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THE OPIAL TYPE NECESSARY AND SUFFICIENT CONDITIONS FOR THE
CONVERGENCE OF DIFFERENCE SCHEMES FOR THE INITIAL PROBLEM
FOR LINEAR SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS

BESARION ANJAPARIDZE!, MALKHAZ ASHORDIA2 AND NINO TOPHURIDZE3

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. The Opial type necessary and sufficient (as well as effective sufficient) conditions are
established for the convergence of difference schemes of the Cauchy problem for linear systems of
ordinary differential equations.

1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

Consider the initial problem

d
& Pt)z+qolt) for tel, (1.1)

dt
x(to) = Cop, (1.2)

where Py € L(I;R™ ™), qo € L(I;R™), to € I and ¢ € R"®, and I = [a,b] is the closed interval,
non-degenerated at the point.

Let 2o € AC(I;R™) be a unique solution of this initial problem.

Along with the problem, we consider the difference scheme

Ay(k — 1) = Gin (k) y(k) + Gam(k — 1) y(k — 1) + gim (k) + g2m(k — 1) (k=1,...,m), (1.1m)
Ylkm) =Cm (Mm=1,2,...), (1.2m)

where Gj,, and g;n, (j = 1,2) are, respectively, the discrete n x n-matrix- and n-vector-functions,
km €40,...,m} and (,, € R™

In the paper, we wish to present the so-called Opial type necessary and sufficient (in particular,
the effective sufficient) conditions for the convergence, in the definite sense, of solutions of difference
scheme (1.1m), (1.2m) to xg.

The numerical solvability of problem (1.1), (1.2) is classical. There are a lot of papers dealing
with this problem (see, for example, [4,7,8,10,13,16] and references therein). In our opinion, in
these papers, with the exception of [4], only sufficient conditions are established for the numerical
solvability of problem (1.1), (1.2). In the last paper, the criteria are obtained for the question under
consideration, but the obtained results differ from the Opial type conditions. The goal of the present
paper is to establish the conditions, analogous to the Opial type conditions.

In the paper, we use the following notation and definitions.

N={1,2,...}, N={0,1,...}, N, ={1,...,I}, N;={0,...,i} 1 €N). R=] — 00,400

[t] is the integer part of t € R.

n
R™*™ is the space of real n x m-matrices X = (v;); /2, with the norm [ X| = max DTN
’ J=1...m;—
O, xm is the zero n X m-matrix. 0,, is the zero n-vector.

If X = (25);;2, € R™™, then |X| = (Ja;;]); "

5,j=1"
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R™ = R™*! is the space of real column n-vectors z = (x;)"_;.

X1 and det(X) are, respectively, the matrix, inverse to X € R"*" and the determinant of X.
I, is the identity n x n-matrix;

di; is the Kroneker symbol, i.e., §;; =1 and §;; =0fori#j (i,j=1,...).

The inequalities between the matrices are understood componentwise.

A matrix-function is said to be continuous, integrable, etc., if each of its components is such.
b

X)) is the sum of total variations of components x;; (i = 1,...,n; j = 1,...,m) of the matrix-
J
a
t

function X : [a,b] — R™™; V(X)(t) = (v(wi;)(t)); 2, where v(zi;)(a) = 0, v(zi;)(t) = \.L/(Iv:j);

X (t—) and X (t+) are, respectively, the left and the right limits of X at the point ¢ (X (a—) = X(a)
and X (b+) = X (8); i X (1) = X(t)~ X(1-), daX(t) = X ()~ X(0). | Xllow = sup {| X (]| : ¢ € I},
Somewhere else we use the designation || X||; = sup {|| X (¢)|| : t € J}, where J C I.

BV(I;R™ ™) is the normed space of all bounded variation matrix-functions X : I — R™*™ with
the norm || X|| -

C(I;R™™) is the space of all continuous on I matrix-functions X : I — R™*™ with the standard
norm || X || = max{||X ()| : t € I'}.

AC(I;R™ ™) is the set of all absolutely continuous matrix-functions.

S0, 1 and so are the operators defined, respectively, as follows:

s1(x)(a) = s2(x)(a) =0, s1(2)(t) = Y diw(r), sa(@)(t) = Y doa(7)

a<t<t a<t<t
so(x) = z(a), so(x)(t) = () — s1(x)(t) — s2(2)(t).
If g € BV(I;R), f: I — R and s < t, then we assume
t

[amydsr) = (L=5) [ alr)dg(r) + FOarg(t) + F()dagls),
s 1s,t]
where (L — S) [ f(7)dg(r) is the Lebesgue-Stieltjes integral over the open interval |s,¢[. It is

IER
known (see [14,17,18]) that if the integral exists, then the rlght hand side of the above integral

equality coincides with the Kurzweil-Stieltjes integral (K — S) f f(r)dg(r). So, f flr =

(K~ $) [ F(r) dg(r).
If G(t) = (glk(t))lz y and X (t) = (wpi(t))y", for t € I, then

l,m

Si(G)(t) = (Sj(gik)(t))ézzzl (j=0,1 /dG (Z/xkl ) dgir (T )

il=1

. ¢
Sometimes we use the designation [dG(s)- X(s) for the integral [dG(s) - X(s) as the matrix-
function to the variable ¢. ’ ‘

