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ON THE AM-GM INEQUALITY AND THE GENERAL PROBLEMS OF
MAXIMIZATION OF PRODUCTS

GEORGE CHELIDZE!:2, MIKHEIL NIKOLEISHVILI'3 AND VAJA TARIELADZE!

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. General problems on maximizing the products of several positive real, rational and
integer numbers whose sum is given are investigated.

1. INTRODUCTION

The problem is formulated as follows:

Let n > 1 be a natural number, L > 0 and z; > 0, ¢ = 1,...,n; maximize H?zl x; when
Yiwi= L.

A solution of this extremum problem is contained in the following version of the arithmetic mean—
geometric mean inequality, for short, the AM-GM inequality.

Theorem 1.1. Let n > 1 be a natural number, L > 0 and x; > 0, i = 1,...,n be real numbers with
St xi=L. Then
n
AL
Hmi < (g) : (1.1)
=1
we get equality in (1.1) if and only if
L .
r,=—, 1=1,...,n
n

There are many different proofs of this statement; e.g., 12 proofs are presented in [1], while,
according to [9], one can find 52 proofs in [2] and 74 proofs in [3]. In [13], it has been shown that the
first part of Theorem 1.1 is equivalent to the following Bernoulli inequality:

2" >14n(zx—1) forany z >0 and n € N.

It seems that the one of the shortest ways for a proof of the AM-GM inequality is its derivation
from the following assertion.

Proposition 1.2. Let n > 1 be a natural number. If the numbers
z; >0, 21=1,...,n

satisfy

n

Hiﬂi = ].,

i=1
then

n

in > n,

i=1
the above inequality turns into equality if and only if

z, =1, 1=1,...,n.
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A simple inductive proof of Proposition 1.2 can be seen on pages 17-19 of nicely written work [12];
see also the proof in [1, §11, pp. 9-10], attributed to G. Ehlers (1954)). The same opinion is supported
in [18]; in this connection, the names of Dorrie (1921; see [7]), H. Kreis (1946) and Korovkin (1952)
(see [10, p. 7]) are mentioned in [3, p. 90].

Theorem 1.1, as well as Proposition 1.2 can be formulated for rational numbers, the proof of
Proposition 1.2 presented in [3, p. 90] (but not the proof in [11]!) uses only the tools of arithmetic,
however, a derivation of Theorem 1.1 from Proposition 1.2 is impossible without the use of irrational
numbers. A really simple direct arithmetic inductive proof of Theorem 1.1 can be found in [19] (see
also [6] and [14, p. 30]).

A direct arithmetic, not inductive proof of the following reformulation of Theorem 1.1, which belongs
to Johan Frederik Steffensen (1930-1931; see [17]) and does not use even the division, is presented
in [3, pp. 90-91].

Theorem 1.3. Let n > 1 be a natural number, x; >0,i=1,...,n. Then
n n n
n" H z; < (Z xi)
i=1 i=1

and we have the equality if and only if
r,=x1, 1=1,...,n.

In his book [8] (not mentioned in [3]), Heinrich Dérrie gave a direct, not inductive, arithmetic proof
of Theorem 1.1. In Section 2, we give two similar proofs of Theorem 2.3 (a reformulation of Theorem
1.1), one of which is based on the idea of [8, Section 10].

Seemingly, the second author of the present text is the first who considers the above-mentioned
maximization problem for natural numbers; he observed that for them the bound (%)n was not the
best possible and he found the correct bound (see [5]). In Section 3, the result of [5] is included
and it is shown that, in general, the sharper bound [(%)n] may not likewise be the best possible (see
Proposition 3.1).

The given paper is dedicated to the ways of solution of the following general extremum problem
(see Subsection 2.1).

Let n > 1 be a natural number, X be an infinite set of non-negative real numbers, L € X, L > 0
and x;, ki, s; € X, 1 =1,...,n; maximize

n
H(in + si)
i=1
when Y jx; =L andxz; > k;, i=1,...,n.

In Section 2, we treat the cases when X = R4 or X = Q4 (see Theorem 2.5) and Section 3 deals

with the case X = Z, (see Theorem 3.3).

2. PROBLEM FOR THE CASE X € {R;,Q4}

2.1. Formulation of the problem. In this subsection, X € {R;,Qy,Z,}, where, as usual, R} :=
[0, 400[ is the set of non-negative real numbers, Q is the set of non-negative rational numbers and
Z is the set of non-negative integers.

Moreover, we fix a natural number n, the number L € X, L > 0, the numbers k; e X, i=1,...,n,

assume that
n
L>Y "k
i=1
and introduce the set

X(L,n; ky,) = {(ml,...,xn)exn : Zwi:L, x; > kg, izl,...,n},
i=1

where k;, := (k1,...,kn).
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We write
X(L,n) :=X(L,n;0,),

where 0, := (0,...,0).

