The important problems of the theories of elasticity
and thermoelasticity for materials with a double-porosity structure are investigated by several authors
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and the basic results on this subject of research are given in the books by Ciarletta and Iegan [7],
Tegan [12].

Meanwhile, as the physical properties of porous materials are coupled in nature, the investigation of
these effects of coupling processes is important for modern theories of porous media. For instance, the
coupled phenomena for this kind of materials usually play an important role in several applications
of engineering, geological and biological porous materials. Extensive references on the coupled effects
in porous media can be found in the books by Liu [17] and Stephanson et al. [23].

Recently, the linear models for elastic and thermoelastic single-porosity materials have been pro-
posed by Svanadze [27,28] in which the coupled phenomenon of the concepts of Darcy’s law and
the volume fraction of pore network is considered. The basic BVPs of steady vibrations in the quasi-
static case of these models are studied by Bitsadze [4,5] and Mikelashvili [19,20]. The steady vibration
problems of the viscoelastic single-porosity materials are considered by Svanadze [29].

More recently, in the papers [30] and [31], this coupled phenomenon is extended to the double-
porosity elastic and viscoelastic materials, respectively, and the basic BVPs are investigated by using
the potential method.

It is noteworthy that the potential method plays a pivotal role in the investigation of BVPs of
mathematical physics and continuum mechanics. An extensive review of works, the historical and
bibliographical materials on the potential method can be found in the books by Kupradze et al. [16]
and Svanadze [26].

The goal of this work is to prove the uniqueness and existence theorems for classical solutions of
the basic internal and external BVPs of steady vibrations in the coupled linear quasi-static theory of
double-porosity materials. This paper is articulated as follows. In Section 2, the governing equations
of motion and steady vibrations of the considered theory are presented. In Section 3, the basic BVPs
are formulated. In Section 4, on the basis of Green’s identity, the uniqueness theorems are proved.
Afterwards, in Section 5, the fundamental solution of the system of steady vibrations is constructed
and its basic properties are established. In Section 6, the surface (single-layer and double-layer)
and volume potentials are defined and their properties are established. Some useful singular integral
operators are studied. Finally, in Section 7, the existence theorems for classical solutions of the BVPs
of steady vibrations are proved.

2. GOVERNING EQUATIONS

Let x = (21,2, 23) be a point of the Euclidean three-dimensional space R? and let ¢ denote the
time variable, ¢ > 0. We assume that an isotropic and homogeneous elastic solid body with double
porosity structure occupies a region of R3. This structure of materials means that the skeleton of solid
consists of pores on the macro-scale and pores on a much smaller micro-scale (called also fissures).
Afterwards, in this section, the functions and vectors that depend on the space variable x and the
time ¢ will be denoted with a hat.

Let & = (4y, G2, 43) be the displacement vector in a solid body, and let ¢ and @2 are the changes of
the volume fractions of pores and fissures, respectively; p; and py are the changes of the fluid pressures
in pores and fissures networks, respectively. Moreover, throughout this paper, we employ the usual
summation and differentiation conventions: (i) repeated Latin and Greek indices are summed over
the ranges (1,2,3) and (1,2), respectively; (ii) the subscripts preceded by a comma denote partial
differentiation with respect to the corresponding Cartesian coordinate; (iii) a superposed dot denotes
differentiation with respect to t.

Following [30], the governing system of field equations in the coupled linear quasi-static theory of
elasticity for materials with double porosity consists of the following four sets of equations:

o Constitutive equations

ti; = 2p 615+ Nérp6ij + (ba Pa — Baba)dij,

o) =arpritaspar, 617 = aspry+ asday, (2.1)

l,j=1,2,3.
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e Fquilibrium equations
- - A1 ; .
tij,; = —pH, Uj(»,j) +EW = —p3y,

. (2.2)
6 €D = _ps, 1=1,2,3.
e Darcy’s law for double-porosity materials
. [/ .
v = *jVPl - ivpz — p183,
K K, (2.3)
v = =20V = Vs = poba.
e Equations of fluid mass conservation
ﬁj(lj) + 1+ Brérr +70(P1 — P2) =0, (2.4)

A (2 2 X . .
Uj(-,j) + G2 + Barr —0(p1 — p2) = 0.
In these equations, flj is the component of total stress tensor, p is the reference mass density, p > 0,
F = (F{, FQ’, Fé) is the body force per unit mass, 6;1),5(1), 81 and &j@), €@ 3, are the components
of the equilibrated stress, the intrinsic equilibrated body force, the extrinsic equilibrated body force
associated with the pore and fissure networks, respectively;

€V = —b1é, — arp1 — azPa + mapr + mapo, 2.5)
€@ = _byé,, — azp1 — aaPa + mapr + mapo;

€15 is the component of strain tensor given by
. 1. N
e = i(ul,j + UjJ), (2'6)

A and p are the Lamé constants, 81 and B2 are the effective stress parameters, d;; is Kronecker’s
delta; v(1) = (ﬁgl),@él),ﬁél)) and v(?) = (@52),1752),@?)) are the fluid flux vectors associated with the
pore and fissure networks, respectively; 7o is the internal transport coefficient corresponding to a fluid
transfer rate and respecting the intensity of the flow between pores and fissures, 9 > 0,

(1 = mip1 + Y32 + mip1 + mada, @7
Co = Y3p1 + Vb2 + a1 + madpa,

' is the fluid viscosity, p1, §3 and pa, §4 are the density of fluid and the external force (such as gravity)
for the pore phase, respectively; V is the gradient operator; the values b;, m;, a;, o;, v;, k; (i=1,2,
j =1,2,3) are the constitutive coefficients.