We introduce the following operators:
(a) if X € BV(I;R™"), det(I, + (=1)7d; X (t)) #0 for t € I (j = 1,2), and Y € BV oo (I; R™*™),
then

A(X7Y)(a) = Onxmv
AX,Y)(t) =Y Z i X (1) (I, —di1 X (1))t d Y (1) — Z do X (1) (I, + do X (1)) "t do Y (7).

a<t<t a<t<t
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(b) if X € BV(I;R™*™) and Y € BV(I; R" ™), then
B(X,Y)(t) = X(t)Y (t) — X(a)Y (a) — /th(T) Y (7);
(c) if X € BV(I;R™™), det X (t)) # 0, and Y € BV(I; R"XZ), then
I(X,Y)(t) = /d(X(T) +B(X,Y)(1)) - X (7).

a

E(J,R"*™), where J C N, is the space of all matrix-functions Y : J — R™*™ with the norm
1Yy = max {|[Y (k)| : k € J}.
A is the difference operator of the first order, i.e.,

AY(k—=1)=Y(k)—=Y(k—1) for Y e E(N,R™™), keN,.
If a matrix-function Y is defined on Ny, or on Nl,l, then we assume Y (0) = Oy xm, or Y (1) = Onxm,

respectively, if necessary.
Let 7, = (b—a)m~! and

Tom = @y Tkm = 0+ kTony Tem =|Th—1m, Tem|[ (k=1,...,m;m=1,2...).
Let v, (m =1,2,...) be the functions defined by the equalities

Um(t) = [

t—a

b—a

m] (m=1,2,...).
It is evident that
Vm(Tkm):k (kZO mm:1,2,)

For each natural m, we introduce the following operators:
a) P : BV(I; R") — E(N,,; R") and ¢y, : E(Nyn; R™) — BV(I;R") defined as follows:

Pm () (k) = 2(Tk,) for x € BV(L;R™) (k=0,...,m)

and
y(k) for t =71 (k=0,...,m),
(I = Gron(B))y(k) + g1 (k) for £ € T (k= 0,...,m);

b) operator B,,, defined for X € E(N,,; R"*") and Y, Z € E(N,,; R"*!), by

k
—i—ZX Z(i—1),

Bo(X, Y, Z)(t) = Bu(X,Y, Z)(rim) — X(B)Y <>:for Le o (E=1.....m)
)

am(y)(t) = {

'Mw

B (X, Y, Z)(a) = Onxnys Bn(X,Y, Z)(Tem) =

¢) operator Z,,, defined for X,Y7,Y5 € E(ﬁm;R"X") 7 € E( N,y RX), by
I (X Z YlaYQ)(a) :Onxna I (Xl’X%Yla}/Q)(Tkm)

—Z (I, — X (i) (I, — Yi(i +Z (i + 1)1, + Ya(i)) Z(i) — In),

(X Y1, Y2)(t) = Iy, <XZYl,n)mm)—(In—X(k><In—Y1(k))Z<k))
for t € Iy, (k=1,...,m).

Let Xy, Xo(to) = I, be the fundamental matrix of the system
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Here, the use will be made of the following formulas from [18]:

/b F(t) dg(t) + /b 1) daf0) = 100) = S@ha) + 3 T ) dhalt) = 3 daT() daalt
(integration-by-parts formula), (1.3)
a/b F(t)dsi(g a;bf dig(t) /b f(t)ds(g a;be )dag(t) (1.4)
/ sy d( / g(e)an(s)) = /b F)9() dh(t), (15)
o / P da(s)) = SO digle) Tor ¢ € fad] (= 1.2) (L6)

1.1. Formulation of the Results on the Numerical Solvability of Problem (1.1), (1.2). With-
out loss of generality, we assume that

G1m(0) = Gom(m) = Onxns G1m(0) = gom(m) =0, (m=1,2,...).

Definition 1.1. We say that a sequence (G1m, G2m, 91ms 9om; km) (m = 1,2,...) belongs to the set
CS(Py, qo; to) if for every co € R™ and the sequence (,, € R™ (m =1,2,...), satisfying the condition

lim ¢ = co, (1.7)

m——+00

the difference problem (1.1m), (1.2m) has a unique solution y,, € E(Nm; R™) for any sufficiently large
m and

[y~ pa(eo)l 5, = 0. (18)
We assume that
St = to, (1.9)
where t,, = a + k(b —a)m™1.
Somewhere else we need the condition
det (I, + (=1)7Gjm(k)) #0 (j =1,2; k € N,,; m € N). (1.10)
Theorem 1.1. The inclusion
((Glm; G2ma 91m, 92m; km));o_o S CS(POa qo; tO) (111)

holds if and only if there exists a sequence of matriz-functions Hj,, € E(Nm,R ) =1,2sm =
1,2,...) such that

lim max{||[Hjm(k) — L] : k€N,} =0 (j=1,2), (1.12)

m——+oo

and the conditions

lim {|Pm(H1m,H2m) — Pyt ||<1+‘\/ v (H1my Hop) — PO)D}:O,

m——+0o0

i { o (1)) — 00 (1+\\/ i, Ha) ~ 0 ) } =0 o

m—+

are fulfilled uniformly on I, where Py, (H1m, Hom ) (t) = Lo (H1im, Homy Gim, Gam)(t) and g (H1m)(t) =
Bm(Hlmaglmag2M)(t)‘



THE OPIAL TYPE NECESSARY AND SUFFICIENT CONDITIONS 335

Condition (1.13) is known as the Opial type condition which has been obtained by Z. Opial in [15],
where the author investigated the well-posed question of the initial problem for ordinary differential
systems. The analogous conditions are obtained in [4] for generalized ordinary differential (GOD)
systems.