Clearly,

Z+(L> n; kn) - Q+(L7 n; kn) - R+(La n; kn)v

the set Z(L,n; k) is finite; if n > 1, then Q4 (L,n;k,) is an infinite closed subset of Q™, while
Ry (L,n;ky,) is an infinite compact convex subset of R™.

The set R4 (1,n) in a convex analysis is called standard (n — 1)-simplex (or unit (n — 1)-simplez).

Let us now fix

Sp = (81,...,8,) € X"
and introduce the quantity
b(L,n;ky;8n; X —sup{ﬁ (i +8:): (X1, .., Tp) EX(L,n;kn)}. (2.1)
=1
Observe that the following equality: 1
b(L,n; ky;8n;X) = b(L + Xn: Si, 1 Ky 4 855 045 X). (2.2)
i=1
(pointed out to us by our Referee in June 4, 2023) holds.

Clearly,
b(L7 17 kla SI;X) =1L + S1,
and, in general,

b(L,n;kn;sp; X H (L + si).

Let us introduce the following set:

Xext(La n; kn7 Sn) :
n
{m,...,xn) € X(L,niky) = b(L, i ki 505 X) = [ [ (2 +si>}.
i=1
Note that if X =R, as the set Ry (L, n;k;,) is compact and the function
(@1, 2p) H(scl +s;)

is continuous, we have
(R-&-)cxt(L, n; kp; Sn) # 0
and so, in the Definition 2.1 instead of sup, we can write max.
If n > 1, then we will see in what follows (see Remark 2.6), although this is not clear in advance,
that we also have
(Q)ext (L, n; knssn) # 0.
Taking into account the introduced notation, our main optimization problem can be formulated as
follows.

Problem 2.1. Let X € {R;,Q4,Z}. For a fized natural number n, the number L € X with L > 0
and n-tuples of numbers

kp=(k1,...,kn) € X", s, =1(s1,...,8,) € X",
we calculate
b(L,n; ky;sn; X)
and describe the set
Xext (L, n; kps8p)-

In view of equality (2.2), this problem can be reformulated as follows.
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Problem 2.2. Let X € {Ry,Q4,Z}. For a fized natural number n, the number L € X with L > 0
and n-tuples of numbers
kn:(kl,...,k‘n)EX", Sn:(sl,...,sn)EX",
we calculate

DL+ sin;Kn 45050, X)

=1

Xext (L + Zsi7n; ky, +sp; On> .

i=1

and describe the set

We agree to write below
b(L,n;X) instead of b(L,n;0,;0,;X)

and
Xext(L,n) instead of Xext (L, n;04,;0,).

2.2. Solution to problem for X € {R;,Q,}: a particular case. In this subsection, we present
two proofs of the following reformulation of the AM-GM inequality, which provides a complete solution
to Problem 2.1 in case when X € {Ry,Q4} and k,, =s,, = 0,,.

Theorem 2.3. Let X € {R;,Q4}. For a fized natural number n and the number L € X with L > 0,

we have
b(L,n;X) = (5)” (2.3)

n

Xexe (L, ) = {(LL)} (2.4)

n n

and

To give our proofs of Theorem 2.3, we introduce first a notation and prove a lemma of independent
interest.
For a natural number n > 1 and the numbers ¢, z;, « = 1,...,n, we write:

I,=A{1,...,n} and I, q(z1,...,2n) ={i € L, 1 x; # q}.
Lemma 2.4. Let X € {R;,Q1,Z4}, n > 1 be a natural number, ¢ € X, ¢ > 0 be a number and
(x1,...,2pn) € X(ng,n),

i.e.,
n
z;e€X, 1=1,...,n and g T; = ng.
i=1

Suppose that
I g(x1,. .., xn) # 0. (2.5)
Then
card (I, ¢(21, ..., @) > 2 (2.6)
and there exists
(x),...,2)) € X(ng,n)
with the following properties:

n n
Hx; > Hxi (2'7)
1=1 =1

and
card (I, o (2}, ..., 2))) < card (Ln q(x1, ..., 2p)) — 1 < card (I g(@1, ..., 2y)) - (2.8)



ON THE AM-GM INEQUALITY AND THE GENERAL PROBLEMS 353

Proof. Suppose that (2.6) is not true. Then from this assumption and (2.5), we can conclude that
I g(x1,...,x,) = {j} for some j € I,,; this implies:

nq:Zx,-:xj—i— Z z; =x;+ (n—1)q.
i=1

i€l \{j}
Hence x; = ¢ contradicts j € I, 4(x1,...,xy). Therefore (2.6) is proved.
Now, it is easy to see that for some j € I, (z1,...,2,) and k € I, o(x1, ..., 2, ), we have

z; >q and z < g,

and so,
(z; — q)(g — xx) > 0. (2.9)
Define now a sequence z}, i = 1,...,n as follows:
ay=q, x=xj+rp—q, x;=xz for iel,\{jk}.
Clearly, (2f,...,2,) € X(ng,n), and we also have