Substituting equations (2.1), (2.3) and (2.5)—(2.7) into (2.2) and (2.4), we obtain the following
system of equations in the coupled linear quasi-static theory of elastic double-porosity materials ex-
pressed in terms of the displacement vector 11, the changes of the volume fractions ¢1, ¢ and the
changes of the fluid pressures p1, po:

pAa + (A4 p)Vdiv i+ o Ve — BaVia = —pF’,
(a1A — )P + (a3A — ag)pa — by diva 4+ myp1 + mapy = —péy,
(a3A — az)P1 + (a2A — ag)Pa — ba div Qi + m3py + mape = —psa,
(k1A = 70)p1 + (k3A + 70)p2 + 1P1 + P2 — Brdiva (2.8)
+my 1 + mady = —prdivss,
(k3 +70)p1 + (k2 — Y0)P2 + Y3b1 + Y22 — Badiv i
+ms @1+ mads = —padivsy,

where A is the Laplacian operator and k; = ﬁ—;, (1=1,2,3).
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If we assume that 4, ﬁ'j’, &1, i, §1 and §;402 (1 =1,2, j = 1,2,3) are postulated to have a harmonic
time variation

{ﬁjaﬁ‘]{a@l,ﬁlv §laél+2}(xv t) = Re[{ujaF]{aQolvplaslasl+2}(x) e*iwt]’

then from (2.8), in the theory under consideration, we obtain the following system of equations of
steady vibrations:

pAu+ (X + p)Vdivu + b, Vo, — Ba Ve = —pF’,
(a1A — a1)p1 + (a3A — az)pz — by divu + mipr + mape = —psi,
(a3A — a3)p1 + (a2A — as)ps — ba divu + mgp; + maps = —psa, (2.9)
(k1A + 91)p1 + (k3A +~5)pa + Bidiva + m) 1 + mbpa = —p1divsa,
(k3A 4 73)p1 + (k2 A +73)pa + Badiva + mzp1 + mops = —padivsy,
where u = (u1,ug,u3), F' = (F], I3, F3), w is the oscillation frequency, w > 0, ) = iwf, m} = iwm;,
V= iwn =0, v = dwys + 0 (1 =1,2, 5 =1,2,3).

For our further considerations, we will need the following second order matrix differential operator
with the constant coefficients:

2
M(Dx) = (Mlj (DX))7><7’ Mlj = MA(slj + ()\ + M) 83:581‘3‘7
) 0
Mppyz =—M,i3; = br877 M5 = —Br5—s Myy = a1 A — on,
T 81?[
Mys = M5y = a3A — a3, Ms5 = a2 A — o, Mag = ma,
0
My7 = Msg = m3, Ms7; = mao, Mrys0 = 5;373%7 Mo = mj,

Mgs = M7y = mj, M5 = mb, Mgs = k1A + 71,
M7 = Mg = ksA + 73, M7 = koA + 75,

o 0 0
DX:<77757)a lv.:172a37 :172
8$1 83;‘2 (9:];‘3 J "
It is easily seen that system (2.9) can be rewritten in the following form:
M(Dy) U(x) = F(x), (2.10)

where U = (u, ¢1, p2, p1,p2) and F = (—pF’, —psy1, —psa, —p1divss, —padivsy) are the seven-component
vector functions, x € R3.

In what follows, we assume that the following inequalities:
>0, 3\ 421 > 0, a; >0, ajas — a3 >0, (3X\ + 2p)ay > 3b2,
a1y — a§ > 0, v >0, Y17Y2 — 732, > 0, ki1 >0, ki1ko — k§ > 0, (2.11)

1
5(3)\ + 2#)(0&1&2 — Oz%) > qu% — 2ai3b1bg + Oégb%
are fulfilled.

3. BOUNDARY VALUE PROBLEMS

~ Let S be the closed surface surrounding the finite domain QOfinR3 S eC™, 0<v <1,
QF =0T uUSs, O =R3N\QF, Q- = O~ US; n(z) is the external (with respect to QF) unit normal
vector to S at z.

Definition 1. Vector function U = (U, Us, ..., Uy) is called regular in Q= (or in QF) if
(1)
U eC*(Q)NCYQ)  (or U € C*QT)nCHOT));
(i)
Ui(x) =O(x|71),  Un(x) = o(|x|7) (3.1)
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for |x| > 1, where [ =1,2,...,7and j = 1,2,3.
In the sequel, we use the matrix differential operator

R(Dmn) = (le(Dx>n))7><77

where
0 0 0
(D — 0= Y D — b
Rl]( X n) M(Sl] on + Mg Er + Any 8xj’ er( X7n> br_3ny,
0
Riypq2(Dy,n) = —f3,_3ny, Rys(Dy,n) = ag -,
0 0
Ry5(Dy,n) = Rs54(Dy,n) = az——, Rs5(Dyx,n) = az-—,
On on (3.2)
0 0 ’
Rgs(Dy,n) = kl%’ Rg7(Dyx,n) = R76(Dy,n) = ki”an

0
R77(DX7 1’1) = k287n7 st (DX7 Il) = Rr;m+2(DXa Il) = Rr+2;m(Dxa 1’1) =0,
l,j=1,2,3, r,m=4,5 s =4,5,6,7
and a% is the derivative along the vector n.
The basic internal and external BVPs in the coupled linear quasi-static theory of elasticity for

materials with double porosity are formulated as follows.
Find a regular (classical) solution to system (2.10) for x € Q7 satisfying the boundary condition

Q+91>i<13zeSU(X) ={U(z)}" =f(z) (3.3)
in the internal Problem (I)lt)f, and
lim R(Dy,n(z))U(x) = {R(D,,n(z))U(z)} " = f(2) (3.4)

Qtox—zeS

in the internal Problem (II)f ¢, where F and f are the prescribed seven-component vector functions.
Find a regular (classical) solution to system (2.10) for x € Q~ satisfying the boundary condition

Q_Bl}i(gzesU(x) ={U(z)}” =£(2) (3.5)
in the external Problem (I)g ¢, and
lim R(Dx,n(z))U(x) = {R(D,,n(z))U(z)}~ = f(z) (3.6)

Q- 5x—z€S

in the external Problem (11 )E,f, where F and f are prescribed seven-component vector functions and
supp F is a finite doma in in Q7.