Let Yy, Y, (0) = I, for each natural m, be the fundamental matrix of the difference system

Ay(k - 1) = Glm(k) y(k) + GQm(k - 1) y(k - 1) (k € Nm)
Theorem 1.2. Let condition (1.10) hold. Then inclusion (1.11) holds if and only if conditions
ml—l>I—I|-100 Bm (Yn:la Ql'rn) QQm)(t) = X()_l(t)a

lim Bm(Yﬁl,glm,QQm)(t) = B(Xo_l,f)(t)

m——+0o0
are fulfilled uniformly on I, where Qjm (i) = (I, + (=1)7Gjm (i)~

Remark 1.1. If condition (1.10) holds, then
1

Yiu(k) = [T (o = Grn (D) ™" (In + Gam(i 1)) (k€ Ny m =1,2,...).
i=k

Theorem 1.3. Let condition (1.7) hold and the conditions

Gim(D) (j=12m=12,..).

m——+o0

lim {||Pm(t) — P (1 +| \:/(Pm - PO)D} — 0,

lim {nqm(t) — ()] (1 +| \:/uam - PO)D} _o

be fulfilled uniformly on I, where Pp,(t) = By (In, Gim, Gom)(t) and gm(t) = Bu(In, 91ms 92m)(t).

Then the difference problem (1.1m), (1.2m) has a unique solution y,, € E(Np,;R™) for any sufficien-
tly large m and (1.8) holds.

Proposition 1.1. Let the conditions of Theorem 1.3 hold. Then there exists a positive r such that
[ym — pm(zo)ll 5, < r(lvm —coll +&m +6m) (m=1,2,...),
where Yy, is the solution of problem (1.1m), (1.2m),

lim &, =0 and lim 6, =0, (1.14)
m—+00 m—+00
here,
Em = am(24+3p0 + 3Vm),  Om = Bm(2+ 20 + Ym) + 300%m,  @m = |Bm(In, Gims Gom) — Ao,
b b
B = 1B (Ins g1ms G2m) = flloos Y = IV (Bin(Ins G, Gam) = Alloes  po = \[(A), 00 = \/(/)-

Theorem 1.4. Let P} € L(I;R™™™), ¢5 € L(I;R™), ¢f € R™ and x{ be a unique solution of the
initial problem
d
d—gtc =FPi(t)x+qp(t) for tel,
x(to) = ¢f-

Let, moreover, the sequences Gy, Hjm € E(J\N/'m;R”); Gjm € E(Nm;R”) (G=12,m=1,2,...) be
such that conditions (1.12) and
lim ¢, =cg, (1.15)

hold, and the conditions

lim {||P,,L(H1m, Hop)(t) — (1) (1 +| \t/(Pm(Hlm, Hop) — P7) ) } —0, (1.16)

m——+oo
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)}

are fulfilled uniformly on I, where the matriz- and vector-functions P, (Hym, Ham) and ¢m(H1pm) are
defined as in Theorem 1.1, and ¢, = Ham (km)Cm. Then condition (1.8) holds, where y,, is a unique
solution of the difference initial problem (1.1m), (1.2m) for any sufficiently large m.

lim {||qm(H1m)()—q0 |(1+‘\/ o (Him, Hom) — Pg)

m——+00

Corollary 1.1. Let sequences Gjm € E(]Vm;R"), gjm € E(]\me;R”), Cm € R™ and k,, € Ny, (j =
1,2;m=1,2,...) be such that conditions (1.12) and
lim (C’m - wm(km)) = Co

m——+o00

hold, and conditions (1.16) and

hm {”Bm(Hlmaglm _wmag%‘a wm)( ) (HlmvHQm wMaGh‘mGQm)(t) _fO(t)H
\/ Hlm;HQ'm) PO)

R )0

are fulfilled uniformly on I, where H,, € E(Np:R"), ¥ € E(Np:R?) (j=1,2;m =1,2,...) and
P, (Hym, Hap,) is defined as in Theorem 1.1. Then the difference problem (1.1m), (1.2m) has a unique
solution vy, for any sufficiently large m and

t

lim ||ym — Yy — pm(l‘o)Hﬁm =0.

m——+00

2. THE WELL-POSEDNESS OF INITIAL PROBLEM FOR GENERALIZED ORDINARY DIFFERENTIAL
SYSTEMS

The proofs of the results given in Section 1 are based on the following concept.
We rewrite the initial problem under consideration for ordinary and difference systems as the initial
one for the following type of the so-called GOD system

de =dA(t) - x4+ df(t) for tel, (2.1)
z(to) = co, (2.2)

where A € BV(I; R"*™), A(a) = Onxn; f € BV(L;R"), f(a) =0,.
The theory of GOD equations has been introduced by J. Kurzweil in [12], where he investigated
the well-posedness of the initial problem for ordinary differential equations. Some questions of the

theory have been investigated in [1-6,9,11,12,14,17,18] (see also references therein).
A vector-function = € BV(I; ]R”) is said to be a solution of system (2.1) if

/dA + f(t) = f(s) for s<t; s,tel.

