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LOCALIZED BOUNDARY-DOMAIN INTEGRAL EQUATIONS APPROACH FOR
DIRICHLET PSEUDO-OSCILLATION PROBLEM OF THE COUPLE-STRESS
ELASTICITY

OTAR CHKADUAL2 AND ANA EDIBERIDZE?

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. The paper deals with the three-dimensional Dirichlet boundary value problem (BVP) of
the couple-stress elasticity theory for anisotropic inhomogeneous solids and develops the generalized
potential method based on the localized parametrix method. Using Green’s integral representation
formula and the properties of the localized layer and volume potentials, we reduce the Dirichlet BVP
to the system of localized boundary-domain integral equations (LBDIE). The equivalence between
the Dirichlet BVP and the corresponding LBDIE system is studied. We state that the obtained
localized boundary-domain integral operator belongs to the Boutet de Monvel algebra and, using
the Wiener—Hopf factorization method, we investigate the corresponding Fredholm properties and
prove the invertibility of the localized operator in appropriate Sobolev function spaces.

1. INTRODUCTION

We consider the Dirichlet pseudo-oscillation boundary value problem (BVP) for a second order
strongly elliptic system of partial differential equations in the divergence form with variable coefficients
and develop the generalized integral potential method based on a localized parametriz.

A system of pseudo-oscillation equations is obtained by the Laplace transform of the dynamical
system of equations (see [20]).

The BVP treated in the paper is well investigated in the literature by the variational method
and, in the case of constant coefficients, by the classical potential method, when the corresponding
fundamental solution is available in explicit form (see, e.g., [19,21,22]). However, as it is well known,
for PDE systems with variable coefficients no fundamental solution is available in an analytical and/or
cheaply calculated form, in general.

Our goal here is to develop a potential method for general second order strongly elliptic self-
adjoint systems of partial differential equations with variable coefficients. We show that solutions of
the problem can be represented by localized parametriz-based potentials and that the corresponding
localized boundary-domain integral operator (LBDIO) is invertible, that is important for analysis of
convergence and stability of LBDIE-based numerical methods for PDEs (see, e.g., [18,23, 26,28, 31,
32,34,35]).

Using Green’s representation formula and the properties of the localized layer and volume potentials,
we reduce the Dirichlet BVP to a system of Localized Boundary-Domain Integral Equations (LBDIEs).
First, we establish the equivalence between the original boundary value problem and the corresponding
LBDIE system, which appeared to be quite non-trivial task and plays a crucial role in our analysis.
Afterwards, we establish that the localized boundary domain integral operator of the system belongs to
the Boutet de Monvel operator algebra. Employing the Vishik—Eskin theory, based on the Wiener-Hopf
factorization method, we investigate the corresponding Fredholm properties and prove the invertibility
of the localized operator in appropriate Sobolev (Bessel potential) spaces.

In [6-12,24], the LBDIE method has been developed for the case of scalar elliptic second order
partial differential equations with variable coefficients, here we extend it to the PDE systems.
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2. BOUNDARY VALUE PROBLEM AND PARAMETRIX-BASED OPERATORS

2.1. Formulation of the boundary value problems and localized Green’s third identity.
For isotropic inhomogeneous media, we consider the following system of pseudo-oscillation equations
of couple-stress elasticity with respect to U = (u,¢) " = (uy,us, us, é1,¢2, ¢3) " (see [20]):

83300 ((1(x) + 2(2)) ) wi + 0 (A(@) + u())05)u; — pol@)7*u;

+%(I)€ijk6j¢k = 7[)(1‘)]01, 7= 1, 2, 3, (21)
8:501 (v(2)) D) pi + i () + B(2))05) ¢5 — To(x)T2Pi + 2¢(x)€ij10;up,
—2x(x)p; = —p(x) X; 1=1,2,3, (2.2)

where ¢;; is the Kronecker symbol, 7 = ¢ + iw is a complex parameter, o > o¢ > 0, u = (u1, uz, uz) "
is the displacement vector, ¢ = (¢1, ¢2, ¢3) " is the vector of microrotation, (f1, f2, f3) is the external
body force per unit mass and X is the external body couple per unit mass. We employ the notation
81- = (81,82,83), 8j = 6/8$j

The coefficients A, u, s, «a, B, v € C* are the elastic coefficients, Iy € C* is the coefficient of
inertia, and €;;1, is the Levi-Civita symbol (see [20]).

Due to the positiveness of internal energy, the coefficients of system (2.1)—(2.2) must satisfy the
following conditions:

x>0, x+2u >0, x4+ 20+ 32> 0,
y> 8,  B4+v+3a>0, (2.3)
po >0, Iy > 0,

where pg € C*° is the mass density.
Denote by
M(x,0,,7) = [1\41»]'(90,855,7')]6X6 (2.4)
the strongly elliptic second order matrix partial differential operator generated by the left-hand side
expression in (2.1)—(2.2), where

[Mz'j (ZE, ax, T>]3><3 :57;]‘6[ ((,LL(I) + %(I))al) + 87((>\(93) =+ u(x))é‘j) — po(I)Tz(Sij,
[Mi,j+3(x; 8$, T)]3><3 :[Mi7j+3(93, ar, T)L)’X?) = %(I)Eijkaj‘,
[Mi+3’j+3($, 8307 T)]3><3 :(Sij(’)l ((’7(.’)3))81) + (92((04(1') + B(m))c’)j) — (2%(1’) + ]()(.’1?)7’2)5”‘,
i,j=1,2,3.

Here and in what follows, the Einstein summation by repeated indices from 1 to 3 is assumed if not
otherwise stated.

Further, let Q = QO be a bounded domain in R? with a simply connected boundary 02 = S € C*,
Q = QU S. Throughout the paper, n = (ny,n2,n3) denotes the unit normal vector to S directed
outward the domain Q. Set Q= := R3\ Q.

By H"(Q) = H3(Q) and H"(S) = H5(S), r € R, we denote the Bessel potential spaces on a domain
Q and on a closed manifold S without boundary, while D(R?) and D(f2) stand for C°° functions with
compact support in R? and in Q respectively, and S(R?®) denotes the Schwartz space of rapidly
decreasing functions in R3. Recall that H°(Q2) = Ly(f2) is a space of square integrable functions in Q.
For a vector U = (u1,...,ug) ", the inclusion U = (uy,...,ug)" € H" implies that each component
u; belongs to the space H".

Let us denote by y7U = {U}* and v~ U = {U}~ the traces of U on S from the interior and
exterior of QF, respectively.

We also need the following subspace of H'(2) (see, e.g., [13]):

HYO(Q; M) := {U=(u1,u2,u3, 1, ¢, ¢3) | € HY(Q) : MU € H°(Q)}.

The Dirichlet boundary value problem reads as follows:
Find a vector-function U = (uy, ug, us, ¢1, g2, ¢3) " € HY0(Q, M) satisfying both the differential equation

MU=f in Q (2.5)
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and the Dirichlet boundary condition
YU =¢p, on S, (2.6)
where ©, = (Qu,s > 0os) | € HY2(S) and f = (f1,...,fs)" € H°(Q) are the given vector functions.
Equation (2.5) is understood in the distributional sense, while the Dirichlet boundary condition
(2.6) is understood in the usual trace sense.