Our goal is to prove the existence and uniqueness of classical solutions of the basic BVPs of steady
vibrations (I);f and (II)% ¢ by using the potential method. Indeed, to prove the uniqueness theorems
of classical solutions, we need Green’s first identity. Moreover, the proof of the existence theorems
requires the fundamental solution of the system (2.9) and the basic properties of the surface and
volume potentials. In view of these results, we are able to reduce the BVPs (I)E . and (I1)E ; to the
equivalent singular integral equations for which Fredholm’s theorems will be valid. 7

4. UNIQUENESS THEOREMS

In this section, Green’s first identity of the coupled linear quasi-static theory of elasticity for
materials with double porosity is obtained and the uniqueness theorems for the regular (classical)
solutions of the BVPs (I)E . and (I1)E ; are proved.

In what follows, the scalar product of two vectors U = (Uy, Us,...,Uz) and U’ = (U7, U3, ..., U;)

7 _
is denoted by U - U’ = }_ U;U}, where U; is the complex conjugate of U;.
j=1

In the sequel, we use the matrix differential operators:
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1)
MO (Dy) = (M (D)) 5, 5. M) (D) = pAdi; + (A + 1) 8:61523183'7
MY (D) = (M, (Dx)), 1 MY (Dy) = M, (Dy),
M) (Dy) = (M{"(Dy)), .+ M{?" (Dy) = My 20 (D),
M (Dy) = (M (Dy)), 00 M (Dy) = Mynsar (Dy);
2)
RO(Dyx.n) = (R (Dx,m))y . Rj)(Dx,n) = Rij(Dx,m),
RY(Dy,n) = (R} (Dx.n)), .. R{")(Dy,n) = R;,(Dy,n),

where [,7 =1,2,3, m=2,3and r=1,2,...,7.
We introduce the following notation:

3
1 o o
WO (u,u) :§(3)\ + 2p) divadivu’ + % E (w1, +ujp)(ug 5+ uf )
=1l#j

l,J
s (o Ousy(Ouf Oy
3 st Ox; Ox;/\0x; Ox;
WU, u) =W (u,u') + (ba @a — Bapa) divd,
W®(U,¢h) =(a1 Vi1 + asVips) - V)
+ (b divu + a1¢1 + azps — mip1 — mapa) @l
WU, gh) =(asVer + azVipa) - Vg (4.1)
+ (ba divu + g1 + asps — Mmap1 — Mapa)Ph,
WU, ph) =(k1Vp1 + k3Vps) - Vi
— (B diva + my o1 + mipa + 711 +13p2)],
WO (U, ph) =(ksVp1 + k2 Vps) - Vil
— (B3 divu + mip1 +mips + 751 + V5p2)Ph.
The following Lemmas will be useful to study the uniqueness of classical solutions to the BVPs.

Lemma 1. If U= (u, 1, p2,p1,p2) i a regular vector in QF, u;-,ga'l,cp'g,p'l,p’QECl(QJr)ﬂC’(Qj),
7=1,2,3, then

/ [M(l)(Dx)U-u’+W(1)(U,u’)— dx :/R“)(Dz,n)U u' d,S,
Q+ — s
_ ; P B
(2) 7 2 ! — ger ge2\ i
[M D) Ul +W (U,gol)_ dx / (a1 3 + as 0 ) 01 dgS,
Q+ S
— 1 D1 dp2\ —
®) T WO U o] dx — o1, 92\
/[M (Dx) U + W (U, )] dx /(a3 L+ ay an)%dz& (4.2)
Q+ S
— ) Ip1 Op1\ —
4) 7 (4) / — YrPT “rl 7
/ (MWD U+ WU, )| dx / (k1 G + ks ) PR,
Qt S
[ MO U+ WO dx = [ (T2 + k22 s
Q+ S
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! ! i / ! ! / / / /
where u' = (uf, uy, uz) and U' = (U, ¢}, 05, Py, pa)-

Proof. On the basis of Green’s first identity of the classical theory of elasticity (see, e.g., Kupradze
et al. [16])

/ [M(O)(Dx)u(x) o (x) + WO, u')} dx = / RO (D,,n)u(z) - u'(z) d,S,
Q+ S

we obtain the first relation of (4.2).
On the other hand, the divergence theorem leads to the following identity

[ [0+ V) v 0] ix = [ 2D Gy, (4.3
Q+ S
Now, in view of the relations (4.1), from (4.3), we can derive the last four relations of (4.2). O

Lemma 1 and the condition at infinity (3.1) lead to the following result.
Lemma 2. If U = (u, 91, p2,p1,p2) and U = (0, ¢}, oh, 0}, 0h) are reqular vectors in Q~, then

/ (MO (D) U -+ WO (U, )| dx = - /R(”(Dz,n)U ' d,S,

Q- S

_ R 8@1 8902 _
@) T WU o) ] dx — /
| MODIUF - g dx = [ (52 + 0 52) Fds
Q- S
_ ; P 9o —
(3) 7 (3) ! - g g2\ 7
[ MO U O ax=— [ (05 a2 s @
Q- S
va 1 Op1 op1\ —
(4) T @O ] dx = ;
/ [M (D) Up] + W (U, p)] dx /(kl L kg 8n)p1dz5,
Q- S
- 1 Opa Op2\ —
(5) T O U o] dx — Op2 , Op2\—
/ [M (Dx)Uph + W (U,p2)_ dx /(kg n + ko an)deZS.
Q- S