It is evident that system (1.1) is equivalent to (2.1), where
t t

A(t) E/Po(s)ds and  f(t) E/qo(s)ds.

So, in this case, A and f are the continuous matrix- and vector-functions.
Let a vector-function xg € BV(I; R™) be the solution of problem (2.1), (2.2) and let X, Xo(to) = I,
be the fundamental matrix of the system

dx = dA(t) - x
Along with the Cauchy problem (2.1), (2.2), we consider the sequence of the Cauchy problems
dz(t) = dApy(t) - z(t) + dfm (t) (2.1m)

(tm) = cm (2.2m)
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(m=1,2,...), where A,, € BV(I;R**"™), f,, € BV([;R"), t,, € I and ¢,, € R™.
Concerning system (2.1), if
det (I, + (-1)7d;A(t)) # 0 for tel (j=1,2), (2.3)
then problem (2.1), (2.2) has a unique solution (see [14,17,18]).

We assume that Ag(t) = A(t), fo(t) = f(¢) and condition (1.9) holds.

We rewrite the discrete problems (1.1m), (1.2m) (m € N) as the initial problems for GOD systems
of type (1.1). So, the discrete systems (1.1m) (m € N) are, really, the generalized systems. Therefore
the convergence of the difference scheme (1.1m), (1.2m) (m € N) to the solution of problem (1.1),
(1.2) is equivalent to the well-possed question of the initial problems for the GOD systems.

We give some results from [4], concerning the well-posedness of problem (2.1), (2.2), where the
necessary and sufficient, as well as the efficient sufficient conditions are established for the Cauchy
problem (2.1m), (2.2m) to have a unique solution ., for every sufficiently large m and
lim x,,(t) = 2¢(t) uniformly on I. (2.4)

m——+

To a considerable extent, the interest to the theory of generalized ordinary differential equations has
also been stimulated by the fact that this theory enables one to investigate linear ordinary differential,
impulsive and difference equations from a unified point of view.

Along with systems (2.2m) (m = 1,2,...), we consider the corresponding homogeneous systems

dx = dA,,(t) - x. (2.1mo)

Definition 2.1. We say that the sequence (A, fi;tm) (m = 1,2,...) belongs to the set S(Ao, fo;t0)
if for every ¢o € R™ and a sequence ¢, € R" (m = 1,2,...) such that

m1~l>I£oo Cm = Co, (2.5)

problem (2.1m), (2.2m) has a unique solution x,, for any sufficiently large m and condition (2.4) holds.
Theorem 2.1. The inclusion

((Amametm))jnO:i S S(A07f0;t0) (2.6)

holds if and only if there exists a sequence of matriz-functions Hy, € BV(L;R™ ") (m =1,2,...) such
that the conditions

Jim Hy =1, (2.7)
lim {HI Hyn, Ap)(£) — Ag(8)) (1 n \/ (Homy Am) AO))} —0, (2.8)
mEIEOO{HB Hn, fi) (1) = fo(0)]| (1+\/ (Homy Apn) AO))} =0 (2.9)

are fulfilled uniformly on I.
Theorem 2.2. Let condition (2.3) hold. Then inclusion (2.6) holds if and only if the conditions
. —1() _ y—1
L X0 = X0,

Jm BOGE ) (1) = BOXG ! £)(#)

are fulfilled uniformly on I, where X,, is the fundamental matriz of system (2.1mo) for any m.

Theorem 2.3. Let Ay € BV(I;R™*™), fo € BV(L;R"), ¢g € R™, tog € I and let the sequences of
matriz- and vector-functions Ay, € BV(I;R™™) and f,, € BV(I;R™) (m =1,2,...) and the sequence
of constant vectors ¢, € R™ (m =1,2,...) be such that condition (2.5) holds and the conditions

lim {||Am() Aot \|(1+‘\/ m — Ag) ’)}:o, (2.10)

m——+oo
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{6 - gl (14 \/ n = A0)) } =0 (2.11)

are fulfilled uniformly on I. Then the initial problem (2.1m), (2.2m) has the unique solution x,, for
any sufficiently large m and (2.4) holds.

Proposition 2.1. Let the conditions of Theorem 2.3 be satisfied. Then there exists a positive number r
such that

|Zm — Zolloo < r(llem — coll + €m + 6m) (m=1,2,...) (2.12)
and condition (1.14) holds, where x, is the solution of problem (2.1m), (2.2m),

Em = Oém(2+3/)0 +3’Ym)a 6m :Bm(2+2am+7m) +3Q0am;

b b t
Po = \/(A)7 00 = \/(f)a Q= HA - A”om Bm = ”fm f”om TYm = bl[lpb \/ m A)
a a t€la

Theorem 2.4. Let A} € BV(L;R™*™) and f§ € BV (I;R") be continuous and let ¢ € R™ be such
that the problem

dx = dAS(t) - = + df (¢), (2.13)
x(to) = ¢ (2.14)
has a unique solution xf. Let, moreover, there exist the sequences H,, € BV(I;R™ "), fu., hy, €