The stress differential operator of the couple-stress elasticity corresponding to the operator (2.4) is
defined as follows (see [20]):

T(xv aw) = [7;] ($7 am)leXG’
where
(Tij (@, 02)] 5 4 = M@)n:0; + p()n;0; + 6ij (u(x) + 2(2))niOk,  [Tijas(@,0n)],, 4 = —2(x)eijnnn,
(Tixsjes(@,00)] 4, 5 = (@)nid; + B(x)n;0; + 6y (x)nidk,  [Tivs (@,02)],, 4 =0, 4,j=1,2,3.
The corresponding stress operator of adjoint operator M* of the operator M is (cf. [4])

T =T(2,0,) = [Tij(,0:)],
where
[T35(2,02)] 5, 5 = MN@)n:0; + u(@)n;0; + 035 (10(x) + 52(2)) Ok, [Tijra(®,00)], 5 = 5(2)eijnmn,
[Tisje3(2,00)] 55 = a(@)n:i0; + B(2)n;0; + Sijy(@)nidh,  [Tiws(2,02)] 55 =0, 4§ =1,2,3.
For any complex-valued vector-functions U = (uy,...,ue)", U = (u},...,ug) € H?(2), we have
the following Green’s formulas:
/[M(:c, O, T)U - U + E(U,U")|dx = /{TU}+ AU} dS, (2.7)
Q s
/[M(x,@mT)U U —U-M*(2,0,,7)U’| dz :/[{TU}+ AUV S — {U} - {TU'}H]dS,  (2.8)
Q s

6 _
where a - b:= )" a;b; is the bilinear product of two column-vectors a, b € CS,
j=1

E(U, ﬁ) = (/JJ + %)8juj8j7i + TQQ()UiJi + /\Bjujalﬁl + u@iujajﬁi + %eijktbkajﬁi
+78j<1>i8j@i + (2% + 7210)®i6; + aajtbjai@i + Baitbjaj@i + %Eijkajui@k.
By the standard limit procedure, Green’s formulas (2.7) and (2.8) can be extended to the vector
functions U € H*Y(Q) and U’ € H'°(Q). With the help of Green’s formula (2.7), we can correctly
define the generalized trace vector {T'(z,9,) U}t = {TUYt = T+U € H~2(S) for the vector-function

U e HYO(Q) (cf., [22]). Moreover, by [13, Lemma 3.4] and [22, Lemma 4.3]), for any U € HY0(Q; M)
and U’ € H'(Q), the first Green’s identity in the form

({T(z,0,)UY , {U"})s ::/[M(x,8$,T)U~U’+E(U,7)]dx, VU € HYO(Q; M), (2.9)
Q

holds, where (-, -)g denotes the duality between the adjoint spaces H~2 (S) and H2 (S), which extends
the usual bilinear Ly(S) inner product.

Remark 2.1. From condition (2.3), it follows that the quadratic form FE(U,U’) is positive definite.
Therefore Green’s first identity (2.9) and Korn’s inequality along with the Lax-Milgram lemma imply
that the Dirichlet BVP (2.5)—(2.6) is uniquely solvable in the space H':%(Q; M) (see, e.g., [19,21,22,
33)).
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2.2. Parametrix-based operators and integral identities. As it has already been mentioned,
our goal here is to develop the LBDIE method for the Dirichlet BVP (2.5)-(2.6).

Let Fa(x) := —1/4m|z| denote the scalar fundamental solution of the Laplace operator, where
A = 02 + 93 + 02 is the Laplace operator, 7 = o +iw, o > 09 > 0, w € R,

Define a localized matrixz parametriz for the matrix operator IgA as

P(z) = Py(z) == Pa(z) I = x(2) Fa(2) I = _4"759'”;' Is, (2.10)

where Pa(x) := x(x) Fa(z) is a scalar function of the vector argument z, I is the unit 6 x 6 matrix
and x is a localizing function (see Appendix A)

xeX¥ k>3, with x(0)=1. (2.11)

Throughout the paper, we assume that condition (2.11) is satisfied if not otherwise stated. Note that
the function y may have a compact support, useful for numerical implementations, but generally not
necessary, and the class X _’fr includes the functions, not compactly supported, but sufficiently fast
decreasing at infinity (see [7] and Appendix A below for details).

For sufficiently smooth vector-functions U and U’, say U, U’ € C?(£2),the second Green’s identity

/ U M(z,0,,7)U — M*(x,0,,7)U" - U] da = / (Ut -TrU - THU' - {U}*] dS (2.12)
Q s
holds. Denote by B(y, ) a ball centered at the point y, of radius € > 0, and let S(y, ) := 9B(y,¢) be
a sphere of radius €. Let us take as U’(x), successively, the columns of the matrix P(z —y), where y is
an arbitrarily fixed interior point in 2, take also U instead of U and write the identity (2.12) for the
region (). := Q\ B(y, ¢) with € > 0 such that B(y,e) C 2. Keeping in mind that PT (z—y) = P(z—y),
we arrive at the equality

/ [P(z — ) M(z, 00, 1)U (x) — {M*(, 05, 7) P(z — 1)} U(a)] da,

Q.
/ [Pz — ) T*(2,0:)U ) — {T(x, 0) P(x — y) MU (2)}*] oS
S
- / [P(z — y) T* (2, 0,)U () — Tz 00) Pz — )} {U(2)} ] duS. (2.13)
S(y,e)

The normal vector on S(y, €) is directed inwards €.
Let the operator A/ defined as

NU(y) :=v.p. /[M*(x, O, T)P(z — y)|U (2) do := ;%/[M*(x, 0y, T)P(z —y)|U(x)dz  (2.14)
Q Qe

be the Cauchy principal-valued singular integral operator, which is well defined if the limit in the
right-hand side exists. The similar operator with integration over the whole space R? is denoted as

NU(y) = V.p./ [M* (2,80, 7) Pz — )| U(x) dar (2.15)
R3
Now, let us represent the differential operator M (x,d,,7) in the following form:
M(z,0,,7) = M9 (2,0,) + R(z, 0y, 7), (2.16)
where M () (z, 9, is the principal part of the operator M (z,d,,7) of the form
MO (z,0,)

Sij (u(x) + s(x)) A + (A=) + u(m))aiaj}3x3 (01555
(0553 [6i57(2) A + (au(z) 4 B(x));0;]

333166
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It is clear that the operator M () (z,0,) is a positive definite, formally self-adjoint differential operator,
and the operator R(x,d,,7) has the following form:

R(z,0,,7)
_ [61‘3‘8[ (/,L(J?) + %(.13))8[ + al (/\(l‘) + :u(x))aj];gxg [O]SXS
(0153 (6500 (v(2) 01 + 0 (e() + B(2)) }3><3 66
—po(x)T 213 [ (z )Eljka]g,xg

@)eindlyyg (@) + )|
Consider the analogous representation of the formally adjoint differential operator M*,
M*(2,0,,7) = MO(2,8,) + R*(z,0,,7),

where R* is the operator, conjugate to R.
Note that

02 1 47 6 0? 1

=— kg o0(x —y)+v.p.

— A 2.17
Oxy 0z |z —y 3 Oz, 0z |x — y (2.17)
where 0( - ) is the Dirac distribution, the left-hand side in (2.17) is also understood in the distributional
sense, while the second summand in the right-hand side is a Cauchy-integrable function. Therefore,
in view of (2.10) and taking into account the fact that x(0) = 1, we can write the following equality

in the distributional sense:

M*(z,8,,7)P(x —y) = MO (2,8,)P(x — y) + R* (2,85, 7)P(x — y)

_ [Mi(ﬁq) (2,0 ) Fa(z — y)]3><3 [0]35
B 055 [Ni(jp)(xvax)FA(x —y)lsxs
6x6
+R*(l‘, aI’T)P(w - y) + R(x,y), (2]—8)
where
M“” (2,00) = 8y (1() + 3¢(2)) A + (A@) + u(2)) 9,
(iE a ) _61.77( ) ( ( ) B( )) yRl 7’73 = 172737
R(x y)::l[Mi(Jp)(x’ax)(PA(x_y) — Fa(e=v))]5 (055 ] .
7 [0]3><3 [Ni(;))(xaaz)(PA(x_y) —FA(ﬁC—y))]sxzs 6x6

From equality (2.17), we have the following equalities:

M (@,0,)Fa (@ = y) = (03 (o) + 5(2)) A + (A(w) + () 0:0; ) Fa(ar — )

