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ON A CONSISTENT ESTIMATOR OF A USEFUL SIGNAL IN
ORNSTEIN-UHLENBECK STOCHASTIC MODEL IN C[-[,I]

ZURAB KVATADZE! AND LEVAN LABADZE?

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. A transmittion process of a useful signal is considered in Ornstein—Uhlenbeck stochastic
model in C[—[,[[ defined by the stochastic differential equation
2m on
AV (t,z,w) = HZ::O An B U (t, z,w)dt + cdW (t,w)
with initial the condition
(0, z,w) = Uo(0) € FDO[—1, 1],

where m > 1, (An)o<n<om € Rt x R2m~1 ((t,z,w) € [0, +oo[x[-1,I[xQ), 0 € RT, C[~I,]] is a
Banach space of all real-valued bounded continuous functions on [—I,1[, FDO)[—1 I[C C[-,][ is a
class of all real-valued bounded continuous functions on [, I[ whose Fourier series converges to itself
everywhere on [—[,1[, (W (¢,w)) is a Wiener process and Wo(x) is a useful signal.

Using a sequence of transformed signals (Z)ren = (¥(to,®,ws)),cy at moment to > 0, the
consistent and infinite-sample consistent estimates of the useful signal ¥q is constructed under the
assumption that parameters (An)o<n<2m and o are known.

1. INTRODUCTION

Suppose that © is a vector subspace of the Banach space C[—I,![ equipped with a usual norm,
where C[—1, [ denotes the class of all bounded continuous functions on [, [.
In the information transmitting theory, we consider the Ornstein—Uhlenbeck stochastic system

2m

t 3 Angom
E(t, z,w)l_yy(z) = e n=0 (@) L1y ()
t 2m o
t—1 An zom
—|—o/e( ) Zy x Iy (x)dW (T, w), (1.1)

0

where (A )o<n<am € RTXR?*™~1 (m > 1), 0 € O is a useful signal, (W (¢, ));>0 is the Winner processes
(the so-called “white noises”) defined on the probability space (2, F,P), ({(t,-,w)) (equivalently,
§(t,z,w) Iy y(x)) is a transformed signal for (¢,w) € [0, +-00[x €, I;_;;; denotes the indicator function
of the interval [, 1[.

Let i be a Borel probability measure on Cl0:+[[—] [ defined by generalized “white noise”

t 2m
(t=7) 3 Anm
(O./e n=0 o X I[l,l[(x)dW(Taw))
0

t>0
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Then we have

(VX) (X € B(CO+>el[—1,1]) — pu(X)

t
T An Bz
= P({w D we Q& <0/ A Z % X I[—l,z[(x)dW(T,w)> € X}>>7
t>0
s >

where B (C[%+°°[[—1,1[) is the Borel o-algebra of subsets of the space CIO:+>l[—[ 1.

Let X\ be a Borel probability measure on C[O""‘X’[[—l, I[ defined by the transformed signal £(¢, x,w),
that is,

(VX) (X e B(COFl[—1,1]) — p(X) = P({w: w € Q& (§(t, 2,w)),50 € X })).

In the information transmitting theory, the general decision is that the Borel probability measure

A defined by the transformed signal coincides with et %o An g ) shif 1o of the measure p for some
0y € O, provided that

(300) (60 € © — (VX)(X € B(COF=[—1,1]) — A(X) = po(X))),

2m
where pg(+) = p( - + (et 20" 0 An g 9) 20)'
Here, we consider a particular case of the above model when a vector space of useful signals ©

coincides with F'D°[—1, 1], where F'D°[—[,1[C C[—,I[ denotes a vector space of all bounded continuous
real-valued functions on [—[, [ whose Fourier series converges to itself everywhere on [, [].

Definition 1.1 (see [2]). A triplet
((cloreeli—g )", B((CO+°l—1,1)"), 1) peo
is called a statistical structure described the stochastic system (1.1).

Definition 1.2 (see [2]). The Borel measurable function 7;, : ((C[O’J”’O[[—Ll[)n — 0O (neN)is

called a consistent estimate of a parameter 6 for the family (,ulg) co if the condition
oo N, .
i ({@wen (@inen € (=010 & lim |To(@r,... 20) — 6] =0}) =
holds for each 6 € ©, where || - || is a usual norm in C[-I,![.

Definition 1.3 (see [2]). The Brel measurable function T : ((C[07+°°[[—l,l[)N — O is called an

infinite-sample consistent estimate of a parameter 8 for the family (,ugl) 0co if the condition

ﬂg({(zk)kel\l : (Tr)ren € (C[O’Jroo[[*lvl[)N&T((Ik)keN) = 9}) =
holds for each 0 € ©.

The main goal of the present paper is to construct consistent and infinite-sample estimators of the
useful signal for the stochastic model (1.1) which is a particular case of the Ornstein—Uhlenbeck process
in C[—1,][. Concerning the estimations of parameters for another versions of the Ornstein-Uhlenbeck
processes the reader may consult with [1,4,5,9].