BV(I;R™) and ¢, € R™ (m=1,2,...) such that condition (1.15) holds and the conditions (2.7),

{0 - a5 (14 \2<AaAs>)}o (215)

\:/ )} =0 (2.16)

t

An(t) = T(Huy Am) (1), 1 (8) = hin(t) = han(a) + B(Hm, fm)(t) —/dATn(S)Wm(S%

a

ond i {1750~ 531 (1+

are fulfilled uniformly on I, where

ey = Hp(tm) em + A (t) (m=1,2,...).
Then problem (2.1m), (2.2m) has a unique solution x,, for any sufficiently large m and

lm |[Hp(t) @ (t) + b (t) —25(8)]| =0 uniformly on 1. (2.17)

m——+oo

Remark 2.1. In Theorem 2.4, the vector-function a7, (t) = Hy,(t) @ (t) + hy(t) is a solution of the
problem

dx = dA},(t) -« + df} (1), (2.13m)

x(tm) = ¢, (2.14m)

for every sufficiently large m.
Corollary 2.1. Let A,, € BV(I;R"™™), f,, € BV(;R"), ¢, € R" and t,, € I (m =0,1,...) be
such that

li — = 2.1
k—gﬁl-loo (Cm Pm (tm)) Co, ( 8)

and conditions (2.7), (2.8) and

lim {HI(Hm,fm —em)(t) = folt) + /tdI(HmaAm)(T) “om(T)

k——+4o00
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e )

are fulfilled uniformly on I, where H,, € BV(I;R™™) and ¢,, € BV(I;R™) (m = 0,1,...). Then
problem (2.1m), (2.2m) has a unique solution x,, for any sufficiently large m and

Hm (2, (t) — em(t)) = zo(t) wuniformly on I. (2.20)

m——+0oo

t
\/(Z(Hp, An) — Ao)

2.1. Proofs of the results concerning the well-posedness of the generalized initial problem
(2.1), (2.2). For the completeness, we present here the proofs of the given results in brief (the full
version can be found in [1,2,4]).

Proof of Theorem 2.3. By (2.10),
lim ||An, — Aollee =0

m——+00
and, therefore,
hm djAn,(t) =0, uniformlyon I (j=1,2)

m—+

So, according to Lemma 1.2.6 from [4], there exists a positive number rg such that
det (I, + (=1)7d;jAn(t)) #0 for tel (j=1,2)

and
(Lo + (=1 d; A (1)) || < 7o for tel (j=1,2)

for every sufficiently large m.
Therefore, there exists a natural number mg such that problem (2.1m), (2.2m) has a unique solution
Ty, for every m, without loss of generality.
Let 2z, (t) = xm(t) — zo(t) for every m.
Let € be an arbitrarily small positive number.
It is not difficult to check that
¢ ¢

n®) = 2t + [ 240(5) 2n(5)+ [ AR (8) 5 (9) + Tl = Tpltm) fox tE T,

tm tm

where

AWL(t) = Am(t) - AO(t)’ ?m(t> = fm(t) - fO(t) (m =0,1,... )
Using (1.6), we find

djxm(t) = djAn(t) - 2m(t)+d;if(t) for tel (j=1,2).
Consequently, by the integration-by-parts formula (1.3), we conclude that

t

/dzm(s) i (8) = A () 2o (t) — A (tn) T (tn)

tm

t
_/Zm dxm Z dl dlxm Z d2 deWL( )

= A (t) 2 (t) — A (b)) Ton (tn) — /Zm(s) (dAm(s) “ Ty (8) + dfm(s))
+ Y diAn(s) - (diAm(s) - Tm(s) + di fn(s))

Z do A () - (doAm(s) - T (s) + dafin(s)) for tel.
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So,

Z2m(t) = 2m (tm) + Tm(t, tm) + Qm (t, tm /dAo <zm(s) for tel. (2.21)

where
t

T (t,7) = A (£) - T () — A (7) - T (7) — / A (8)d A (5) - 2 (s)
+ Y diAn(s) - diAm(s)  am(s) = D dgzm(s)-dgA;(s)~xm(s) for T<t (j=1,2),
SE]T’t]ij(t,t)EO (j=1,2) an(fle[T:;En(tm):—Jm(T,t) for t<7 (j=1,2),
" Qu(t,7) = Ton®) = Fonl) — B £)(0) + B, (1) (G = 1.2)
From (2.21), it follows that

lzm @) < IIzm(tm)ll+||«7m(t,tm)l+||Qm(t,tm)||+‘/Ilzm(7)||dllV(Ao)(T)l for tel. (2.22)

m

Further, let aum, Bm, Yms Om, em (m =1,2,...) and pg, 0o be defined as in Proposition 2.1.
In view of the conditions Ay € BV(I;R™*™), f, € BV(I;R™), (2.10) and (2.11), we have

kgrf am(1+vm) = mgl}rlm Bm (14 00 +7m) = 0. (2.23)