= 0ij (u(@) + () 6(z —y) + (A(x) + p(2)) %5(»@ —y) + (A@) + p(2)) v.p- 8:0; Fa(z —y)
= Gy (@) + 4p(2) + 35e(2)) (& — ) + (\@) + u(2)) vp-B0iFale—y),  (219)

and

NG (@, 00) (Fale =) = (8 (1(2)) A+ (ale) + B(x)) 99, ) Pale ~ )
— 5 7(1‘) Sz ) + (alz) + 0(a)) o(z ~ ) + (ale) + H(&)) v.p. 00, Fae ~ )

= 51] 3 37(2) + alz) + 6(2)) 5(96 —y) + (a(z) + B(z)) v.p.0i0;Fa(z —y). (2.20)
Applying the obtained equations (2.19) and (2.20) to equation (2.18), we get
M (2,02, 7) P(x —y) = a(z) §(x —y) + v.p. [M" (z,05,7) P(x — )],
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where
alz) = L(M@) + 4p(z) + 35¢(x)) I3 (0],
(z) == ( [0]553 %(37(@ + a?x)3+ ﬁ(x))I3>6x6 ) (2.21)

and

v.p. [M* (2,0, 7) P(x — )]

| MO (2,0,)Fa(z — 0
_ V.p |: ij ( ) A( y):|3><3 o [ ]3><3 +R(1)(x7y),
[0]5, 5 v.p. [Nij (2,0.)Fa(z —y)
3x346x6
which can be rewritten as follows:
v.p. [M* (2,04, 7) P(x — y)]
(0)
v.p. | M;;" (y,0:) Fa(z — y) [0]
= |: ’ : :|3><3 (0) o + R(2) (Iay)v (222)
(053 vV.p. |:Nij (Y, 0z) Fa(z — y)}
3x3d 6x6

where Fa(x —y) = is the fundamental solution of Laplace equations, and

1

4|z —y|
RW(z,y) = R*(2,0,,7)P(x — y) + R(z,y),

RO(a,) 1= RO (,y) + [ MO (@,0,) = MO (3,0,)] Fa(a — ).

It is clear that R(z,y), R (x,y) and R (z,y) have weak singularities O(|z — y|~2), as 2 — .

Let us denote by E zero the extension operator from € into Q~. From (2.13) and (2.14), it follows
that

(NU)(y) = (N[O? U)y) foryeQ, UeH(Q), r>0.

The notation N can be expanded for smaller r as follows:
(NU)(y) := (NE"U)(y) for y € Q, U e H'(Q), —1/2<r <1/2,

where E" : H™(Q) — H" () is the extension operator defined uniquely when -1/2 < r < 1/2
(see [23, Theorem 2.16]).

It follows from (2.21) (see [26], [2, Theorem 8.6.1]) that if y € X* for integer k > 2, then the
operators

roN =roNE : H'(Q) — H™(Q), 0<r,
roN =roNE" : H'(Q) — H™(Q), —1/2<7r<1/2,

are bounded, since the principal homogeneous symbol of N is rational (see (4.3) in Section 4) and the
operators with the kernel functions R(x,y) or R™ (x,y), R® (z,y) map H"(Q) into H™+1(Q) . Here
and throughout the paper, rq denotes the restriction operator to §2.

Further, by direct calculations one can easily verify that

li_>r% Pz —y) T(x,0;)U(x) dyS =0, (2.23)
1>
S(y,e)
lim / {T (z,0;) P(x — y)}U(z)d,S
e—0
S(y,e)
[W J njmidsy + W / nknkd215ij] [0]3x3
- B B U(y)
[0]3x3 [% S ninid®1 + % J nknkdzléij]
>N >N

3X31 6x6
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[A(y)ju(y) 4”51‘:’ + u(y);r%(y) 47r6ij] [0)33
= 0ls 3x3 [a(y)+g(y) 4wy AW yrs ] U(y) = a(y)U(y), (2.24)
X3 an 3 am “13x3] 6x6

ij
where ¥ is a unit sphere, n = (n1,12,73) € X1, a is defined by (2.21) and ¢,j = 1,2, 3.
Passing to the limit in (2.13) as € — 0 and using relations (2.14), (2.23) and (2.24), we obtain
a@)U(y) +NU(y) = V(TTU)(y) + W(yTU)(y) = P(MU)(y),  y€Q, (2.25)

where N is a localized singular integral operator given by (2.14), while V, W and P are, respectively,
the localized vector single layer, double layer and Newtonian volume potentials,

Voly) =~ [ Pla =) g(a)d.5, (2.26)
S
Wo(w) =~ [ [70,0,) Pla )] (o) .5, (2.27)
S
Ph(y) = / P(x —y) h(x) dz. (2.28)
Q

Here, the densities g and h are the six-dimensional vector-functions. Introducing the localised scalar
Newtonian volume potential

Paholy) := /PA(z —y) ho(z) dz (2.29)
Q
with hg being a scalar density function, we evidently obtain

[Ph(y)lp = Pahy(y),  p=1,6,

for any vector function h = (hy,..., hg)".
We will need the localised vector Newtonian volume potential similar to (2.28), but with integration
over the whole space R?,

Ph(y) := /P(x —y) h(z)dx. (2.30)
R3

The mapping properties of potentials (2.26)—(2.30) have been investigated in [7,12] and given in
Appendix B.

We refer to relation (2.25) as Green’s third identity. Due to the density of D(Q2) in HV%(Q; M)
(see [25, Theorem 3.12]) and the mapping properties of the potentials, Green’s third identity (2.25) is
valid also for u € H%9(Q; M). In this case, the co-normal derivative TTU is understood in the sense
of definition (2.9). In particular, (2.25) holds true for the solutions of the above-formulated Dirichlet
BVP (2.5)—(2.6).

On the other hand, applying the first Green’s identity (2.9) on Q. to U € H'(2) and to P(z — y)
as U'(x), and taking the limit as € — 0, one can easily derive another, more general, form of the third
Green’s identity,

a(y)Uy) + NU(@y)+WHU)(y) = QU(y), VyeQ, (2.31)

where for the i-th component of the vector Q u(y), we have

[QU(y)l; := —/ [(1(x) + () 8; Pa(@ — y)jui(x) + 7°po(z) Palz — y)ui(z)
Q
+ AM«)0; Pa(z — y)0ju;(x) + p(x)0; Pa(z — y)Oiu;(x) + s(x)ei1 0 Pa(x — y)d)k(x)]dx, i=1,2,3,

QU = = [ 12@)0;Pa e = 1)2501 (o) + (2() + 7 Io(a)) P~ ) 2)
Q
+ a(z)0; Pa(x — y)0,¢; (z) + B(2)0; Pa(z — y)0i¢; (z) + »(x)eg i Palx — y)ajuk(x)]dx, 1=1,2,3,
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whence we obtain
[QU()]; = 0;Pa ((n+ 2)8jui) (y) — T°Pa (pui) (y) + 8iPa (A 9juy) (y)
+ 0 Pa (p0;uj) (y) + €ijk0; Pa (52 d1) (v), i=1,2,3, VYyeQ
[QU ()5 = 0;Pa (v0;6:) (y) — 2Pa (3¢ ¢3) (y) — 7> Pa (Io ¢:) (y)
+ 0;iPa (@ 05¢5) (y) + 0;Pa (BOid;) (y) — exgiPa (2 0jur) (y),  i=1,2,3, Vye.

Using the properties of localized potentials described in Appendix B (see Theorems B.1 and B.4)
and taking the trace of equation (2.25) on S, for U € H'9(QF; M), we arrive at the relation

NYU = V(TTU) + (a = b)y U+ W(TU) =P (MU) on S, (2.32)

where the localized boundary integral operators V and W generated by the localized single and double
layer potentials are defined in (B.1) and (B.2), the matrix b is defined in Theorem B.4, while

Nt =~TN, Pt =~41P.
Now, we prove the following technical
Lemma 2.2. Let x € X3, f € HO(Q), F € H*O(Q,A), € H 2 (S) and ¢ € Hz(S). Moreover, let
U € HY(Q) and the following equation
a()U(y) + NU(y) = Vi(y) + Wely) = Fly) + Pf(y), yeQ (2.33)
hold. Then U € HYO(, M).