Obviously, on the basis of Lemmas 1 and 2 it follows the following consequences.
Theorem 1. If U = (u, 1,2, p1,p2) is a regular vector in QF, U'=(w', ¢}, &b, p}, ph) € C1(2F)
NC(QT), then
/ [M(Dyx) U(x) - U'(x) + W(U,U") ] dx = /R(Dz, n)U(z) - U'(z) d, S, (4.5)
Q+ S

where
W(U,U) = WO (U,u') + WE(U, ¢}) + WO (U, ¢5) + WU, p}) + WO (U, py).
Theorem 2. If U = (u, 91, p2,p1,p2) and U’ = (0, ¢}, 05, 0}, 0h) are reqular vectors in Q~, then
/ [M(Dyx) U(x) - U'(x) + W(U,U") ] dx = —/R(Dz, n)U(z) - U'(z) d,S. (4.6)
Q- s
Formulas (4.5) and (4.6) are Green’s first identities in the coupled linear quasi-static theory of

elastic double-porosity materials for domains Q* and Q~, respectively.
It is easy to verify that (4.1) yields

1
W(l)(U7 u) :§(3A +2u) \divu\2 + Wo(u) + (ba 9o — Bapa) diva,

WA (U, 1) =(a1 V1 + azVis) - Viou
+ (by divu + a11 + azps — mipr — m3p2) P,
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WU, 2) =(asVip1 + aaVp2) - Vipa

+ (b divu + azp1 + azps — map1 — maop2)Pa, (4.7)
W (U, p1) =(k1Vp1 + ks Vp2) - Vipr

— (B diva +mip1 + mip2 +71p1 + V3p2)P1,
WO (U, pa) =(ksVp1 + k2Vp2) - Vo

— (By divu + mip1 + maps + V3p1 + 13p2)P2,

where

3
Wo(U)zg 3 Ouy | w2 Z‘@—%Z (4.8)

ox Bx ox ox;
Lj=1il£5 J ! J

We are now in a position to study the uniqueness of regular solutions of the BVPs (I )ﬁf and
(11 )% ¢~ We have the following results.

Theorem 3. The internal BVP (I )F ¢ admits at most one reqular solution.

Proof. Suppose that there are two regular solutions of problem (I )f; ¢~ Then their difference U is

a regular solution of the internal homogeneous BVP (I )3‘70. Hence U is a regular solution of the

homogeneous equation

M(D4)U(x) =0 (4.9)
for x € Q7 satisfying the homogeneous boundary condition
{U(z)}Jr =0 for zeS. (4.10)
Clearly, by virtue of (4.9) and (4.10), from (4.4) it follows that
/W<1>(U,u)dx =0, /W (U, ¢)dx
Q+ Q+ (4.11)
/W(l+1)(U,pl)dx =0, 1=1,2.

O+
In view of relations (4.7), we can easily verify that

1

ReW® (U, u) :§(3A + 2p) |divu|? + Wy (u) + baRe(padivid) — BaRe(padivi),

Im[W (U, 1) + WO (U, 2)] = a1|Veor |* + 2a3Re(Vipr - Vipo) + aa| Voo
+ a1 ]o1|? 4 2a3Re(p172) + as|pa|? + baRe(padiva)
— [maRe(p1p1) + maRe(p1P2 + p2b1) + maRe(p2p2)]

Im[W & (U, p1) + WO (U, pa)] = —whaRe(padiva)
— w [miRe(p1P1) + maRe(01P2 + ¢2P1) + maRe(p2p3)]
—whnlp|? + 2ysRe(piPz) + 12lpa’]

and, consequently, we can write

ReW ™ (U, u) + Im[W (U, 1) + W (U, )]
1
— = { WU, p1) + WO (U p2)] | = Wo(w)
1 . o _
+ 58X+ 210) [divuf? + 260 Re(adiv) + atlg1[* + 203Re(0173) + aslal?]  (4.12)

+ [a1| V1 * + 2a3Re(Vipr - Vipa) + az| Vs |
+[v1lp1? + 2v3Re(p1Pz) + 2|pa|?-
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On the basis of the assumption (2.11) and relation (4.8), from (4.12), we have
Wo(u) >0, a1|Vir|” + 2asRe(Vipr - Viga) + a| Veoa|* > 0,

1
5(3)\ +2u) |divu|2 + 2bsRe(pdiva) + a1|gal|2 + 2a3Re(p192) + a2|g02|2 >0, (4.13)

nlp1f* + 273Re(p173) + y2|p2|* > 0.
Obviously, from (4.13) we deduce that

ReW ) (U, u) + Im[W® (U, 1) + W (U, o)) = = {Im[W S (U, p1) + WO (U, pa)]} > 0. (4.14)

1
w

On the other hand, by virtue of (4.14), from (4.11), it follows that
Wo(u) =0,  a1|Ve1]* + 2a3Re(Vepr - Vipa) + a2 Vo> =0,

1
5(3)\ + 2u) [divu|? + 2b,Re(padivid) + a1 |p1|? + 2a3Re(0153) + aslpa|? = 0, (4.15)

nIp1l* + 2733Re(p1pz) + y2lpe|* = 0.
Now, using the assumption (2.11), from the third and fourth relations of (4.15), we obtain
divu(x) = 0, wi(x) = pi(x) =0, [=1,2 (4.16)

for x € Q*. Combining the first relations of (4.15) and (4.16), we deduce that u is a rigid displacement
vector of the following form:

u(x) =a-+b xx, (4.17)
where a and b are arbitrary three-component constant vectors, b x x is the vector product of the
vectors b and x.

Finally, in view of the homogeneous boundary condition (4.10), from (4.17), we get u(x) = 0 for
x € QF. Thus, U(x) = 0 for x € QF, and we have the desired result. O

Quite similarly, the following result is proved.

Theorem 4. Two reqular solutions of the internal BV P (II);f may differ only for an additive vector
U = (u,p1,92,p1,p2), where ¢, and p; (I = 1,2) satisfy conditions (4.16), the vector u is a rigid
displacement vector of the form (4.17) for x € QF, where a and b are arbitrary three-component
constant vectors.

Theorem 5. The external BVP (K)Ef has one reqular solution, where K = 1,11.

Proof. Suppose that there are two regular solutions of problem (K )§7f7 K =1,11. Then their differ-
ence U is a regular solution of the external homogeneous BVP (K )3’0. Hence U is a regular solution
of the homogeneous equation (4.9) for x € O, satisfying the homogeneous boundary conditions
{U(z)}" =0 (4.18)

for K = I and

{R(D,,n)U(z)}” =0 (4.19)
for K =1I1.