Thxy > Tia. (2.10)
In fact, taking into account (2.9), we can write:
wixy — g =q- (x5 + 2k — q) —vjar = (25— q) - (@ —x1) >0
and so, (2.10) is proved.
Now, using (2.10), we get

n n
i=1 i€l \{j:k} i€l \{5,k} i€l \{7,k} =1

and so, (2.7) is proved.
It is clear that

I (2, o 2)) C Ly gz, .o 2n) \ {7}
and (2.8) holds, as well. O

The first proof of Theorem 2.3.
First, we consider the case for X = R. Clearly, it suffices to show that

(Ry)o(Lym) = {(ii)} (2.11)

As we have noted in Subsection 2.1, we can suppose that (Ry), . (L,n) # 0. So, fix some (z1,...,z,) €
(R4 )y (L, ) and define ¢ = £. Then

n

[ =b(L,nRy). (2.12)

i=1
Suppose for a moment that I, 4(x1,...,2,) # 0. Then by Lemma 2.4, we can find
(xllv st ,CE/n) € R+(Lvn)
such that

n n

/
[+ > [
=1 =1

From this inequality and (2.12), we get

[12 > oL, n®y),
i=1
but this contradicts the definition of b(L, n;R,).
Therefore I, ¢(z1,...,2,) = 0; hence 2; = ¢, ¢ =1,...,n and so, (2.11) is true.
Consequently, (2.3) and (2.4) are proved when X = R,.
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Consider the case for X = Q..

Since in this case we also have L € @4, equalities (2.3) and (2.4) remain true.
Hence, the first proof of Theorem 2.3 is complete.

The second proof of Theorem 2.8 does not assume that (Ry), (L, n) # 0.
Define g = % It suffices to show that

(1,...,2n) € X(L,n) and I 4(21,...,2,) #0 = Hmi <q".
i=1

So, fix an arbitrary (x1,...,x,) € X(L,n) with I, ¢(z1,...,2,) # 0 and let us verify that

[z < (2.13)
i=1

In this case, by Lemma 2.4, we can find and fix some
(xgl), Dy e X(L,n)
such that

[T+ > []= (2.14)
1=1 1=1
and

card (L, 4(«V, ..., 2(0)) < card (I, 4(21,- -, 22)) -

Case 1.1. For (xgl), . 735511)), we have In,q(xgl), ... ,m§})) = 0.
(1)

In this case, we have z; = ¢, =1,...,n and so,

n

[[="=q"

i=1

This equality together with (2.14) gives

n n
Hmi < ngl) =q"
i=1 i=1

and so, (2.13) is satisfied.
Case 1.2. For (x§1)7 e 71‘511)), we have Imq(x?), o 7;105,1)) £ ().
In this case, necessarily n > 2. We can apply Lemma 2.4 to (xgl), e ,xg)) € X(L,n) instead of
(x1,...,2p) € X(L,n) to find and fix some
(acgg), @) e X(L,n)
such that
n n
1= > []=" (2.15)
i=1 i=1
and
card (In’q(x?), e ,:Ugf))) < card (In,q(acgl), e ,x%”)) < card (I g(x1,...,2p)) -

Case 1.5. For (a:(lz), ... ,xg)), we have Imq(a:?), ... ,xg)) =0.
(2)

. =¢q i=1,...,n and so,

n
[T =q"
=1

This equality together with (2.14) and (2.15) gives

n n n
Hxi < Hxl(»l) < Hx§2) =q"
i=1 i=1 i=1

In this case, we have x
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and so, (2.13) is satisfied again.
Continuing in this way, we can find a natural number m < n and a sequence

(xgi)7...,m£f)) eX(L,n), i=1,...,m

such that } _
Inyq(xgl), Y #£0, i=1,...,m—1 and In,q(xgm), ™) =0,
Then N . . .
HQ?i < Hxl(-l) < sz(?) << Hmfm) =q".
i=1 i=1 i=1 i=1
Consequently, (z1,...,zy,) satisfies (2.13). O

2.3. Solution to the problem: the case X € {R;,Q;}. The following theorem provides a solution
to Problem 2.1 in general when X € {R;,Q4}.
Theorem 2.5. Let n > 1 be a natural number, L € X, L >0,

kp:=(k1,...,kn) €X", s, :=(81,...,8,) € X",

and .
L+3 s
q:= .
n
Assuming further that

d:=L-Y k>0, (2.16)
i=1

we put b(L,n; kp;sy,) instead of b(L, n;Ky;sn;X) and denote

«= g Ot o) 5= max(bi+on)