Proof. Note that by Theorem B.1, Pf € H%(Q) for arbitrary f € H°(Q), while by Theorem B.2, the
inclusions Vb, W € H%0(Q, A) hold for arbitrary ¢» € H=2(S) and ¢ € H2(S). In view of relations
(2.31)—(2.33), equation (2.33) can be rewritten component-wise as

8; Pa (1 + »)05ui) (y) — 7°Pa (pui) (y) + 0iPa (A 0ju;) (y) + 9;Pa (p8iu;) (y)

+eik0iPa (1) (y) = Fi(y) +Pafi () + Vo), — W(e—{U})W)],, veQ i=T13,
8;Pa (7 059:) (y) — 2Pa (3 ¢4) (y) — 72 Pa (Io ¢4) (y)

+ 0iPa (@ 05¢5) (y) + 03 Pa (B 9id5) (y) — exjiPa (52 0ju) (y)

= Firs(y) + Pafivs ) + VOW)lys — [W(e—{U)®)] 5y yeQ i=13

Due to Theorems B.1 and B.2, it follows that the right-hand side functions in the above equalities
belong to the space

HY(Q,A):={ve H(Q) : Ave H(Q)},
since vTU € H2(S). We have

A, Pa(w —y) = 8(z — y) + Ra(o — y), (234)
where 1 (Ax( ) I x( ) 9 1
x(z —vy X\ —y
Y ) 0 . 2.

Clearly, Ra(z —y) = O(|z — y|=2) as 2 — y and by (2.34) and (2.35), one can establish that for an
arbitrary scalar test function ¢ € D(f2), the relation (see, e.g., [27])

APad(y) = o(y) + Rad(y), y €N (2.36)
holds, where

Rad(y) == / Ra(e —y) é(x) da. (2.37)
Q

Evidently, (2.36) remains true also for ¢ € HY(2), since D(f) is dense in H°(Q). It is easy to see
that (see [7])

Ra : HY(Q) — HY(Q). (2.38)
Consequently,

O51A y Pa (1 + 2)05ui) (y)] = 728y Pa (pus) (y) + 0i[ Ay Pa (A 0ju;) ()] + 9;[Ay Pa (1 iuy) (y)]
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+eik Ay 05 Pa (1) (y) = 05 ((n+ 2)0jwi) (y) + 05 Ra (1 + 3)5w) (y)] — 7° (pwi) (y)
—72Ra (pui) (y) + 05 (A 0ju;y) (y) + O Ra (A juy) (y) + 05 (1 9yu;) (y) + 95 Ra (1 i) (y)

+eijk0; (3 9r) (¥) + €iji0i Ra (3 ¢x) (v) = [MU], + 95[Ra (1 + #)05u;) (y)]

—7° Ra (pui) (y) + 9;Ra (A0iui) (y) + 0iRa (1 9jwi) (y) + 5w (5 ) (y)
+eirdiBa (2 0x) (v) = MU, + [RYU ()], WyeQ, i=1,23, (2.39)

and
00y PA (70;0i) (y) — 28y Pa (32) (y) — 728y Pa (1o ¢4) (y)
0iAyPa (@ 0j¢5) (y) + 0; Ay P (B0i¢;) (y) — erjildy Pa (3 Ojur) (y) | = 95 (v 9;64) (y)
+0;Ra (Y050:) (y) — 2 (3¢ ¢) (y) — 7° (Io $:) (y) — 2Ra (3¢ ¢4) (y) — 7°Ra (To ¢4) (y)

+0i (056;) (y) + O Ra (2 0;d;) (y) + 05 (B9id;) (y) + i Ra (B 0ij) (v) — eijn (52 05ux) (y)
—eijeRa (5 05ur) (y) = [MU(y)]; 5 + O;Ra (Y9;64) (y) —2Ra (3¢¢4) (y) — 72 Ra (Io ¢4) (y)
+0j (@ 0;¢i) (y) + O;Ra (0i9i) (y) + 0; (B0;¢:) (y) + OiRa (Bd:) (y) — enji (52 05ux) (y)
(

—erjidyRa (2 jur) () = M) 5 + [RYU W), WEQ i=1,2,3. 2.40)

Evidently, R(Al)U € H°(Q), whence the embedding MU € H°(Q2) follows from (2.39), (2.40) due
to (2.37). 0

Actually, the continuity of the operator in (2.38) and identities (2.40), (2.39) in the proof of
Lemma 2.2 imply by (2.31) the following assertion.

Corollary 2.3. If x € X3, then the operator
a+N : HYOQ,M)— H(Q,A)
is bounded.
Remark 2.4. Note that the localized parametrix can be determined by the scalar fundamental
solution of the Helmholtz operator A — 72, 7 = 0 +iw, 0 > 09 > 0, w € R, i.e.,

X(@)e Tl

Pl)=- 47 ||

3. LBDIE, FORMULATION OF THE DIRICHLET PROBLEM, AND THE EQUIVALENCE THEOREM

Let U € H°(Q, M) be a solution to the Dirichlet BVP (2.5)~(2.6) with ¢, € Hz(S) and
f € H°(Q). As we have derived above, relations (2.25) and (2.32) hold and now can be rewritten in
the form

(a+N)U -Vip=Pf—-Wep, in Q, (3.1)
NTU -V =PTf—(a—b)p, — Wy, on S, (3.2)
where ¢ := TTU € H~2(S) and b is defined in Theorem B.4. One can consider these relations as the

LBDIE system with respect to the unknown vector-functions U and 1. Now, we prove the following
equivalence theorem.

Theorem 3.1. Let x € X3, 0 € H2(S) and f € HO(Q).

(i) If a vector-function U € HY°(Q, M) solves the Dirichlet BVP (2.5)~(2.6), then the solution is
unique and the pair (U,) € H-O(Q, M) x H~2(S) with

b =TU, (3.3)

solves the LBDIE system (3.1)—(3.2).

(ii) Vice versa, if the pair (U,1) € H-O(Q, M) x H~2(S) solves the LBDIE system (3.1)—~(3.2),
then the solution is unique, the vector-function U solves the Dirichlet BVP (2.5)—(2.6), and relation
(3.3) holds.
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Proof. (i) The first part of the theorem is trivial and folows directly from relations (2.25), (2.32), (3.3)
and Remark 2.1.

(ii) Now, let the pair (U, ) € H-%(Q, M) x H~z(S) solve the LBDIE system (3.1)~(3.2). Taking
the trace of (3.1) on S and comparing it with (3.2), we get

YU =py on S. (3.4)
Further, since U € H°(Q, M), in view of (3.4), the Green’s third identity (2.25) can be rewritten as
(a+ U = V(THU) = P(MU) —= W, in Q. (3.5)

From (3.1) and (3.5), it follows that

V(I'U —¢)+P(MU - f) =0 in Q,
whence by Lemma 6.3 in [7], we have

MU=fin Q@ and TTU =1 on S.