Clearly, by virtue of (4.7), (4.18), (4.19), from (4.4), we obtain

/ WO (U, u)dx = 0, / WD (U, ¢)dx = 0,
Q- Q-
/W““)(U,pl)dx =0, [1l=1,2.

a-

(4.20)

In a similar manner as in Theorem 3, from (4.20), we obtain the relations

u(x) =a+bxx, wi(x) =pi(x) =0, =12 (4.21)
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for x € Q~, where a and b are arbitrary three-component constant vectors. In view of the condition
at infinity (3.1), from (4.21), we get u(x) = 0 for x € Q~. Thus we have the desired result. O

5. FUNDAMENTAL SOLUTION
In this section, the fundamental solution of the system of equations (2.9) is constructed explicitly

and its basic properties are established.

Definition 2. The fundamental solution of system (2.9) is the matrix G(x) = (G;(x)),,, satisfying
the following equation in the class of generalized functions

M(Dy)G(x) = 0(x)J,
where 0(x) is the Dirac delta, J = (8;);, ., is the unit matrix, x € R
We now construct the matrix G(x). Consider the system of nonhomogeneous equations

pAu+ (A + p)Vdivu — b, Vo, + BL,Vpe = F,

(a1 A — aq)p1 + (a3A — ag)ps + bidiva + m)py + msps = Fy,

(a3A — a3)p1 + (a2A — ag)ps + bedivu + mipy + mhps = Fs, (5.1)
(k1A 4+ ~1)p1 + (k3A + v5)p2 — Brdiva + myp1 + maps = Fg,

(k3A +v5)p1 + (k2 A 4 73)p2 — Badivu + mapr + mapy = Fr.

where F; (I = 1,2,...,7) are smooth functions on R?, F' = (Fy, F, F3). Obviously, system (5.1) can
be written in the form

M (Dx)U(x) = F(x), (5:2)
where M is the transpose of matrix M, U = (u, @1, 02, p1, p2), F = (F', Fa, Fs, Fo, Fr).
Applying the operator div to the first equation of (5.1), we obtain the following system:
poAdivu — by Apy + BalAps = divF',
( )1 + (a3 — ag)ps + bidivu 4+ mip; + mzps = Fy,
(a3A — az)pr + (a2 — a2)ipa + badivu + mzp1 + myps = Fs, (5.3)
(k1A +71)p1 + (k3A 4 43)p2 — Srdiva + mypy + maps = F,
(k3A 4 45)p1 + (k2 A + 73)pa — fadiva + map1 + maps = Fr,

alA — Q1

where po = A + 2u. From (5.3), we have
A(A)V =@, (5.4)

where V = (divuawh@?aphpQ) = (‘/1;‘/27"'7‘/5)7 P = (diVT/7f4a]:5a]:67]:7) = (q)la(I)Qa---aq)S)
and

oA —biA —ba A BiA BrA
b1 @A —a; asA— a3 mj mh
A(A) = (A;j(A))sxs = by asA —az asA — o mh mh
—bB my m3 1A+ ksA+7
—f2 ms ma ks +rs koD +3) o o
Let us introduce the notation
1 ! )
Ma(8) = detA(A AT[Aa+X) (5.5)

Jj=1
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where ag = ajas — a3; ko = kika — k2; A2, A3, A3 and \? are the roots of the following equation with
respect to &

o —b —by B 2
by —ai§—a1 —azf— a3 mi mj
det | by —asfé—a3z3 —axf— as mh mh =0.
—B1 my ms —kif+y —ka§+ 3
—f2 ms ms —ks&+v —kal ) s
We assume that ImA\; > 0, A\; # A; for [, =1,2,3,4 and [ # j.
From equation (5.4), we deduce that
Ar(A)diva =y, Ai(A)pr =V, A(A)p = Vg3, 1=1,2, (5.6)
where
ZA m=1,2...,5 (5.7)

B &okoﬂo

and A7, is the cofactor of the element Ajm of matrix A.
Now, applying the operator A1 (A) to the first equation of system (5.1), by virtue of (5.6), it follows
that

AQ(A)U = \1/7 (58)
where Ao(A) = AA;(A) and
~ 1
R NIINE fvw WL = b Wyt + B W] (5.9)
In view of relations (5.6) and (5.8), we can write
A(AU =, (5.10)
where ¥ = (\i’, Wy, U, Uy, Uy) is a seven-component vector function and
A = (Aij)7xr, Air = Ao = Azz = Ay, Agg = As5 = Agg = Arr = Ay, (5.11)
Ay=0, I#j  Lj=12...T :
We introduce the notation
mi(B) = === (A + WAL (D) = baAfiar1(B) + o Afars (D)),
aoRopo (5.12)
1 .
(A)=——AF (A [=1,2,...,5 = 2,3,4,5.
ml]( ) aOkOMO l]( )7 Pl ’ Yy J s Oy Ey
Taking into account (5.12), from (5.7) and (5.9), we obtain
5
~ 1
o = ;Al(A)}" + a1 (A)VAVF + ) " mi (A)V i,
. =2 (5.13)
U, = mljdivf/+2mlj(A).7-'l+27 7 =2,3,4,5.
1=2
Then from (5.13), we can derive
¥ =N (D,)F, (5.14)
where
2
N(Dy) = (Ny;(Dy , N,;(D A 0
(Dx) = (Ni;(Dx))7x7 17 (Dx) = = A1y + mug o—— 007,
Nivia(Dy) =m 9 N -(D)—mi (5.15)
Lir+2 x) — 1r al'[, r+2;j x) — rl al'j 5 .