Li={iel,:s;+k<q}, Lo={iel,:s+k >q}
m:=card(Zy), Iy :={i1,.--,im}
Then the following statements are valid:
(a)
(12%4—a>0¢7 (2.17)

in particular, m > 1 and
n

d
[Tk + s+
i=1 "
(b) If m =n, i.e., if ¢ > B, then we have the equalities
b(L7n§ ky; Sn) =q" and Xext([/vn; ky; Sn) = {(-731’ s 7xn)}>

where x; =q—8;, t=1,...,n.
(¢) Ifm<m,ie., ifq<p, then

< b(L,n;kyssp) < ¢ (2.18)

b(L,n;ky;8p) < ¢" (2.19)

and
1€Zo
where L,, := L — ZiEIQ ki Kk i= (Kiy, -+ ki,,) and Sy = (Siy, .., Si,, ).
(d) Ifm=1, then
b(L, mn; kn; Sn) = (Ll + 5i1) H (k‘z + 51)
i€l \{i1}
and
(x1,...,2n) € Xext (L, n;kp;8n),

where L1 := L — Zieln\{il} ki, x; = L1 and x; :=k; fori € I, \ {i1}.
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Proof. (a) (2.17) follows from (2.16). In fact,

n
q= dtdmlbits) dina _d o,
n n n

We have m > 1 by (2.17).
The left inequality of (2.18) is true because

1 1
(k1 F2d, .kt fd) € X(L,n; k).
n n

The right inequality of (2.18) follows directly from Theorem 2.3, as for (z1,...,2,) € X(L,n; k,), we
have

n
(1 + 81,y Ty + Sn) eX(L—i—Zsi,n;kn),
i=1

and hence

n n n
H(xl +38;) < b(L—FZsi,n; kn,On;X) < b<L+Zsi,n; On,On;X) =q".

i=1 i=1 i=1
(b) From g > 8 > s; + ki, i = 1,...,n, we conclude that for
Ti=q—S8i, t=1,...,n,

we have
(@1,...,2n) € X(L,n; ky).

Hence
n

qn = H(wl + Si) < b(Lvn; kn; Sn)-
i=1
From this inequality and the right-hand inequality of (2.18), we get that (b) is true.
(c) Suppose that (2.19) fails, i. e., we have the equality

b(L,n; kp;sn) =q".

Then for some
(1'1, s wrn) € X(La n; kn)7

we shall have

H(xl +s;) =b(L,n; ks 8,) = ¢".

i=1
That is, in the AM-GM inequality, for z; + s;, i = 1,...,n, we have the equality. From this we can
conclude that

q=x;+58;, 1=1,...,n.
Hence g —s; = x; > ki, i=1,...,nand so, ¢ > s; + k;, ¢ = 1,...,n; in particular, ¢ > (3, but this
contradicts our assumption that ¢ < .
We will now prove (2.20) in two steps.

Step 1. (AS) If (z1,...,2n) € Xext (L, n;kp,80), de., if (x1,...,2,) € X(L,n;k,) and
[T +55) = (L, nikn, s0), (2.21)
j=1
then
T; = k‘i, Vi € Io. (2.22)
To prove (AS), we fix some (x1,...,2,) € X(L,n;k,) satisfying (2.21) and let us show that then
(2.22) is satisfied, too.
Suppose that this is not so, i.e., x; > k; for some [ € Zy. Fix t > 0 such that x; —t > k;. Fix then
i€{1,...,n} with 7 # [ and put

Yi Z:l'i—f—t, Y Z:.’El—t7
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in case n > 2,
y; =, for je{l,...,n}\ {i,1}.
Then we have
(Y1, -y 9n) € X(L,n;ky).
From this and (2.21), we can conclude that

H zj +85) > H Yi +55).
j=1 j=1

This implies
(i +si)(xp+81) > (i +t+ s5) (2 — t+ sp).
Using this inequality along with the implications
T+ 5 . x;, +t+s;
v —t+s —  xz;+S;
T+ Sy _1>xi+t+si_ t > t

. = 1:> = )
Ty —t+ 8 Ti + 8 rp—t+s T T+

(z; + ) (T +s1) > (g +t+8) (g —t+ 5) =

we get
Ti+s8; > x —t+ 8.

This implies
S (@mits) = Y. (w—t+s)=(n—Dz+(n—1)(s 1)
i€ {1, )\ {1} ie{1,...n\{1}
Therefore
n
L—FZS]‘:.T[—FS[—F Z (xl—l—sl)
J=1 ie{1,...n}\{l}
> +si+n—1Dz+ (n—1)(s—t) =nx; +ns; — (n— 1)t
This yields
L+Y" s, -1
q= 727:;71 - le-ﬁ-é’z—Ln t>m+s —t >k + s,
which contradicts our choice of I: g < k; + s;. Therefore (2.21) implies (2.22) and (AS) is proved.
Step 2. From (AS) proved in Step 1, we derive now equality (2.20).