The rest of the present paper is the following.

Section 2 contains some auxiliary notions and fact from the theories of ordinary and stochastic
differential equations. In Section 3 we present our main results.

2. MATERIALS AND METHODS

We begin this section with a short description of a certain result concerning a solution of some
differential equations with initial value problem obtained in papers [3,6]. Further, by using this
approach and technique developed in [7], their some applications for a solution of the Ornstein—
Uhlenbeck stochastic differential equation in C[—I,[ are obtained. At the end of this section, the
well-known Kolmogorov’s Strong Law of Large Numbers is presented.
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Lemma 2.1 ([6, Corollary 2.1, p. 6]). Form > 1, let us consider a linear partial differential equation

2m

7\1/ t,z) ZA a —W(t,z)  ((t,2) € [0,+o0[x[1,1]) (2.1)
with the initial condition
_ .\ ks (0)
U(0,z) = 2+;(0kcos( )—i—dksm( ;i >>€FD L1 (2.2)

If ( 2, c1,d1,C2,da, .. ) is a sequence of real numbers such that a series V(t,x) defined by

etAo co

+ i ekt ((ck cos(wgt) + di sin(wkt)) cos (@)

k=1
4 (d;c cos(wgt) — ¢k Sin(wkt)) sin (kﬂ-Tx))

belongs to the class F D™ [-1,1], as a series of a variable x for all t > 0, and is differentiable term
by term as a series of a variable t for all v € [—1,1], then ¥ is a solution of (2.1)—(2.2).

U(t,z) =

Using the approach developed in [7], we get the validity of the following assertion.

Lemma 2.2. For m > 1, let us consider the Ornstein—Uhlenbeck process in C|—I,l[ defined by the
stochastic differential equation

U(t,z,w) Z (t,z,w)dt
(

+ odW (t, w) 11— ( € [0, +oo[x [, 1[xQ) (2.3)
with the initial condition
U(0,z,w) = Yo(z), (2.4)
where (An)o<n<om € RT x Rm—1 (W(t,w));>q is a Wiener process and
__Co > If’fr (0)
U (0 75+Z(ckcos( )erksm( i ))GFD 4,1

k=1
If ( 3, C1,d1,C2,dz, .. ) is a sequence of real numbers such that a series

et4ocy
2

+ i ekt ( (e cos(wgt) + di sin(wgt)) cos (ImrTx)
k=1

¢
+ (d, cos(wit) — ¢ sin(wgt)) sin (k?lr—x)) +o / et Ao gy (7, w) ()
0

belongs to the class FD?™) [—1,1, as a series of a variable x for allt > 0, w € Q, and is differentiable
term by term as a series of a variable t for all x € [—1,1[, w € Q, then the solution of (2.3)—(2.4) is
given by

2m i
t (t=5) 3 Anfm
d¥(t,z,w)=e 2o (\P(O,x,w)) + a/ "g AW (s, w).

0

Proof. Putting A = sz Anaay—n and f(t,U(t,z,w)) = e U(t, 2,w), we get

df (t,U(t, z,w)) = —Ae AU (t, z,w)dt + e RV (t, z,w)
= —Ae BU(t, z,w)dt + e (AU (t, 2, w) + cdW (t,w)) = ce”BdW (t,w).
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By integration of both sides, we get

f &, ¥, z,w)) — f(0,0(0,z,w)) = a/efTAdW(T,w)
0

which implies
t

e MU (t z,w) — e (0, z,w) = O‘/G_TACZW<T,UJ).
0
Now, we get

t
et (eftA\If(t,x,w)) —eth (efOA\If(O, z,w)) =eth <o*/ede(T,w)),
0

which is equivalent to the equality
t
U(t, z,w) = e (U(0,z,w)) +/e“*ﬂ‘*[[_l,l[(x)dW(T,w). O
0

Remark 2.3. Under the condition of Lemma 2.2, we have

etAoge,

U(t,z,w) = 5

+ ]; ekt ( (cg cos(wyt) 4 dj, sin(wyt)) cos (lm;—m)
N t
+ (dg, cos(wgt) — ¢ sin(wgt)) sin (%)) +o / e(t*T)A"I[_l,l[(z)dW(T,w).
0

Lemma 2.4. Under the conditions of Lemma 2.2, the following conditions:

ety

(i) EY(t,x,) = 5

37 e (en cos(iont) + dsinfent)) cos (77
k=1
contont) — usnGent) i (157 )

o2

(ii) cov (\I/(s,x, D, U (t, z, )) — 7(67140(1578) _ eon(t+s));
24,
(i) var (U(s, 2, ) = 2 (1 — e~240%)
) ) 2AO .

are valid.