Thus U solves the Dirichlet BVP (2.5)—(2.6) and equation (3.3) holds.
The uniqueness of a solution to the LBDIE system (3.1)-(3.2) in the space H0(Q, M) x H~2(S)

follows directly from the above-proven equivalence result and the uniqueness theorem for the Dirichlet
problem (2.5)—(2.6) (see Remark 2.1). O

4. SYMBOLS AND INVERTIBILITY OF A DOMAIN OPERATOR IN A HALF-SPACE

In what follows, in our analysis, we need the explicit expression of the principal homogeneous
symbol matrix S(N)(y, &) of the singular integral operator A~ which due to (2.14), (2.15) and (2.16)
reads as

S8 = M) = (SN (B )

where
S(N __Lir Si(1(y) + AL v ) + o1
(N1 €) = = [Fome (v ) + DA +v0O0) + 00 5]

1 82 1 1 4’/T5ij 82 1
=g [P O +p) P oo ] == |G Fne (T2 + g )]
= [~ 300 + 10, = -0+ ) (i) (i€ Fome ]
= [ 50w + s, + CUEHOIEE)
= [~ o) + )y~ 50 + oty + AL EEONT L O L RONES]

- _a Ml(yvf)
= 1(y)+7|§|2 )
Mi(y,€) = [u(y) + 5(m))I€120i; + (My) + 1())& & 5, 5
ar(y) = 5 (Aw) + 4u(y) + 3(0)) I,
and
S(N2)(y,§) = —% [ng (v.p.ém(y)ﬁé + (e(y) + B(y))aj(%é)}
L} 3x3
2 i 2
=g [0+ 8 Fer 5T ] == [tet) BT (T8 )]

1

= [ 5@+ B, = 1-(0() + B (—i€) (—i&) Fee

47 Lx?,
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— —5alo) + B, + LTSS
_ 1 L0 WIEP + (aly) +BW)GEGT My(y, &)
= |~ W)y — 5(aly) + A1), + R gy = 020 + i

Ma(y, &) = [57(W)IE]* + (a(y) + B(Y))&i &) 55
ax(y) = % (aly) + B(y) +37(y)) I3
From the above expressions, we obtain

S(N)(y,&) = S(N)(y,&) = (G(ng<y’§) 6(N5(y,§)>6 5

M(y,§)
(SR

ye, £cR3  (4.1)

1 <M1(y7§) [0]3,5 >6X6a(y)+

= —a(y) + @ 0]5,.5  Ma(y,&)

where
M (y,§) [0]553 > (al(y) [0]5 3)
My, &) = x , a = X ,
R S ) I U (T 1) M
and the Fourier transform operator F is defined as

Fg(&) = Fasselg(2)] = /g(z) et dz.
R3
Here, we have applied F,_,¢[(4n|z]) 7] = €] 72 (see, e.g., [17]).

As we see, the entries of the principal homogeneous symbol matrix S(N)(y, &) of the operator
N are the even rational homogeneous functions in € of order 0. It can easily be verified that both
the characteristic function of the singular kernel in (2.22) and the symbol (4.1) satisfy the Tricomi
condition, i.e., their integral averages over the unit sphere vanish (cf., [27]).

Relation (4.1) implies that the principal homogeneous symbols of the singular integral operators N
and a + N read as

S(N)(y,§) =[¢]°M(y,§) —a  VyeQ, VEeR\{0},
Sla+N)(y,&) =€ *M(y,§) VyeQ, VEeR\{0}. (42)

Due to (2.3), the symbol matrix (4.2) is positive definite,

[Sla+N)(y,6) (] -(=1[¢72C-M(y,6)¢ > er [¢]? VyeQ, VEeR*\{0}, V(eCS,

where c¢; is the same positive constant.

Denote
B:=a+N.
By (4.2), the principal homogeneous symbol matrix of the operator B reads as
S(B)(y.€) = ¢ *M(y,§)  for  yeQ, €eR’\{0}, (4.3)

is an even rational homogeneous matrix-function of order 0 in £ and due to (2.3), it is positive definite,
SB)(y,)(]-C> er|¢f  forall ye®, £cR\ {0} and € C".

Consequently, B is a strongly elliptic pseudodifferential operator of zero order (i.e., the Cauchy-type
singular integral operator) and the partial indices of factorization of symbol (4.3) are equal to zero
(ct., [3,5,30]).

In our further analysis, we need some auxiliary assertions. To formulate them, let ¥y € S = 02 be
some fixed point and consider the frozen symbol &(B)(y,&) = &(B)(€) of the operator B written in
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the chosen local co-ordinate system. Further, let B denote the pseudodifferential operator with the
symbol

/

é(B)(flag?)) = G(B)((l + |£l‘)wa§3)a where w = é/|7 5 = (5/753)7 5/ = (51552)'

Then the frozen principal homogeneous symbol matrix &(B) () is likewise the principal homoge-
neous symbol matrix of the operator B. It can be factorized with respect to the variable &3 as

&B)(¢) =6"(B)(©) & (B)©),
where
+ 1 +
<) >(B)(§) = m M >(f ,€3).

Here, @(i)(fl,fg,) = &5 +i|¢'| are the “plus” and “minus” factors of the symbol O(¢) := [€|2, and
MY (&', &) are the “plus” and “minus” polynomial matrix factors of the first order in &5 of the positive

definite polynomial symbol matrix M (£ /,53) = M(y,¢ /,fg) corresponding to the frozen differential
operator M (y, d;) at the point y € S (see [14-16]), i.e

’ (-=) ’ ’
M, &)=M (£ .&) M (€,8) (4.4)
with det M (&,7)#0 for Im7 > 0 and det M7 (&',7) # 0 for Im7 < 0. Moreover, the entries of

the matrices M (fl,fg) are the homogeneous functions in £ = (¢’,&3) of order 1.
Denote by o (¢') the coefficients at £ in the determinants det M (&',&3). Evidently,

(+)

(+)

a () a" (€)= det M(0,0,1) >0 for & #£0. (4.5)
It is easy to see that the factor-matrices M ® (€', &3) have the following structure
(+) 1 €3] .
-, ,j=1,6,
([ (f §3)] >ij det M(i) (5’75‘ ) (§ §3) 1,7

where piji) (&', &3) are the co-factors of the matrix Me (&', €&3) which can be written in the form
N _
S e =Y e g™ (4.6)
k=0

(£),k

Here, ¢, k=0,5,i,j = 1,6 are the homogeneous functions of order k& with respect to &'

From the above-said it follows that the entries of the factor-symbol matrices bg)(w,r, &) =
()

S B)(€.63), k,j =1,2,3, with w = ¢'/[¢| and r = [¢|, satisfy the following relations:
96 (w,0, -1 96 (w,0,+1
M:(,l)ly’ 1=0,1,2,....
ort ort
These relations imply that the entries of the matrices s (B)(&',&3) belong to the class of symbols
Dy introduced in [17, Ch. III, §10]

()

S (B)(g/a€3) € DO'
Denote by II* the Cauchy type integral operators

. , d
2w t4>0+ 63 :|: it — 775

which are well defined at any ¢ € R? for a bounded smooth function h(¢’,-) satisfying the relation
h(&',m3) = O(1 + |n3|)~" with some x > 0.

Let E+ be the extension by zero operator from ]R onto the whole space R3 and let

T4 IS Ty H*(R®) — H*(R%) be the restriction operator to the half-space R3. First, we prove

the following assertion.
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Lemma 4.1. Let s >0 and x € X_]ﬁ with integer k > 2. The operator
riBE, : H*(R2) — H*(R2)

is invertible.
Moreover, for f € H*(R3), the unique solution of the equation

T+]§E+U = f
for U € HS(RZ’_) can be represented in the form U = r UL, where
Ue=bU=F {8 @) (8 B) (1) .
and f. € H*(R®) is an extension of f € H*(R3) (i.e. o f. = f) such that || f.| ms(rs) = ||f||HS(Ri)

Lemma 4.2. Let the factor matriz MP (&',7) be as in (4.4), and a'” and let cij)'o be as in (4.5)
and (4.6), respectively. Then the following equality

1

21
L=

-1 1 (4,0
(5/7 T) dr = C (51)’
] a(+) (f/)
holds, where C*" &= [cg)’g({’)]?jzl and det [CH) (€] #0 for & #0. Here, T~ is a contour in
the lower complex half-plane enclosing all the roots of the polynomial det M (&', 1) with respect to 7.

(+)

(M

Proof. Note that det M ) (&',7) is a third-order polynomial in 7, while pij) (&, 7) is a second-order
polynomial in 7 defined in (4.6).