Fix (z1,...,z,) € X(L, n; k;,) satisfying (2.21). From the statement proved in Step 1, we can write

[T, +s5,) TT (ks + ) = b(L,nskenssn) (2.23)
Jj=1 JELy
and
m
Zx% = L. (2.24)
=1
From (2.24) and the definition of b(L,,, m; Kk, sm), we can write
[, + si,) < b(Ln, mi3 K3 510). (2.25)
j=1

Fix now some (y1,-..,Ym) € X(Lym, m; k) such that
1w + si,) = 0L, 15K 1) (2.26)
j=1

Consider the indices 4,41, .. ., %, such that

IQ == {im+17 P ,’Ln}
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Since (Y1, -+ Yms Kippsrs-- -5 ki, ) € X(L,ns ky,), from (2.21), we get

H(y] + Sij) H (ki]‘ + Sij) S b(L,’I’L,kn,Sn) = H(mzj + S’LJ) H (kj + S])
j=1 j=m+1 j=1 JEI>

Hence
m m
H yJ + 87'1 H xl] + S"J
j=1 j=1

From this inequality and from (2.26), we obtain

b(Lm7 m) kM7 Sm) S

—

Il
-

(.’,EZ‘J -+ Sij)-
J

This inequality along with (2.25) gives

—

b(Lim,m; Ky, 8im) = (xzj + Sij)~

<
Il
-

Combining this equality with (2.23), we come to (2.20).
(d) follows from (2.20) of (c) because b(L1, 1;s;,) = L1 + 4, - O

Remark 2.6. Note that Theorem 2.5(b) gives the complete solution to Problem 2.1, while Theorem
2.5(c) fails to provide a complete solution, because (for n > 2 and m > 1) it does not give a formula
for b(L,n;ky,;s,;X); it provides just a method of its calculation at a finite (in the worst case
of (n — 2)) number of steps. This method shows that when the “initial data” are rational, then
b(L,n;ky;s,;Qy) is a rational number, as well (i. e., when X = Q4 then b(L,n;k,;s,;Qy) € Q4
and 50, (Q1 )ext (L, n; knjsyn) # 0).

3. PROBLEM FOR THE CASE X =7

3.1. Solution to problem for X = Z,: a particular case. In this subsection, we deal with
Problem 2.1 in case X = Z4 and k,, = s, = 0,.

We present a proof of the following assertion, which in the case under consideration provides a
complete solution to Problem 2.1 and a slight modification of a similar statement obtained earlier
in [5] (see also [15]).

Proposition 3.1 ([5]). Let L > n > 1 be natural numbers, [q] be the integer part of q := %, and
r:= L —n[q.

Then the following statements are valid.

(@) If (z1,...,2n) € (Z4) o (Lym), then x; > 1,0 =1,...,n and

|l‘i—.’1?j|€{0,1}, ,j=1,...,n. (31)
(b) The equality
b(L,n; Zy) = (1 +[g])"g]" ™" (3.2)
holds.
Moreover, for (x1,...,x,) € Z4(L,n), we have

(1, @) € (Z4)ext(L,n),
if and only if
card({i €Ip:ax;=1+1g|}) =7 and card({i € I,, : z; = [¢]}) = n — 1.
(c) If r =0, then
b(L,n;Z4) = b(L,n;Ry) = ¢" (33)
and if r > 0, then
b(L,n;Zy) < b(L,n;R;) = q", (3.4)
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or, equivalently,

(1 +la)) " < (la+-)" (3.5)
(d) If r > 0, then
B(L,miZy) < (L, R )] = [q"), (3.6)
or, equivalently,
(+la) ™ < [(l+2)]:

The equality in (3.6) takes place only in the following cases:
Case 1. n=2.

Case 2. n=3 and L € {4,5,7,8}.

Case 3. n>3 and L=n+1.

Proof. (a) Observe first of all that evidently

(x1,..,2p) € (Z4)ext(Lyin) = x;>1, i=1,...,n. (3.7)
Fix now (z1,...,2p) € (Z1)ext(L,n) and show that (3.1) holds.
Suppose for a moment that (3.1) is not true; i.e., for some 4,5 € {1,...,n}, we have |z; — ;| > 1.