Proof. The validity of item (i) is obvious. In order to prove the validity of items (ii)—(iii), we can use
the Ito isometry to calculate the covariance function by virtue of

cov (¥ (s,z,-), ¥(t,x,-)) = E[(¥(s,z,:) — E[U(s,z, ))(V(t,x,-) — E[U(t z,-)])]

s t
= E[/J@AO(“S)dW(u,w)/aeAO(”t)dW(l/, w)]
0 0

s t
:02eAO(SH)E{/JeAC’“dW(u,w)/UeAOVdW(V, w)]
0 0
o2
=_—ct

—Ap(s+t) ( ,2A0 min(s,t)
A, o (e ° 1).
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Thus if s < t (so that min(s,t) = s), then we have

2

[0)% (\11(57 T, .)’ \I/(t7 T, )) — 20-70 (e—AO(t—S) _ e—AO(t"rS))_

Similarly, if s = ¢ (so that min(s,t) = s), then we have
2

var (U(s,x,-)) = ;—Ao(l — 240, O

In the next section, we will need the well-known fact from the probability theory (see [8, p. 390]).

Lemma 2.5 (Kolmogorov’s strong law of large numbers). Let X1, Xo,... be a sequence of independent
identically distributed random variables defined on the probability space (Q, F, P). If these random
variables have a finite expectation m (i.e., E(X1) = E(X2) = --- = m < o), then the following
condition
R -1 — —
P<{w. nl;rrgon ZXk(w) = m}) =1
k=1
holds true.
3. RESULTS

In this section, by the use of Kolmogorov’s Strong Law of Large Numbers, we construct consistent
and infinite-sample consistent estimators of a useful signal which is transmitted by the Ornstein—
Uhlenbeck stochastic system (1.1).

Theorem 3.1. Let us consider C[—1,I[-valued stochastic process (&(t,x,w)I_y(x)) defined by

t>0
t

E(t z,w) iy p(x) = et (0(2) Iy () + U/e(th)AI[—z,l[(fﬂ)dW(Tvw)7
0

where € FD© and A = 2220 An%. Assume that all conditions of Lemma 2.4 are satisfied. For

n

a fized t = tg > 0, we denote by pg a probability measure in C[—1,1[ defined by the random element
E(to,w), where

to
E(to,w) = e (O(2)_1y(z)) + 0/e(tO_S)AI[,l_,l[(x)dW(s,w),
0

for each elementary w event.
For each (Zi,)gen € (C[=1, 1), we put

Ty ((Z1)ken) = e "% <ZZ_1 Zk) :

n

Then T, is a consistent estimate of a useful signal 8, provided that
Mg{(zk)keN : lim || T, ((Zk)ken) — 0] = 0} =1,
n—oo

for each € FDO[—1].
Proof. For each X € B (C[—[,l[), we have
pe(X) =P{w: Z(to,w) € X}
to
= P{w : etoh(f) + U/e(tO_T)Al[,l’l[dW(ﬁw) € X}
0
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to
= P{w : U/e(tO_T)AOdW(T, W)y € (X —e™™(0)) N {al_1y: € R}}.
0

We also have

1o {(Zk)keN 2 lim (|T, (Zi)ker) — 0] = 0}

emA(EZl Zk) — 0|l = 0}
n

_ N Lo 2221 Z, _ toA _
—Me{(Zk)keN- Jg&“ - e"™() _O}

ZZ:l Zy _ etA((g)
n

_ N T
= Uy {(Zk)keN : nhﬂﬂgo

= M?{(Zk)keN : Zk € {andi_yy - ar € R} +€%(0)& lim

n—oo

. v Z
= Mg{(zk)kel\l : (3(Br)ren € R™) (Zk = Belj_y + €4 (0)& lim % ()

n—oQ

)
=)

= /‘g{(zk)kel\f : (3(Bk)ken € R™) (Zk = Bel|_ + €% (0)& lim

n— oo

Mg{(Zk)keN © (3(Br)ren € RT) (Zk = Bl + €t°A(9)&n1Ln;O % = 0) }
n
= W(O’S)N{H(ﬁk)keN € R*®: lim M = 0} =1,
n—oo n
where 7(0,s) denotes the Gaussian measure in R with the mean 0 and the variance s = o’

240
X (1 — 2’2‘40%). The validity of the last equality is a direct consequence of Lemmas 2.4 and 2.5. O

Theorem 3.2 (Continue). Let 6% € FDO. For (Z)wen € (C=LI)Y, we put T ((Zp)ren) =
li_>m T ((Zk)ken), if the sequence (T, ((Zk)ken)),_ oy @S convergent and this limit belongs to the class
n e}

FDO) | and T ((Zy)ken) = 0%, otherwise. Then T : (C[—1,1[)" — FD© is an infinite-sample con-
sistent estimate of a useful signal & € FD©) with respect to a family ulg, provided that the condition

#i ({(Zinen s (Zoren € (€010 T (Zi)rew) = 0}) =1
holds for each § € FD©[—1,1].

Proof. For § € FD©)[—1,1], by the use of the result of Theorem 3.1 we get
oo N
Mg({(zk)keN t (Ziken € (COT—11)) " &T ((Zi)ken) = 9})

> Mg({(zk)kel\l : (Zi)ken € (COFU—1,1]) & lim T, {(Zk)en) = 9}) ~ 1. 0
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