Let I',, be a circle centred at the origin and having sufficiently large radius R. By the Cauchy
theorem, we then derive

P -
<+> 71 1 N , (€7) 1 p; ¢,

{[m b, dr = &) dr = — | —— - — dr

27TZ i 271'2 det M &, 27TZ det M™ ¢, T)

271” :j>(( / dT+/Q7J )T = (:) @) /Q” ,T (4.7

where  Q,,(¢,7) = O(|7|?) as |7| — oo.
It is clear that
fin_ [ Q,(€)dr =
R— o0
'r

Therefore by passing to the limit in (4.7), as R — oo, we obtain

/ { (+) —1} d _ E:)'O (5’)
o Yy = ey

(+)
]

Now, we show that det[C =# 0. We introduce the notations

<+)(£/7§3): [p(+)(£ 53 ij=1 — ZC(JF),C 5 ka

k=0
where

e =1 €82, k=05,

Since det[M " (¢/,&3)] 71 # 0 for & = (€/,&3) # 0, therefore det P (€/,&3) # 0 for £ = (¢/,&3) # 0

Let us introduce new coordinates r = |&’|, w = £'/|¢'| and denote

P (w,r &) = P (¢, 65) = P (wr, &),

(+)
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Then we have

5
det P (w, 1, &) = det P (¢, 63) —det(zd“’“ )eak k) for all & # 0,

k=0
whence
lim det P (w, 7, &) = €20 det ¢ (w).
r—0
Consequently, det C’H)’D(w) # 0 and Lemma 4.2 is proved. O

Further, let us introduce an auxiliary operator II’ defined as
+oo

+o0
W ()(E) = Ty Pl o€ o)) = 5= lim [ o€ &)e ™o des= 5= [ o(€.&)d

for g(€',) € Ly (R).

The operator I’ can be extended to the class of functions g(£’,€3), being rational in &3 with
the denominator, not vanishing for real non-zero & = (¢/,&3) € R?® \ {0}, homogeneous of order
m € Z :={0,£1,42,...} in £ and infinitely differentiable with respect to £ for £ # 0. Then it can
be shown that (see Appendix C in [12] )

(o)) =l n, Pl o€ &) = —o- [ o€ dc,

—0+

where r, denotes the restriction operator onto Ry = (0, +00) with respect to z3, I'~ is a contour
in the lower complex half-plane in (, orientated anticlockwise and enclosing all the poles of the
rational function g(¢’, -). It is clear that if g(£’, ¢) is holomorphic in ¢ in the lower complex half-plane
(Im ¢ < 0), then IT'(g)(¢’) = 0.

5. INVERTIBILITY OF THE DIRICHLET LBDIO

From Theorem 3.1, it follows that the LBDIE system (3.1)—(3.2) with a special right-hand side is
uniquely solvable in the space H'0(Q, M) x H-/2(S). Let us investigate the localized boundary-
domain integral operator, generated by the left-hand side expressions in (3.1)—(3.2), in appropriate
functional spaces.

The LBDIE system (3.1)—(3.2) with arbitrary right-hand side vector-functions from the space
H'(Q) x H'/?(S) can be written as

BEU —Vy =F, in Q, (5.1)
NTEU - V¢ =F, on S, (5.2)

where B=a + N, F; € H'(Q) and F, € H/?(S). We denote by ® the localized boundary-domain
integral operator generated by the left-hand side expressions in LBDIE system (5.1)—(5.2),

D = TSZB‘OE —TQV .
NTE -V
We would like to prove the following assertion.
Theorem 5.1. Let the localising function x € X$° and r > —%, Then the operator
D H™H(Q) x HY2(S) — H™H(Q) x H™HY/2(S) (5.3)

is invertible.
We reduce the theorem proof to several lemmas.

Lemma 5.2. Let x € X*. The operator r,BE : H*(Q) — H*(Q) for s > 0 is Fredholm with zero
index.
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Proof. Since (4.3) is a rational function in &, we can apply the theory of pseudo-differential operators
with the symbol satisfying the transmission conditions (see [2,3,17,29,30]). Now, using the local
principle (see Lemma 23.9 in [17]) and Lemma 4.1, we deduce that the operator

B:=r,BE : H*Q)— H*(Q)

is Fredholm for all s > 0.
To show that Ind B = 0, we use the fact that the operators B and

o

B, =r,(a+tN)E

are homotopic, and ¢ € [0,1]. Note that B = B;. The principal homogeneous symbol of the operator
B; has the form

S(Bi)(y,€) = aly) +t S(N)(y,&) = (1 —t)a(y) +t&(B)(y,§).
It is easy to see that the symbol &(B;)(y, £) is positive definite,

[S(B)(y,€)¢]- ¢ = (1= t)a(y) ] - ¢+ t{SB)(y, £)¢] - ¢ = el¢f?
forally € Q, £ #0, ¢ € CO and t € [0, 1], where ¢ is some positive number.
Since &(B;)(y, &) is rational, even and homogeneous of order zero in £, we conclude, as above, that
the operator
By : H*(Q) — H*(Q)
is Fredholm for all s > 0 and for all ¢t € [0,1]. Therefore Ind B; is the same for all ¢ € [0,1]. On the
other hand, due to the equality By =, I, we get

IndB=1IndB; =Ind B; = Ind By = 0. O
Lemma 5.3. Let x € X°°. The operator © given by (5.3) is Fredholm.

Proof. To investigate Fredholm properties of the operator ©, we apply the local principle (cf., e.g.,
[1,17], §19 and §22). Due to this principle, we have to show first that the operator D is locally
Fredholm at an arbitrary “frozen” interior point i € Q and, secondly, that the so-called generalized
Sapiro-Lopatinskii condition for the operator © holds at an arbitrary “frozen” boundary point § € S.
To obtain the explicit form of this condition, we proceed as follows. Let U be a neighbourhood of a
fixed point 7 € € and let 1;0, Yo € D(ﬁ) such that

supp tho Nsupp po # 0,y € supp o N supp Po.
Consider the operator 1;0@ o separately in two possible cases: case (1) y € 2, and case (2) y € S.

Case (1). If y € Q then we can choose a neighbourhood U such that U C Q. Therefore the operator
12033 o has the same Fredholm properties as the operator JOB ©o (see the similar arguments in the
proof of Theorem 22.1 in [17]). Then by Lemma 5.2, we conclude that 1;029 o is a locally Fredholm
operator at the interior points of €.

Case (2). If y € S, then at this point we have to “froze” the operator Yo D Po, implying that we
can choose a neighbourhood U sufficiently small such that in the local co-ordinate system with the
origin at the point y and the third axis coinciding with the normal vector at the point 3 € S, the
following decomposition

G0D G0 = (D+K+T) 3 (5.4)

holds, where N

K : H™Y(R3) x H™V2(R?) — H™(R3) x H™H/2(R?)
is a bounded operator with a small norm, while

T :H7.+1(R?jr) « HT»_l/Q(RQ) - H7-+2(Ri) « HT+3/2(R2)
is a bounded operator. The operator
’I"+]§E —’I”Jr‘/}
N+E -V

~
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with r4 = TRi , is defined in the upper half-space Ri and possesses the following mapping property:

D H™HRE) x HV2(R?) — H™HH(RE) x H'T/2(R?). (5.5)

The operators appearing in the expression of D are defined as follows: for the operator M, the
operator M denotes the operator in R constructed by the symbol

SM)(€) = S(M)((1 +I¢'w, &),

where w = (&7, £ = (€, &), & = (&1, &)
The generalized Sapiro-Lopatinskii condition is related to the invertibility of operator (5.5). Indeed,
let us write the system corresponding to the operator © as
r BEU —r, Vip=F, in R3, (5.6)
NTEU - Vi = F, on R? (5.7)
where F € H'(R3), F, € HY/?(R?).