We can suppose without loss of generality that 1 — 29 > 1. Put now y; = 21 — 1, yo = 2 + 1 and,
incasen > 2, y; = x;,7 = 3,...,n. Clearly, (y1,...,yn) € Z4+(L,n). This and the definition of
b(L,n; Z) and (3.7) imply

n

n n n
b(L,n; Zy) > H —y1y2H$i>$11‘2H$i=H$i;
i=3 i=3 i=1

but the obtained inequality

n
b(L,n; Zy) > Hxi
i=1
contradicts the relation (x1,...,2y) € (Z4)exs (L, n).
(b) Let us show now the validity of (3.2). Fix some (x1,...,2,) € (Z4 )ext(L,n). Then

n

b(L,n;Zy) H:c (3.8)

We can suppose without loss of generality that x; > --- > z,,. From (3.1), we have |z; — z;| € {0,1},
i,7 =1,...,n. In particular, we have 1 — z,, € {0, 1}.

Suppose first that 1 = x,,. Then nzy = L = n[¢] + r and (3.8) implies that (3.2) is true with
r=0.

Suppose now that 1 > x,, and m < n are the first natural number such that z; = z,,,. Then we
have x; =z + 1,4 =1,...,m and ; = 2, i = m+ 1,...,n. This equalities and (3.8) imply that

b(L,n;Zy) = (14 xp)™xn, ™. (3.9)
The equalities x; = 2, + 1, i =1,...,mand ; = 2, i =m+1,...,nas > ., x; = L imply also
that
m(zm + 1)+ (n—m)x, = L=nlq +r
and so,

nxy, +m = nlg| + .

Consequently, z,,, = [¢] and 7 = m > 0 and (3.9) implies that (3.2) is true.
(c) Clearly, when r = 0, then (3.3) is true.

Let now r > 0. As
L
n b

q= =[Q]+%
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inequality (3.4) and inequality (3.5) are equivalent. By AM-GM, we have the inequality
A+l = A+l 1+ () [a) - - -[a

- ((1+[q])+-~-+(1+[q])+[q])+---+[q}>"
_ (T(H () +(n—7“)[q}))" _ ([q] n T)"’

n n

and (3.5) is proved.

(d) Evidently, (3.6) follows from (3.4). The assertion contained in the rest part of (d) is of inde-
pendent interest and its proof is already published in [4]; for the reader’s convenience we reproduce
this proof here (see Remark 3.2 below). O

Remark 3.2. Let n > 1 and 1 < r < n be natural numbers. Then we have
(1+2)a" " < [(;H%H r=1,2,... (3.10)
and the following statements give a complete description of the set
Var = {w eN:(1+2z) 2" "= Km + %)n} }

(a) Vou =N, V31 =Vz5={1,2} and V,,; = {1}, n=4,5,....
by n>3,r>1= V,, =0.

Proof of Remark 3.2. First, we formulate several useful observations.

Var ={zeN: (o4 %) (1 4a) T < 1) (3.11)
T\ "Lk
r_n—r __ n—=k
(Jf + ﬁ) - (1 + .T) T = 2 (ﬁC»mk — Cr7k)$ ) (312)
where |
n!
Chpi=——
BT Rl (n — k)l
and, as usual, we assume that C, ; =0if k > r;
k
ﬁcn,k — Cr,k' = O, k= O, 1, (313)
-k
fkcn)]g —Crp >0, k=2,...,n. (3.14)
n

Proof of (3.10). See Proposition 3.1(c)

Proof of (3.11). It is true because (v + ©-)", x = 1,2,... are not integers.
Proof of (3.12). We have by the binomial theorem.

Proof of (3.13). Direct verification.

Proof of (3.14). The inequality is equivalent to the inequality

(1-D0-2)-0- 50 (02 6-5),
n n n T r r
which is, of course, true when r < n.

Proof of Remark 3.2(a). The equalities Vo1 = N and V31 = V55 = {1,2} are easy to verify by
using (3.11).

We have 1 € V,, 1 from (3.11) and from the known inequality (1 + %)n — 2 < 1. The remaining
relation

r>2,n>3 = &V
follows from the next more general statement:

x>2,n>3 = ¢V, (3.15)
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To prove (3.15), note that owing to (3.12), (3.13) and (3.14), we can write

n 2 n—2
(z + 1) —(I+az)2"" > (%an - C’r,z)as”*2 I (1 - Z).
n n 2 n
From this relation we get (3.15). Indeed, if n > 4 and = > 2, then
x”’zr(l B f) > 2n73r(n - r)’
2 n n

and since r(n — r) achieves its minimum value at r = 1 or at » = n — 1, we have the estimate

n—2

€ r (1 _ C) > 2‘!L—3T(n — ’I") > 2n—3 (1 _ l) > 1,
2 n n n

and from (3.11), we can conclude that & V,, ..

Proof of Remark 3.2(b). From (3.15) we have that if x > 2, then z ¢ V,, ..
Now let us prove that if n > 4 and r > 1, then 1 ¢ V,, ., as well. For this purpose, according to
(3.11), it suffices to show that the following (slightly unezpected) inequality

n>4, 1<r<n— <1+f) —or s
n
holds. Therefore it remains now to prove the following inequality:
nz4,1<r<n:((1+f)%) _or s 1L (3.16)
n

It is clear that for the given r the left-hand side of (3.16) increases as n increases. Let us consider
separately two cases r =2 and r > 3.