Nr+2;m+2(Dx) = mrm(A)7 r,m = 27 3; 4> S.
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Combining the relations (5.2) and (5.10) with (5.14), we may further conclude that AU=NTM'TU.
Obviously, from the last identity, we get
M(Dx)N(Dy) = A(A). (5.16)
Let
Y(x) = (TU(X))7X7,

T11(x) = Ta2(x) = T33(x Z’b Y (%) + movh(x),

(5.17)
Tas(x) = Ts55(x) = Tos(x) = Trr(x me
le(x)zov l#]a lv *1727"'777
where we have used the notations
1 x| , et lx|
(0) - = / — 1 €)) - _ 518
Y (X) 471'|X|’ ’yO(X) 871" Y (37) 47T|X| ( )
and
4 4
nlO _ H )\1_27 771] _ )\]—2 H (Az _
1=1 =115
4 4 (519)
mo=mo» N omy =Nt [ (-7 i=1234
= I=1i1#j
On the basis of (5.5), (5.11), (5.18) and (5.19), it is easy to prove that
A(A)Y (x) = 6(x)d, (5.20)
i.e., Y(x) is the fundamental matrix of the operator A(A).
Now, we introduce the notation
G(x) = N(Dx) Y (x). (5.21)

By virtue of (5.16), (5.20) and (5.21), we have
M(D)G(x) = M(DIN(D) X (x) = A(A)(x) = 5(x)3.

Consequently, G(x) is the fundamental matrix of the operator M(Dy). We have thereby proved the
following consequence.

Theorem 6. The matriz G(x) = (G1;(x)),,., defined by (5.21) is the fundamental solution of system
(2.9), where N(Dyx) and Y (x) are given by (5.15) and (5.17), respectively.

Note that the matrix G(x) is constructed explicitly by means of six elementary functions: ~{(x),
7 (x) (7 =0,1,2,3,4).
Theorem 6 leads to the following basic properties of the matrix G(x).

Theorem 7. Each column of the matriz G(x) is a solution of the homogeneous equation
M(Dx)G(x)=0

at every point x € R?\ {0}.

Theorem 8. The relations

Gij (x) = O( |X‘_1 )7 Grm (x) = O( |X|_1 )a Grigm2 (x) = O( ‘X|_1 )7
Gis(x)=0(1), Gu(x)=0(),  Grms2(x)=0(1),
Gr+2;m (X):O(l)a lvj:17273a r,m=4,5, s=4,56,7

hold in the neighborhood of the origin of R3.
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Theorem 9. The matriz G©)(x) = (Gl(?)( )7” defined by

G(Q)()__/\+3,u%_)\+,u T1x;
Y Smupo x| Smupo |x[P
a9 Qs
G (0 =290 x). G () = G5 (%) = — 21O (),
0 aop
a k
G3 (x) = 29000, G () = 2900,
k k .
G () = G (x) = =210, G =900, Lj=123

is the fundamental solution of the system

pAu + (X + p)Vdiva = 0, a1Ap1 + azAps =0, azAp1 + azAps =0,
k1Apy + k3Apy = 0, k3sApi + kaAps = 0.

Theorem 10. The relations
Glj(x)fGl(?)(x) = const + O (|x]), lLj=12,...,7
hold in the neighborhood of the origin of R3.

Thus, on the basis of Theorems 8 and 10, the matrix G(©) (x) is the singular part of the fundamental
solution G (x) in the neighborhood of the origin of R3.

6. BASIC PROPERTIES OF POTENTIALS AND SINGULAR INTEGRAL OPERATORS

In this section, the surface (single-layer and double-layer) and volume potentials are defined, the
useful singular integral operators are introduced and the basic properties of these potentials and
operators are established.

In the sequel, we use the following matrix differential operator

R(Dm n) = (RIJ( ))7><77 ‘élj(Dm n) = le(Dxﬂn)7

Rl;r+5<Dx7 l'l) = _ﬁ/nla R (Dx7 n) = RmS<DX7 n>7 l = 17 27 37 (61)
j=1,2,....5, r=12 m=4567  s=12,....7,

where R;j(Dx,n) is given by (3.2).
Let us now introduce the potential of a single-layer

PO (x, g) = / G(x - y)g(y)dy ;

the potential of a double-layer

T
P@(x,g) = [ [R(D,n(y)GT (x - v)] "8(3)dsS;
s
and the potential of volume

PO (x, ¢, OF) — / G(x - y)o(y)dy,

where G is the fundamental matrix of the operator M(Dy) and defined by (5.21), the operator R is
given by (6.1), g and ¢ are seven-component vector functions.

It is not very difficult to prove the basic properties of these potentials. Namely, we can obtain the
following consequences.
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Theorem 11. If S C™tlv, gc C”’/(S), 0< v <v <1, and r is a non-negative integer, then:

(i)
P (. g) € OO (R®) N C™H1 (QF) N 0> (QF);

(i)

M(D,) PV (x,g) =0, xe 0¥
(iii) R(D,,n(z)) P(l)(z,g) is a singular integral for z € S;
(iv)

(1) = _ 1 (1)

{R(D;,n(2)) P (z,8)} " = F 5 &(2) + R(Dy,n(2) P (2, 8), (6.2)
forz e S;
(v)
PW(x,g) = O(]x| "), %P(l)(x, g) = O(x|"2) for [x|>1 and | =1,2,3.
1

Theorem 12. If S € C™1 ge O™ (5), 0 </ <v <1, then:
(i)

PO (. g) € O™ (QF) N C=(QF);
(i)

M(D,) PP (x,g) =0, xe0F;
(iii) PP (z,g) is a singular integral for z € S;

(iv)
[PO(z,g)}" =+ % gz) +PP(z,g), z€eS (6.3)
for the non-negative integer r;
(v)
Pxg) = O(X %), o PP(xg) = O(x )

for|x|>1andl=1,2,3;
(vi)
{R(D,,n(2)) PP (2,8)} " = {R(D,,n(2) P (2,8)}

for the natural number m and z € S.