Moreover, by the inequalities
t

V(A — Ao)

tm

t

\/(Am)‘ <

tm

for tel (m=1,2,...),

oy

we find
||«7m(t7tm)|| < 20‘m||$m||m + O‘m('ym + pO)”xm”m

w2l (35 (s (n(s) = Ao(eD)] + e Ao(e) )

tm <s<t
£ (laaan(s) ~ An(oD] + Ao )
tm <s<t
and therefore,
| Tt tm)|| < emll@mlloe  for t e, (2.24)

where €, = am (24 3po + 3vm) (m = 1,2,...). In addition, if we take into account the fact that
the operator B is linear with respect to every its variable and equals zero if the second variable is a
constant function, then we conclude that

1B(Anm; fin)(t) = B(Am, fon) (tm) |
< |IB(Am, Fr) () = B(Am, F) ()| + | B(Am, fo)(t) = B(Am, fo)(t +¢)|| for tel.
By the definition of the operator B, we have
HB(Zm,?m)(t) — B(Zm,fm)(tm)H < B (2o + Ym) for tel.
Using the integration-by-parts formula, we find

1B( A, 0)(£) = B(Am, fo)(tm)|
gam\/(fo)+2am< Yo ldifos)l+ > |d2fo(8)ll) for tel

b <5<t by <s<t
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and therefore,

||B(Zm7f0)(t) *B(Amvfo)(tm)n <300y, for tel.
So,
1Ot bl < 6 for tel, (2.25)

where 6, = 8n(2 4+ 2 + Yim) + 300Qm.-
From (2.22), by (2.24) and (2.25), we find

lzm (B[ < Tl(llzm(tm)ll +em|Tmlloc + om + / [[zm (T dIV(Ao)(T)H) for el

Hence, according to Gronwall’s inequality (see [18, Theorem 1.4.30]),
1zm @I < 71 (llzm (tm) | 4+ Emll2mlloc + 0m) exp (r1][V (Ao)(t) = V (Ao) (tm)])
< r1(||zm(tm)\| + emllTm|loo + 5m) exp(pory) for tel.

Now, passing to the limit as ¢ — 0 in the last inequality, we conclude that

zmlloo < 71 (zm (ta)ll + mll@mlloc + 6 ) exp(or). (2.26)
Due to (2.23), we have
lim &, =0. (2.27)
m——+oo

Hence there exists a natural m; such that
1
r1E€m exp(por1) < 3 for m > my,

whence, owing to (2.26), it follows that

1
1Zmlloe < Zolloc + llzmlloc < ll2olloc + 5 l@mllo + 71 (I2m (Em)Il + 6m) exp(por)-

Therefore
Jwloe < (l12olloc + 71 (20 (tan)]| + 8) explpor))
for m > mq, which, due to (2.5), implies that the sequence ||Z,||s (m =1,2,...) is bounded.
In view of conditions (2.10) and (2.11),
lim 6, = 0. (2.28)

m——+oo
On the other hand, using (2.5), (2.27) and (2.28), it follows from (2.26) that

lim ||zm||eo = 0.
m——+oo

The theorem is proved. 0

Proof of Proposition 2.1. Estimate (2.12) immediately follows from estimate (2.26). In addition, by
(2.27) and (2.28), condition (1.14) holds. The proposition is proved. O

Proof of Theorem 2.4. Analogously to the proof of Theorem 2.3, we show that the initial problem
(2.13m), (2.14m) has the unique solution z, for every sufficiently large m. Moreover, according to
Lemma 1.2.2 from [4], the mapping © — z*, 2* = H,, x + h,,, ensures a one-to-one correspondence
between the solutions of problem (2.1m), (2.2m) and those of the initial problem (2.13m), (2.14m) for
every such m. Thus problem (2.1m), (2.2m) has the unique solution x,, and

Ty, (t) = Hpn ()2 + hin(t),
for every sufficiently large m.
Conditions (2.15), (2.16) guarantee the fulfilment of the conditions of Theorem 2.3 for the initial

problem (2.13), (2.14) and for the sequence of the initial problems (2.13m), (2.14m) (m = 1,2,...).
Thus, owing to Theorem 2.3,

1711_132Oo ar (t) = xi(t) uniformly on I.
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So, condition (2.17) holds. The theorem is proved. O
Remark 2.1 immediately follows from the proof of Theorem 2.4.

Proof of Corollary 2.1. Verify the conditions of Theorem 2.4. From (2.7), it follows that
lim H,'(t) =1, (2.29)

m——+00
holds uniformly on I.
Put
hm(t) = _H7n(t)<,0m(t) (m =1,2,... )
Due to (2.7), we get
lim Hp,(tm) = I,

m—-+o00
and in view of the above and by (2.18), condition (1.15) is fulfilled for ¢fj = ¢o.
Moreover, by (2.8) and (2.19), conditions (2.15) and (2.16) hold uniformly on I, where

hm(t) = _Hm(t)@m(t)’ A’tﬂ(t) = I(HmaAm)(t) _I<Hm7Am)(tm) (m = 07 17 ce );
fo(t) = fo(t) — folto),

t

I @) = B(Hup, frn — om) () — B(Hp, fro — @) (tm) + /dI(Hma Ap)(s) - em(s) (m=12,...).
tWL
Owing to the described above Lemma 1.2.2, from [4], it is evident that problem (2.13), (2.14) has the
unique solution x§(t) = xo(t).
By Theorem 2.4 and Remark 2.1, we have
lim HHm(t)mm<t) - Hm(t)(pm@) - l‘é(t)” =0

m——+o0o

uniformly on I. Therefore, owing to (2.7) and (2.29), condition (2.20) holds uniformly on I. O

Proof of Theorem 2.1. The sufficiency follows from Corollary 2.1 if we assume ¢, (t) = 0 (m =
1,2,...) therein.