Note that the operator T+BE is a singular integral operator with an even rational elliptic principal
homogeneous symbol. Then due to Lemma 4.1, the operator

riBE : H'TY(R3) —» H'"(R3)
is invertible. We can determine U from equation (5.6) and write
o It R 1A ~1 2 () -1 7
EU=E[rBE] 'f=F 1{ 6" (B)] H+([6 (B)] f(f*))}, (5.8)

where }; = F. + ‘7{/; is an extension of f =K+ r+‘77;/1v from Ri to R? preserving the function
space. The symbols &~ ( ) denote the so-called “plus” and “minus” factors in the factorization of
the symbol 6( ) with respect to the variable {3. Note that the function E7 in (5.8) does not depend
on the chosen extension f* of f

Substituting (5.8) into (5.7), we obtain the following pseudo-differential equation with respect to
the unknown function {E:

§+f—1{[é<“ ®) (6B

(B)]_l}'(\z/@))} _V§=F| on R (5.9)

where

ﬁ = ﬁg - N+E [T+]§ED‘]_1FV1.
It is easy to see that

N0 (') = [F 8@ Fo) Q)| = Fol [ [em) Fo)e)].

Yy =0+
In view of the relation (see, e.g., [13, Eq. (4.1)], [12, Egs. (B.5), (B.6)])
Vi(y) = —(vP(- — y),d)s = —(P(- = 9), 7" V)rs = —P(y"$) (1),
the operator v* is dual to the trace operator v. When the surface S coincides with R? = 8Ri, we

have v*t) = 1 (¥') ® d5 with d3, being the one-dimensional Dirac distribution in the g5 direction. Thus
we arrive at the equality

NF {8 B)©) ([ B)] T F D) ©) ) @)
= —FoL A [ [E7 ®)] 7 1t (8 (B)]T'S(P))](€)Fs et -
Using these relations, equation (5. 9) can be rewritten in the form
Fola e D)(EN] =F(F") on R? (5.10)

where

o) = e(<1 L) w=
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with e, being a homogeneous function of order —1 given by the equality
e@)=-1'{em[e”'®)] ' ([6"(B)] '6(P)) } (€) - SOV, VE A0 (511

If the function det e(¢’) is other than zero for all ¢ # 0, then det €(¢’) # 0 for all ¢ € R?, and the
corresponding pseudo-differential operator

E: H°*(R) —» H**'(R) forall seR

(+) -1

generated by the left-hand side expression in (5.10) is invertible. In particular, it follows that the
system of equation (5.6)—(5.7) is uniquely solvable with respect to (U, v) in the space H'(R%) x
IA{_l/Q (R?) for arbitrary right-hand sides (F, F3) € H'(R%) x H'/2(R?). Consequently, the operator
D in (5.5) is invertible, which implies that operator (5.4) possesses a left and a right regularizer. In

its turn, this implies that operator (5.3) possesses a left and right regularizer, as well. Thus operator
(5.3) is Fredholm if

det e(&') #0 Ve #£0.
This condition is called the Sapiro-Lopatinskii condition (cf., [17], Theorems 12.2 and 23.1, and also
formulas (12.27), (12.25)). Let us show that in our case the Sapiro-Lopatinskii condition holds. To
this end let us note that the principal homogeneous symbols G(IN), &(B), &(P) and S(V) of the
operators N, B, P and V in the chosen local co-ordinate system appearing in formula (5.11) read as

S(N)(€) = [€]72M(6) —a, &(B)() = €] 2M(6), S(P)(€)=—l¢[ 21, SW)(¢) = %I,
é- = (§/a§3)7 f/ = (61762)'
Rewrite (5.11) in the form
e(¢') = ~I{(&(B) —a)[6"" (B)'II* (6" (B)]'&(P)) } (&) — S(V)(¢))
— e1(€') + ea(€) — S(V)(€), (5.12)
where
ei(¢) = ~1{e®B)[e"” (B) 't (6" (B)'&(P))}(¢), (5.13)
ea(¢) = all'{[6" (B)"'IH([&" ' (B)]'&(P)) }(&), (5.14)
n_ 1
S(V)(¢) = 2] I (5.15)
Direct calculations result in
+oo (=)
- 1 N b ([6 (B)]AG(P))(ﬁ’ﬂh)d%
(6" (B)]'&(P))(€) = - tLI%:_ T
i +/°° (& B) & m)dns i / & (B) (¢ 7)dr
2n =0k ) (Grit—m) (€7 +m) 2w o0 [ (G +it—n) (€F+7%)
_ iy 2mile T BTN i) ileT (B) ML i) (5.16)
o 10+ (& + it + iI€) 2 (—i[€']) 20100 (¢,6) '

Now, from (5.13), by virtue of (5.16), we derive
ere) = -1 {8 B)s" B)[s" (B) (8" (B)'S(P)) } (€)

(+)

e ) it n (6 B L ileT B, i)
=" @ (s (B)] (@)} () = 1{Zgm @) ( 2] )

1 (6B, rils B, —il¢)
2n ) Trrle] i ( 21¢/ )
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O e AT BN i) 1
=—i6 (B)(&,—i[¢]) 27e —2‘§,|I. (5.17)

Quite similarly, from (5.14), with the help of (5.16), we get
ea(¢) =a{[6" (B) I (& (B)'6(P)) }(¢) =
87BN L ileT B) L —ilg)
_"’H{ o }(5)( 21¢] )

__ia 1 (67 B) ()
B 2|§\( 2w/ T+ €

dT)[G
<+) i ) i
4ﬂg,'/ ) ar (~2ig)) M€~ €]

_ ) . _
:za{i./[M+ &, 1d7‘} ¢, —ileDt
Therefore due to (5.12), (5.15), (5.17) and Lemma 4.2, we have
ea(€’ - _ac &) M7 (g, —ile))
(€)= e ) € =)
where det a # 0, det o (&) # 0 and det M(f)(f’, —i|€’|) # 0 for all £’ # 0. Then it is clear that

(&) det[M" (¢, —i ¢

(+),0

(+),0

i
dete(’) = ————— deta detC
(at (5/))3
for all £ #£ 0. §
Thus we have found that for the operator ®, the Sapiro-Lopatinskii condition holds. Therefore the
operator
D H™HQ) x HY2(8) — H™H(Q) x H™T1/2(8)
is Fredholm for r > f%. g
Lemma 5.4. Let x € X°°. The operator © given by (5.3) is Fredholm with a zero indez.
Proof. For t € [0, 1], let us consider the operator
Tq BtE —TQV
tNTE -V

with B; = a +tN and establish that it is homotopic to the operator ©® = ;. We have to check that
for the operator ® ¢, the Sapiro—Lopatinskii condition is satisfied for all ¢ € [0, 1]. Indeed, in this case,
the Sapiro-Lopatinskii condition reads as

dete (&) #0 forall £ #0,

Qt =

where (cf. (5.11))

e(€) = ~I'{(6(B) - a)[6"" (B 'I* (6" (B)]'&(P)) H(E) ~ S(V)(€)
=€) + e (€) - (V)€ (5.18)
with
e (¢) = -~ {&By[6" (B, I ([6" (B,)]'6(P)) }(¢) = ﬁ I (5.19)
e (€)= alr{[6" (B, ([6" (B 16 (P)) }(¢),
sM)(E) = - (5.20)

T
21¢']
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By direct calculations, we get
(€)= am{[6"” B (6 B 'S(P)) }(€))

(=)

— (& (B! by (9 (B (€, i)y

e 21¢/|
=—;|§|( 7s / [Gw)faj)jf;ffl’” i )& (B €' —ile)
- / M ) (<2ile) a7 (i)
=z‘a{2m /[Mé”(f I 14}[ M i) (5:21)
where My(€) = (1 — 1) [¢2a + t M(€), My(€', &) = M, (€, &)M, " (¢, &s) and M, (€', &s) are the