Theorem 13. If S € C1¥, ¢ € COV' (QF), 0 <V < v < 1, then:
(i)
PO (., 9,0%) € CV (R®) nC2(QY) N > (QF);
(ii)
M(D,) P®(x,¢,0%) = ¢(x), xeQt,
where Qar is a domain in R3 and Qig' c Q.
Theorem 14. If S € C", suppp=QCQ™, ¢p € C’O"’/(Q’), 0<v <v <1, then:
(i)
PO, $,07) € OV (R*) N C*HQ™) N> (Qp);
(ii)
M(D,) PP (x,¢,97) = p(x), x€Q,

where Q is a finite domain in R? and Qig c Q.
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Now, we introduce the following integral operators:

g(z) +<2?(z,g), z€S8,

where ¢ is an arbitrary complex number. On the basis of Theorems 11 and 12, we can prove that (®)
(1=1,2,3,4) and H. are the singular integral operators.

On the other hand, if I'") = (I‘l(;))7x7 is the symbol of the operator H(") (r =1,2,3,4), then from
(6.4), we have

det TW = det T® = —det T® = —det T™
2

_ (_1>7(1_ﬂi) _ QA3
N 2 (AN+2u)2)  128(\ +2u)2
i.e., the operator H") is of normal type, where r = 1,2, 3, 4.

Moreover, let I'c and ind H, be the symbol and the index of the operator H., respectively. It may
be easily shown that

<0,

(A +2p)* — pi?¢?

128(\ + 2u)2
and detT'¢ vanishes only at two points ¢; and ¢ of the complex plane. By virtue of (6.4) and
detT; = detT™M), we get i #1(j=1,2) and

indH; = ind Y = ind Hy = 0.

det I'c = —

Similarly, we obtain
indH® = —ind W =0,  indH® = —indH? =0.

Thus, the singular integral operator (") (r =1,2,3,4) is of normal type with an index equal to
zero and, consequently, Fredholm’s theorems are valid for (7).

For the definitions of a normal type singular integral operator, the symbol and the index of the 2D
singular integral operators see, e.g., Kupradze et al. [16].

7. EXISTENCE THEOREMS

In this section, applying the potential method and the theory of singular integral equations, the
existence of classical solutions of the internal and external basic BVPs (K); ¢ and (K)g ¢ are proved,
where K = I, 11. ’ ’

Taking into account Theorems 13 and 14, we deduce that the volume potential P(*) (x, F, Qi) is a
particular solution of the nonhomogeneous equation (2.9), where F € co-’ (QF), 0< v/ <1; suppF
is a finite domain in Q~. Bearing this in view, we prove the existence theorems of a regular (classical)
solution of problems (K)g,f and (K)g ¢, where K = I, I1.

Problem (I){ ;. We are looking for a regular solution to this problem in the form of the double-layer
potential ’

U(x) =P?(x,g) for x e, (7.1)
where g is the required seven-component vector function.

In view of Theorem 12, the vector function U is a solution of the following homogeneous equation:

M(Dx)U(x) = 0 (7.2)
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for x € QF. By virtue of the boundary condition (3.3) and using (6.3), from (7.1), we obtain the
singular integral equation

HO g(z) = £(2) (7.3)
for determining the unknown vector function g, where z € S. We prove that equation (7.3) is always

solvable for an arbitrary vector f.
Obviously, the homogeneous adjoint integral equation of (7.3) has the following form:

HPh(z)=0 for z€S, (7.4)

where h is the required seven-component vector function. Now, we prove that (7.4) has only the
trivial solution.

Let hy be a solution of the homogeneous equation (7.4). On the basis of Theorem 11 and
equation (7.4), the vector function V(x) = P(M)(x,h,) is a regular solution of the external homo-
geneous BVP (1) 4. By virtue of Theorem 5, the problem (I1)g o has only the trivial solution,
ie.,

Vx)=0 for xe€ Q™. (7.5)

In addition, by Theorem 11 and (7.5), we get

{(V(z)}T={V(z)} =0 for z€S.
Consequently, the vector V(x) is a regular solution of the internal homogeneous BVP (I )ar o and using
Theorem 3, it follows that
V(x)=0 for x€ Q. (7.6)
In view of relations (7.5), (7.6) and identity (6.2), we obtain
hy(z) = {R(D,,n)V(z)}~ — {R(D,,n)V(z)}T =0 for z€ S.

Thus, the homogeneous equation (7.4) has only the trivial solution. On the basis of Fredholm’s
theorem, the nonhomogeneous integral equation (7.3) is always solvable for an arbitrary vector f. We
have thereby proved the following result.

Theorem 15. If S € C%¥, f ¢ Cl”’/(S), 0 <V <v <1, then a regular solution of the internal BVP
(I)gf exists, is unique and is represented by double-layer potential (7.1), where g is a solution of the
singular integral equation (7.3) which is always solvable for an arbitrary vector f.

Problem (I1)y ¢. Now, we seek for a regular solution to this problem in the form of the single-layer
potential

U(x) = PW(x, h) for x€Q7, (7.7)

where h is the required seven-component vector function. Clearly, by Theorem 11, the vector function
U is a solution of (7.2) for x € Q~. By virtue of the boundary condition (3.6) and using (6.2), to
determine the unknown vector h, we obtain from (7.7) the following singular integral equation:

H® h(z) = f(2) for z€S. (7.8)

In Theorem 15, we have proved that the corresponding homogeneous equation (7.4) has only the trivial
solution. Hence by Fredholm’s theorem, (7.8) is always solvable. We have the following consequence.

Theorem 16. If S € C*¥, f € C°¥'(S), 0 < v/ < v <1, then a regular solution of the external BVP
(II)E’f exists, is unique and is represented by the single-layer potential (7.7), where h is a solution of
the singular integral equation (7.8) which is always solvable for an arbitrary vector f.