Let us show the necessity. Let inclusion (2.6) hold and ¢,, € R™ (m = 0,1,...) be an arbitrary
sequence of constant vectors satisfying condition (2.5).

In view of (2.6), we may assume that problem (2.1m), (2.2m) has a unique solution z,, for every
natural m, without loss of generality.

For any m € N and j € {1,...,n}, let us denote Zmj(t) = & (t) — Tmj(t), where x,,; is the unique
solution of system (2.1m) under the initial condition x(t,,) = ¢, —e;; here, e; = (;;)7_,, and d;; is the
Kronecker symbol. Moreover, let X,,(¢) be the matrix-function with the columns zp,1(%), . . ., Zmn (f).

n ~
If > ajzm;(t) = 0 for some m € N and ay,...,a, € R, then by the equalities zp;(tm) = €;
j=1
n
(j=1,...,nym = 0,1,...), we have ) aje; = 0 and, therefore, a; = --- = a,, = 0, e, X,y
j=1

(Xo(t) = X (t)) is the fundamental matrix of the homogeneous system (2.1mo).
We may assume without loss of generality that X,,(a) = I,, (m € N).
Further, due to (2.6), we have

hmoo [ Xm — Xolloo =0,

m—+

which in view of Lemma 2 in [1] implies that

[ Xt X e =0
Put H,,(t) = Xo(t) X;1(t) (m € N) and verify conditions (2.7), (2.8), (2.9) of the theorem. Due
to the last equality, condition (2.7) holds uniformly on I.
By the general equality B(GH, B)(t) = B(G,B(H, B)(t) (see Lemma 2.1 in [2]) and the equality

X1t =X (s) = B(X,H A () + B(X,H Ap)(s) for tosel

m m
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(m=0,1,...) (see Proposition 1.1.4 from [4]), we have
Hi ()+B(Hpn, Am) () = Xo(t) X' (t) + B(Xo, B(X,, ', Am)) (1)

= Xo(t) X} (t) + B(Xo, I, — X,;)")(t) = /dXo(s) X M(s) for tel (meN).
Hence, due to (1.5),
T(Hpp, A (t) = /dXO(s) X (s) H M (s) :/dXO(s)-Xgl(s)

a a
t

= /dAo(s) - Xo(s) Xy ' (s) = Ag(t) for tel (me N).

So, condition (2.8) is fulfilled uniformly on I.
On the other hand, by (2.1), the described above Lemma 2.1 of [2] and the definition of the solutions
of system (2.1), we have

B(Hoo fn) (1) = B(Hoy ) () — B(Hm, / A (5) -xm<s>) (0

= B(Hm, Tm)(t) = B(Hp, 2 )(a) — /dB(Hm,Am)(s) “Tm(s) for tel (m=0,1,...),
which yields
t
B(Hypp, fin)(t) = Hp ()2 (t) — Hp (@) (a) — /dXo(s) Xo(8) X, M (8) wm(s) (m=0,1,...).
By this, if we take into account the fact that due to the necessity of the theorem condition (2.4) holds,

we conclude that condition (2.9) holds uniformly on I, as well. The theorem is proved. O

Proof of Theorem 2.2. The theorem follows due to the proof of the necessity of Theorem 2.1. O

3. AUXILIARY PROPOSITIONS AND PROOFS OF THE MAIN RESULTS

Consider now the difference problem (1.1m), (1.2m), where m € N.
Let the matrix-function A,, € BV(I;R™"*™) and the vector-function f,, € BV(I;R"™) be defined,
respectively, by the equalities

k k
Am(a) = Am(TOm) = Onxn, Am(Tkm) = ZGlm(l) + ZGQm(i — l),
=0 =1

k—1 k
A () =Y Gim(i) + > Gom(i—1) for t€ Ly (k€Ny); (3.1)
i=0 =1 . .
fm(a’) :f(TOTn) = Op, fm(Tkm) = Zglm(i)—’_Zng(i_l)v
=0 =1
k—1 k
Fn@®) = gm(@D) + > gom(i—1) for t€lyy (k€Npy); (3.2)
=0 =1

tm=a+kmTm, Cm=79m (Mm=1,2,...). (3.3)
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Let
Gm (1) = G (3) + Gom (1),  gm (%) = g1m(8) + gom (i) (m=1,2,...).