If r = 2, it is enough to check that (3.16) is true when n = 4. Plugging in (3.16) r =2 and n =4
we are getting true inequality % > 1 and hence we are done.

For r > 3, it is enough to show that (3.16) holds when n = r + 1. In this case, the left-hand side of
(3.16) will be

1 \r+1 Cri1027 1 Chyyg2r—2 ' —1)k
(2 _ ) _gr_ brtl2 G413 I Z Oy 2010 (-1 .
r+1 (r+1)2 (r+1)* &= ’ (r+ 1)k
Since the sum
r+1 (_1>k:

C’r 27"+1—k
1;4 L (r+ 1)k

is nonnegative, it is enough to show that
Cri122"7 1 Cry132772

- 1.
S I o s R
We have
Cri102t Crp13272 1\ 1 o 1 \5 3 5 15
S 2 (1 — ) (2 ) > (1- )2 2 axix2 = o >1
r+12  (r+1)3 163 1167176 12
and so, (3.16) holds when n =r + 1. O

3.2. Solution to problem for X = Z, , in general. The following analogue of Theorem 2.5 provides
a solution to Problem 2.1, in general, when X =7, .

Theorem 3.3. Let n > 1 be a natural number, L € Z, L > 0,
ky = (k1,...,kn) € (ZL)", spn:=(81,...,8,) €(Z1)",
L + ZT‘L—l S n
=== d =1L P .
q - and r + ; s; — n[q]
We assume further that

d:L(zn:kan)ZO (3.17)
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and denote o = mini<;<n(k; + 8;), S = maxi<i<n (ki + i),
Li={iel,:si+k <q}, In={i€l,:s;+k >q},
m = card(Z1), Z7:={i1,...,im}
Then the following statements are valid:
(a)
q21+%—|—a>o¢, (3.18)
in particular, m > 1 and
n—1
< H (1+k + si)> 1+ ky+d+sn) <bL,n;Kkn,8n;Z4+) < (1+[q]) [q]" " (3.19)
i=1
(b) If m =mn, i.e., if ¢ > 8, then we have the following equality:
b(L,m; Kn,sn; Zy) = (14 [q])"[q]" "
Moreover, for (x1,...,xn) € Z4(L,n;ky,), we have (x1,...,2n) € (Z4)ext(L,n; kn;sn) if and only if
card({i €l :xi=1+[q)—s})=r and caed({i €I, : x; = [q] — 8:}) =n— .
(c) If m < mn, i.e., if ¢ < B, then

q=1[qg) = b(L,n;kp, 83 Z4) < q"; (3.20)
and
b(L, 1 K3 Zy ) = b(Lony mi K Sns Zy ) [ (ki + s2), (3.21)
1€1o

where Ly ==L =3 icr,
(d) If m =1, then

kiy Kk i= (Kiy, -+ ki) and Sy = (Siy, .-, Si,, ).

(L, msknisniZy) = (L +si,)  [] (ki +s:)
i€l \{i1}
and
(1, ,2n) € Xext (L, n; kp;80),
where Ly := L — Zieln\{il} ki, x;y = Ly and x; = k; fori € I, \ {i1}.

Proof. (a) (3.18) follows from (3.17). In fact,

q:d+zi=1(ki+$i)+n - dtnatn _d_ .
n

n n

We have m > 1 by (3.18).
The first inequality of (3.19) is true because

(I+ky,...,1+ky 1,1+ k,+d) € Z(L,n; k).

The second inequality of (3.19) follows directly from Proposition 3.1, as for (z1,...,z,) € Z4+(L,n; k,),
we have

n
(x1+517~-~7xn+5n) €Z+<L+Zsian;kn>a
1=1

and hence
i=1 i=1 i=1

(b) Clearly, since S is an integer, from ¢ > (3, we have [¢] > § and so, [¢] > k; + s;, i =1,...,n.
This implies that
@7, 2y € Zy (L,ns k)
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and
(1 +[a)"[a)" ™" = [L " + 50) < b(L,n K, 805 Z4).
i=1
This equality together with the right inequality of (3.19) show that (b) is true.
(¢) Suppose that (3.20) fails, i.e., we have the equality
b(L,nikn, 81 Zy) = "
Then for some
(1,...,2pn) € Zy(L,n; ky),

we will have

H(mi + 8i) = b(L,n;kn,80524) = q",

i=1
i.e., in the AM-GM inequality for z; + s;, i = 1,...,n, we have the equality, whence we can conclude
that

q=z;+s;, t=1...,n
Hence g —s; =x; > ki, i=1,...,nand so, ¢ > s; + k;, ¢ = 1,...,n; in particular, ¢ > (3, but this
contradicts our assumption that ¢ < .
(¢) The proof is similar to that of Theorem 2.5(c). For reader’s convenience, we repeat it with the

corresponding slight modifications.