Problem (I )a,f' We seek for a regular solution to this problem in the sum of the single-and double-
layer potentials

U(x) = PV (x,g) + PP (x,g) for x€Q, (7.9)

where g is the required seven-component vector function.
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Obviously, by Theorems 11 and 12, the vector function U is a regular solution of (7.2) for x € Q™.
Keeping in mind the boundary condition (3.5) and using (6.3), to determine the unknown vector g,
we obtain from (7.9) the following singular integral equation:

HO) g(z) = HO g(z) + PW(z,g) =f(z) for z€S. (7.10)

We prove that equation (7.10) is always solvable for an arbitrary vector f. It can be easily verified
that the singular integral operator H®) is of the normal type and ind H®) = ind #®) = 0.
Now, we prove that the homogeneous equation

HO) go(z) =0  for z€ S (7.11)
has only a trivial solution. Let go be a solution of the homogeneous equation (7.11). Then the vector
V(x) =PV (x,g,) + PP (x,g) for xeQ~ (7.12)

is a regular solution of the external BVP (I)q o. Using Theorem 5, we have (7.5).
Moreover, by identities (6.2) and (6.3), from (7.12), we get

{(V(z)}" —{V(2)}" =e(2),

_ (7.13)
{R(D,,n)V(z)}" — {R(D,,n)V(z)}~ = —go(z) for ze S.
In view of (7.5), from (7.13), it follows that
{R(D,,n)V(z) + V(z)}* =0 for ze S. (7.14)

Obviously, the vector V is a solution of equation (7.2) in Q% satisfying the boundary condition (7.14).
Now, applying identity (4.5) for the vector V, we obtain

{V(z)}T =0 for zeS. (7.15)

Finally, by virtue of (7.5) and (7.15), from the first equation of (7.13), we get go(z) = 0 for z € S.

Thus, the homogeneous equation (7.11) has only the trivial solution and therefore on the basis of
Fredholm’s theorem, the integral equation (7.10) is always solvable for an arbitrary vector f. We have
thereby proved the following

Theorem 17. If S € C?¥, f € Cl’”/(S), 0 < vV < v <1, then a reqular solution of the external
BVP (I)qg ¢ exists, is unique and is represented by the sum of double- and single-layer potentials (7.9),
where g is a solution of the singular integral equation (7.10) which is always solvable for an arbitrary
vector f.

Problem (I1 )0+7f. Finally, we are looking for a regular solution to this problem in the form of a
single-layer potential
U(x) = PW(x,g) for x € QF, (7.16)

where g is the required seven-component vector function.

In view of Theorem 11, the vector function U is a solution of the homogeneous equation (7.2).
Then, taking into account identity (6.3) and the boundary condition (3.4), to determine the unknown
vector g, we obtain from (7.16), the following singular integral equation:

HD g(z) =f(z) for zeS. (7.17)
To investigate the solvability of equation (7.17), we consider the homogeneous equation
HW g(z)=0 for z€S. (7.18)
Clearly, the adjoint homogeneous integral equation of (7.18) has the form
HPh(z)=0 for z€S. (7.19)

In our further analysis, we will need the following consequence.

Lemma 3. The homogeneous equations (7.18) and (7.19) have siz linearly independent solutions each,
and they constitute the complete systems of solutions.
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Lemma 3 can be proved similarly to the corresponding result in the quasi-static theory of elasticity
for single-porosity materials (see [19]).

Introduce now the seven-component vector functions 99 (x) (j =1,2,...,6) by
9 (x) = (1,0,0,0,0,0,0), 9¥? (x) = (0,1,0,0,0,0,0),
9 (x) = (0,0,1,0,0,0,0), 9 (x) = (0, —23, 22,0,0,0,0), (7.20)
9 (x) = (23,0, —21,0,0,0,0), 99 (x) = (—29,21,0,0,0,0,0).

Obviously, {19(j )(x)}jzl is the system of linearly independent vectors. Moreover, by Theorem 4,

each vector 99 (x) is a regular solution of the internal homogeneous BVP (1 );0 and the homoge-
neous singular integral equation (7.19), i.e., we have

MD,) 9 (x)=0 for xeQT,
{R(D,,n) 19(74)(z)}Jr =0, HD 90 (z) =0 for ze S

and j = 1,2,...,6. Hence {ﬁ(j)(x)}jzl is a complete system of linearly independent solutions of
equation (7.19).

Applying Fredholm’s theorem, the necessary and sufficient condition for (7.17) to be solvable has
the form

/f(z) 99 (2)d, S =0, j=1,2,...,6, (7.21)
5
where 99 is determined by (7.20).

On the other hand, if f = (f1, f2, ..., fz) and £(O) = (f1, fa, f3), then by virtue of (7.20), condition
(7.21) can be rewritten as

/ £0(z)d,S =0, / z x £0(z)d,S = 0. (7.22)
s s
We have thereby proved the following result.

Theorem 18. If S € C?¥, f € C%'(S), 0 < v/ < v < 1, then problem (Il)af is solvable if and
only if conditions (7.22) are fulfilled. The solution of this problem is represented by a potential of
single-layer (7.16) and is determined to within an additive vector of U = (Q, 1, P2,D1,D2), where g
is a solution of the singular integral equation (7.17) and

a(x)=a+bxx, @ =pHx =0, =12

forx € QF, a and b are arbitrary three-component constant vectors.

8. CONCLUDING REMARKS

1. In this paper the basic internal and external BVPs of steady vibrations in the coupled linear
quasi-static theory of elasticity for materials with double porosity are investigated and the following
results are obtained:

i) On the basis of Green’s identity the uniqueness theorems for classical solutions of the above
mentioned BVPs are proved;

ii) The fundamental solution of the system of steady vibration equations is constructed explicitly
by means of six elementary functions;

iii) The basic properties of the surface (single-layer and double-layer) and volume potentials are
established;

iv) Then some useful singular integral operators are constructed for which Fredholm’s theorems are
valid;

v) Finally, the existence theorems for classical solutions of the BVPs of steady vibrations are proved
by using the potential method and the theory of singular integral equations.
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2. On the basis of results of this paper are possible to investigate the BVPs in the coupled linear

quasi-static theory of thermoelasticity for materials with double porosity by using the potential method
and the theory of singular integral equations.
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