“plus” and “minus” polynomial matrix factors in &3 of the polynomial symbol matrix M;(¢',€3). Due
o (5.18), (5.19), (5.20), (5.21) and Lemma 4.2, we have

(+),0 (=)

i . _
e?(€) = 2 (wact () (M, (=il
where C’H) 0(5) = [c(ji (5’)]?].:1 nd c g = 1,6, are the main coefficients of the co-factors

f+i (&', 7) of the polynomial matrix Mt (5’, 7) and a'" is the coefficient at 73 in the determinant
de tM”) (¢, 7). In addition,

(+),0

deta #0, detC, (&) #£0, detM, (¢, —il¢]) #0

for all ¢ # 0 and ¢t € [0, 1].
Then it is clear that

(+),0

det e, (€') = 7+ deta det C,”""(€') det [M
(at (5’))
for all ¢ # 0 and for all t € [0,1], which implies that for the operator ®;, the Sapiro-Lopatinskif

condition is satisfied.
Therefore the operator

Dy HHH(Q) x H'™Y2(S) — H™(Q) x H'HY/2(9)
is Fredholm for all r > f% and for all ¢ € [0,1]. Consequently,
Ind® =Ind®; = Ind®; = Ind®y = 0. O

( )

€, =il

Theorem 5.1 proof. Since the operator ® is by Lemma 5.4 Fredholm with zero index, its injectivity
implies the invertibility. Thus it remains to prove that the null space of the operator ® is trivial for
7> —21. Assume that V = (U,¢) T € H™(Q) x H"~1/2(8) is a solution to the homogeneous equation

DV =0. (5.22)
The operator
D H'YQ) x HY2(8) — H™H(Q) x H™T1/2(S)

is Fredholm with index zero for all r > —%. It is well known that there exists a left regularizer £ of
the operator 9,

£ HHH(Q) x HHY2(S) — H™HH(Q) x H™Y2(S),
such that
LD =T1+7%,
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where T is the operator of order —1 (cf., proofs of Theorems 22.1 and 23.1 in [17]), i.e.,
T H™HQ) x H™Y2(8) — H™2(Q) x H™1/2(9). (5.23)
Therefore from (5.22), we have
LOV=V+IV=0 (5.24)
and from (5.23), we can see that
TV e H™H2(Q) x H™Y/2(S).
Consequently, in view of (5.24),
V=(U)" € H3(Q) x HY2(S). (5.25)

If » > 0, this implies U € H-(Q, M). If —% < r < 0, we iterate the above reasoning for V satisfying
(5.25) to obtain

V= (U)" € H3(Q) x H+3/2(S)
which again implies U € H»%(Q, M). Next, we can apply the equivalence Theorem 3.1 to conclude
that a solution V = (U, )T to the homogeneous equation (5.22) is trivial, i.e.,

U=0 in Q, =0 on S.
Thus Ker® = {0} in the class H™+(Q) x H"~/2(S) and therefore the operator
D HYQ) x HTY2(8) - H™H(Q) x H™HY/2(S)

is invertible for all r» > —%.

For localizing function x of finite smoothness, we have the following result.
Corollary 5.5. Let a localising function x € Xj)’r. Then the operator
D HY(Q) x HY2(S) — HY(Q) x HY?(S)
is invertible.

Proof. Can be presented by word for word arguments employed in the proofs of Lemmas 5.2-5.4
and Theorem 5.1, with » = 0, and by using the mapping properties of the localized potentials for a
localizing function of finite smoothness (see Appendix B). O

Relying on Lemma 2.2, Theorem 3.1 and Corollaries 2.3 and 5.5, we have the following assertion.
Corollary 5.6. Let a localising function x € Xj)’r. Then the operator
D HYO(Q, M) x H Y2(S) — HY°(Q, A) x HY2(S)
is invertible.
APPENDIX A. CLASSES OF LOCALISING FUNCTIONS
Here, we present the classes of localizing functions used in the main text (see [7] for details).

Definition A.1. We say x € XF for integer k > 0 if x(z) = X(|z|), X € Wf(0,00) and
oX(0) € L1(0,00). We say x € X% for integer k > 1 if x € X*, x(0) = 1 and o, (w) > 0 for all
w € R, where

>0 for weR\{0},

oy(w) =< F (A1)
/Qi(g)dg for w =0,
0

and xs(w) denotes the sine-transform of the function ¥,

Xs (W)

o0

Ro(w) = / % (@) sin(ow) do. (A2)

0
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Evidently, we have the following imbeddings: X** ¢ X% and X_]f_l C X_’? for k1 > ko. The class
X _’f_ is defined in terms of the sine-transform. The following lemma from [7] provides an easily verifiable
sufficient condition for non-negative non-increasing functions to belong to this class.

Lemma A.2. Let k> 1. If y € X*, x(0) =1, X(0) > 0 for all o € (0,00), and X is a non-increasing
function on [0,+00), then x € Xk.

The following (and other) examples for x are presented in [7],

o (@) = {l—p;—‘}k for |z| <e,

(A.3)
0 for |z| > ¢,
|/
(@) = exp [ e ] for |x| <e, (A1)
0 for |x| > e,

One can observe that x,, € X% for k > 1, while y, € X$°, due to Lemma A.2.

APPENDIX B. PROPERTIES OF LOCALIZED POTENTIALS

Here, we collect some assertions describing the mapping properties of the localized potentials. The
proofs coincide with or are similar to the ones in [7] and [12, Appendix B] (see also [19], Chapter 8
and references therein).

Let us introduce the boundary operators generated by the localized layer potentials associated with
the localized parametrix P(z — y) = Py(z —y) :

Vgly):= —/P(x —y) g(x)dS,, y €S, (B.1)
S
Wyly) : = —/ [T(x,0:) P(x —y)] g(z)dS,,  ye€S, (B.2)
S
W g(y) : = —/ [T(y,0y) P(x —y)] g(x)dSz,  y €S, (B.3)
s
L5(y) = T*(y,0,) Wyly), yeS. (B.4)
Theorem B.1. The operators
~ 1 1
PLHNQ) » H2(04), -5 <s<g, xeX, (B.5)
1 1
CHS(Q) — HT25(Q;A), —5 <s5<3 x € X1, (B.6)
1
CHY(Q) = H3 79375 (Q: A), 5 <5< % Vee (0,1), ye X2, (B.7)
are continuous and A is the Laplace operator.
Theorem B.2. The operators
V:Hs_%(S)%HS(Rg), s<g7 if x € X*, (B.8)
: 1
CHS73(S) = H*~H(QF; A), 3 <s< g if x € X2, (B.9)
W H*"3(S) — H*(QF), s<g, if x € X2, (B.10)
1
cHS73(S) — H**~H(Q*F; A), 3 <8< % if x € X°. (B.11)

are continuous.
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Theorem B.3. If x € X* has a compact support and f% < s < %, then the following localized
operators
V :H%(S) — H*T3 (QF) for k=2, (B.12)
W HSTYS) — HP3(Q%)  for k=3 (B.13)

are continuous.

Theorem B.4. Let v € H_%(S’) and ¢ € H%(S). Then the following jump relations hold on S

YEVY =V, x € X', (B.14)
YEWe =F by + We, x € X2, (B.15)
T*Vip =+ by + W'y, Y € X7, (B.16)
where
b@%:}[%MMM+%@D+Q@+M@MM@W@%M ) [0]55 3 o ,
2 [0]3x3 05 (v(y)) + (a(y) + BW) i (W) Wlzus | 6
y € S and b(y) is positive definite due to (2.3).
Theorem B.5. Let f% <s< % The operators
V:H(S) — HY(9), X € X2, (B.17)
W HsT(S) — HTH(9), X € X3, (B.18)
W' : H%(S) — H*(S), X € X3, (B.19)
L£E: HTY(S) — H*(S), x € X3, (B.20)

are continuous.

10.

11.

12.

13.
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