Step 1. (AS2) If (x1,...,2pn) € (Z4)ext (L, n; kp;8p); Lee, (z1,...,2,) € Z4(L,n; ky,) and

H(xj+sj) :b(Lan;kn§Sn;Z+)7 (322)
j=1
then
x, =k;, Vi€ (323)
To prove (AS2), fix some (z1,...,2,) € Z4(L,n;ky,) satisfying (3.22)) and let us show that then
(3.23) is satisfied, too.
Suppose that this is not the case, i. e., x; > k; for some | € Z,. Fix t > 0 such that z; — t > k;.
Fix then ¢ € {1,...,n} with ¢ # [ and put
Yi ::xi+t7 Ui I:Jfl—t7
and in case n > 2,
y;j =, for je{l,...,n}\ {i,1}.
Then we have
(ylv cee 7yn) € Z+(L7n7kn)
From this and in view of (3.22), we can conclude that

H(fﬂj + 85) > H(yj + 85).

This implies that
(i +si)(xp+81) > (i +t+ s5)(x — t+ sp)-
This inequality and the following implications:

X+ 81 >xi+t+si
g —t+s —  x;+5s;
x4 8§ _1>zi+t+si_1$ t S t

x —t+ s Xy +s; LL‘l—t—‘rSl_(Ei-i-Si’

(i +si) (@ +81) > (x +t+8:) (0 —t+5) =

give
Ti+8; > x —t+ 8.
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This implies that

Z (x; +85) > Z (x;—t+s)=(n—Dx;+ (n—1)(s; — 1).

i€ {1\ {1} i€l nh\{1}
Therefore
L—l—Zsj:xl—i—sl—l— Z (x; + si)
j=1 ie{l,...,n}\{1}

>r+si+n—1Dz+ (n—1)(s; —t) =nx; +ns; — (n— 1)t

whence >
L+ 7.1_ S -1
q:%”le+sl—nTt2xg+sl—t>kl+sl.

Consequently, [¢] > k; 4+ s;, which contradicts our choice of I: [¢] < k; + s;. Therefore, (2.21) implies

(2.22) and hence (AS2) is proved.
Step 2. It remains to prove (3.21).

Fix (21,...,2,) € Z4+(L, n; k) satisfying (3.22). From (AS2) proved in Step 1, we can write

m

H(xh + Sij) H (kj + Sj) =b(L,n; kp,sn;Zy4)

Jj=1 J€L2

E xij = L’m
j=1

From (3.25) and the definition of b(L,,, m; Ky, sm; Z+), we can write

m

H(xi,- +54;) < 0L, M5 Ky S Zy ).
j=1

and

Fix now some (y1,...,Ym) € Z4(Lm, m;k,,) such that

m

1T + si,) = 0L, m3 K, 3 Zoy).
j=1
Consider now the indices 4,41, ..., i, such that
Ty = {imt1y--sin}
Since (Y1, Yms Kipsrs-- -2 ki) € Zy(L,n;ky), from (3.22), we can deduce

H(yj"’_sij) H +SzJ H sz+Sz H(kj+8j>'
j=1 j=m+1 j=1 JET
Hence
H Yj + si;) H Ti; + Sij).
Jj=1 J=1
This inequality along with equality (3.27) give
b(Lin, M Ky 83 2y ) < H(xi,- + 54;).

Il
_

J

From (3.28) and (3.26), we obtain
b(Lmvm km,Sm,Z+ = H Ti; +SzJ

From this equality and (3.24), we conclude that (3.21) is true.
(d) follows from (3.21) of (c¢) because b(L1,1;8;,;Z+) = L1 + 84,

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Remark 3.4. Theorem 3.3(c) differs slightly from Theorem 2.5(c); it does not contain the following
statement:

r#0 and ¢ < = b(L,n;kn,sn;2Z4) < (1+ [q])"[q)" "

This implication may not be true, in general, as the following example shows.

Example. Take n =2, k; = ko =0, sy =0 and s = L+ 1. We shall have [¢q] = L < L+1 = s9 + ko,
r = 1; however,

b(L,2;(0,0);(0,L+1);Z4) = L(L + 1) = (1 + [q])[g]-

Remark 3.5. As in the case of Theorem 2.5, we note that Theorem 3.3(b) gives the complete solution
of Problem 2.1, while Theorem 3.3(c) fails to give a complete solution of Problem 2.1, because it, (again
for n > 2 and m > 1), does not provide a formula for b(L, n; ky,;s,; Z, ); it provides only a reduction
of the problem to the case m < n.
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