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PARTIAL EQUIPMENT OF THE MANIFOLD TANGENT SPACE TT(T(Vn))

GOCHA TODUA

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. In this paper we consider the manifold tangent space T'(T(Vn)) of the tangent space
T(Vn). Invariant I-forms of the space T'(T(Vn)) are defined and their structural equations are
obtained. Linear connections of the space T(T'(Vn)) are established in the case of partial equipment
of the tangent space T'(T(Vn)).

It is well known that various geometrical structures on a given space are defined by concrete fields
of differential-geometric objects. If new fibers join the given fiber spaces, then for these new fibers
there sometimes appear new geometric structures generated by the original structures. In that case
the new geometrical structures are regarded as peculiar analogs of the facts of internal geometry of
the equipped surface.

Let us consider the manifold tangent space T(T(Vn)) with local coordinates (z¢, 3%, y¢, %), i, j, k =
1,n, 14,5,k = 1,n, where 2, ' are the coordinates of the basis T(Vn), and y°, 2* are the coordinates
of the fiber T,, z € T(Vn). In other words, the vector fields X

9 -
xzi , 7 _
yaw“ay‘

generate the fiber space T(T(Vn)). Then it is obvious that the local coordinates (xi,yz, Y, z{) of a
point of the fiber space T(T'(Vn)) transform as follows:

On the space T(T(Vn)) we can define the following forms:
0" = dy' + wzyk, 0" = dy' + w%yk, 9 =dzt + w%zk + w%jykyj.

Performing an external differentiation of these equalities and using the structural equations for the
I-form wj,, we, w%j [2] we obtain

DO = 0% Awj +wh A 6L
DO = 0% Awi + Wk A6,
DO’ = 9% AW+ 6F A GL+ 0% A 6] + wF AV,

where

i ik ik,
W% —l—wEijy Y.
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From the transformation law of local coordinates of the tangent space T'(T'(Vn)) it follows that
dz' = 2t da®,
dy' = J;};jykd:vj + deyk,
dy{' = x%j ydej + a:% dyE,
dz' = (x%] 2F 4 x%pj yzyp Ydxd + :E%j y/ dyE + x%j yzdyj + x% dz*.
The quantities {dz*, dyE, dy*, dzE} define the co-basis of the co-tangent space %T(T(Vn)).
It is obvious that the space %T(T(Vn)) always has an invariant subspace spanned over the co-basis

{dx*}. Let us consider the case when the space TT(T(Vn)) is partially equipped. Note that the partial

equipment of the space TT(T(Vn)) is understood in the sense that with the change of coordinates
the co-basis transformation matrix takes the form:

zi 0 0 0
iF
A O. 0 1)
0 0 xy, 0
i,k 0
0 0 Y T

From formulas (1) we see that the space TT(T(Vn)) has one more invariant subspace which is
defined by means of the co-basis Dy':

Dy’ = dy’ + I'ida’.
From the condition of invariance it follows that the quantities I‘;- generate the differential-geometric
object according to the following transformation law:
*q

= x4 p i
Ly = xpz, I — a7 (2)

Moreover, in order that the space T7(T'(Vn)) be partially equipped, we have to define, as seen
from formulas (1), a partially invariant subspace. The latter is defined by means of the co-basis Dz":

Dzl =do' + G;,:CDyk + M% dyE.

By the partial invariance condition we have

D7 = x?Dz; + x%kijyk.
It follows that the quantities ;,;7 M% generate the differential-geometric object according to the
following transformation law of its components:
= = pr— = .
x%M% = x%M; + x%jyj, (3)
(e R e Ry v/ S S S b R S I
x;—.Gk = 1,G), + Mg, y° — x%pyjfk + xékﬂ + x%pkyjyp. (4)

The quantities F;:-, G;,:c, M% define the partial equipment of the space T'(T(Vn)). Also, the quantities
re, i, M% define the differental-geometric object of linear connection of the space T'(T'(V'n)), which

we call the triangular co-connection of the space T'(T'(Vn)).
In that case, after the change of the local coordinates the reference frame

o o0 9 0
{axi,?f’@’ 322}
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of the tangent fiber space TT(T(Vn)) transforms as follows:

0 _x 9
ozt ia%E7
0 _ i g9 9
oyF ~ Y e T g
D 00
o M oF g
0 sz T = ; 0 =0 .0
T — (xS LI yP _ Loagp_~ Loyl — v -
ok (xjkz +x]pky Yy )57’ T TipY oy’ +xjky ayi +xkafz

The triangular co-connection always generates a triangular connection by means of which the partial
equipment of the space TT(T(Vn)) is defined (and vice versa).

The partial equipment of the tangent space TT(T(Vn)) can be defined by using the vectors D;
and D;:
0 7 0
Loy & D27’

the invariance condition

and

0
ozt

’? 0

k3 8yk

Di= -~ —ElD; L

The partial invariance condition is
kT Jj kD
D; = 27Dy + :c%ly D;.

It is obvious that the quantities L¥, GZ:, EZ; generate differential-geometric objects and a higher-

order definite connection. We call this connection the triangular connection of the tangent space
TT(T(Vn)).

Let us consider the fiber space T'(Vn) with triplet connection 1";, 1’%3,7 1"; .- There arises a question
whether it is possible to construct the triangular connection by using the triplet connection and its
differential continuation, i.e. to define the internal object of the triplet connection by means of the
triplet connection. It turns out that the answer to this question is positive and, what is more, the
triangular connection can be constructed without using the linear connection F;, but using only the

object of the generated vertical affine connection F%j, affine connection Fé- .. and the partial continuation
of the object of connection F%j.

We introduce the notations:
C’; = F;kyk7 Nji = I‘%kyk7
PF = F%zj + F;—?Z.pypyj + F?iF%qyfyq + F%_F%qyqu — Flpfjffqyqu.

The transformation law of these quantities has the form:

xch’jj = xlgéz + xzpyk, (5)
- = T -
x%N% =2 N5+ x”Epyp, (6)
ipk _ kP Nk 0 Bk i ki K
r P = 2Py + Nygagy* — o597 CF + x%jz + x%pjy yP. (7)

Formulas (2), (3), (4) and (5), (6), (7) show that the quantities I'}, i M% and C7, sz, PF obey
one and the same transformation law of their components. Hence we make the following conclusion.

Theorem. The object of affine connection F;k, object of connection F% and its partial differential

continuation F;iip always generate the partial equipment of the fibered space TT(T(Vn)) [1-7].
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