It is not difficult to verify that by (3.1)—(3.3) the defined matrix- and vector-functions A,, and fy,
(m =1,2,...) have the following properties:

dlA (Tkm) :Glm(k?), d2A (Tkm) :Ggm(k) (k;:l,...,m),

m (Tkm— ZG m(Tem+) ZGm (k=1,...,m),

d; A (t) = Onxn for teI\{mm,-.. ,Tkm} (1=1,2), So(An)(t) = Onxn; (3.4)
dlfm(Tkm) :glm(k) d2fm(Tkm) :g2m(k) (k: 1;"'am)a

7—k:m ng 7 fm Tk:m"_ ng = 7"~am)a

djfm(t) =0, for tel\ {Tlm,...,Tkm} (1=1,2), So(fm)(t) =0y. (3.5)
Moreover,
A (t) = B (In, Gim, Gom )(t)  and  fin(t) = B (In, g1m, gom)(t) (m=1,2,...). (3.6)

Lemma 3.1. Let m be fired. Then the discrete vector-function y € E(Kfm;R") is a solution of
problem (1.1m), (1.2m) if and only if the vector-function x = ¢, (y) € BV(I;R™) is a solution of the
generalized problem (2.1), (2.2), where the matriz-A,, and the vector-f,, functions are defined by (3.1)
and (3.2), respectively, and t,, and c,, are defined by (3.3).

The lemma is proved in [4,6].

Remark 3.1. Due to this lemma, under condition (1.9), the convergence of the difference scheme
(I.1m), (1.2m) (m = 1,2,...) is equivalent to the well-possed question for the corresponding initial
problem (2.1), (2.2).

So, in view of Definitions 1.1 and 2.1, the following lemma is true.

Lemma 3.2. Inclusion (1.11) holds if and only if inclusion (2.6) holds, where the matriz-functions
A, Ay, the vector-functions f, f,, the points t,, and the constant vectors ¢, (m =1,2,...) are defined
by (3.1)—(3.3).

Remark 3.2. In view of (3.1) and (3.2), we have A,,(t) = const and f,,(t) = const for t € Iy,
(k=1,....,m;m=1,2,...), ie, they are the break matrix- and vector-functions. Therefore all the
solutions of systems (2.1m) (m = 1,2,...) have the same property.

In order to use Theorems 2.1-2.4, we have to establish the forms of operators applied to the results
for a particular case which correspond to the matrix- and vector- functions defined by (3.1)—(3.3).

Let H,, (m € N) be the matrix-functions appearing in Theorem 2.1. It follows from the proof
of this theorem that the matrix-functions H,, (m € N) appearing in the proof have the property,
analogous to the matrix-functions A,, (m € N). In particular, we may assume that H,,(t) = I, for
t € Ipm (k €N, meN). So, we have

Hy (Tk—1m~+) = Hyp(Tem—) (k€ N,,, m € N). (3.7)
By the definition of the operator B, integration-by-parts formula (1.3) and equalities (1.4), we have

B(Hp, Ap)(t) = / Ho(1)dAm (1) = Y diHp(7) - diAm(7) + Y daHon(7) - daAp(7)

a<t<t a<t<t

= Y Hu(r)diAn(T)+ D Hp(7)deAm(7) = > diHp(7) - diAm(7)

a<t<t a<t<t a<t<t
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+ > dpHp () daAp(r) for tel (meN).

a<t<t

Therefore

B(Hp, A (t) = Z Hp (Tim—) d1 A (Tim) + Z Hy (Tim+) d2 A (Tim)  e(m € N).  (3.8)
a<Tim <t a<Tim<t

Analogously, we show that
(Hma fm E Z Hp, sz dlfm(Tim) + Z Hm(Tier) dem(Tim) (m € N) (39)
a<tim <t a<Tim<t
Let
Hyp (k) = Hy(Tom—)  and  Hop (k) = Hp(Tem) (K € Ny, m € N).
Then due to (3.7), we get
Hyp(k) = Hy(Tk—1m~+) and  Hy (Tem+) = Him(E+1) (m eN).

From this and equalities (3.8) and (3.9), using equalities (3.4) and (3.5), for every natural m and
k € N,;,, we obtain

B(Hm,A Z Hlm Glm Z Hlm ’L+1)G2m( )
a<Tim<t a<Tim <t
k—1
= ZHlm(i)Glm(i) + Y Hip(i+1)Gam(i) for t € Iy,
P =0
k—1
B(HmaA Tkm ZHlm Glm +ZH1m(Z+1)G2m(z)7
=0
B(Hp, f)(t) = Z Him ()g1m () + Y Him(i+ 1)gam (i)
a<Tim <t a<Tim<t
k—1
= ZHlm(i)glm(i) + Y Him(i + 1)gam(i) for t€ Iy,
3 =0
k—1
B(Hmafm Tkm ZHlm glm +ZH1m(l+1)92m(7f)
1=0

So, for every m, we have the equalities

B(Hm’Am)(t) EBm(H1m7G1m7G2m)(t)’ B(Hmvfm)(t) EBm(Hlmaglmvg2M)(t)§ (3'10)

d;jHp,(t) = d; B(Hum, An)(t) = Onxn, d;iB(Hp, fm)(t) =0,

for te€I\{mom,---,Tmm} (G=1,2); (3.11)
lem(Tkm) = Hopm (k) — Hlm(k), doHp (Tiem) = Him (k + 1) — Hop(k),
dlg(Hm,Am)(Tkm) = Hlm(k‘)Glm(k‘), ng(Hm, Am)(Tkm) = Hlm(k‘ + 1)G2m<k‘) (3.12)

Hence, by (3.10)—(3.12), using (1.4), for every m, we conclude that

t

T(Hp, A (1) = / A(Hyn(7) + B(Hpm, A)(7)) - HiA(7)

> di(Hu(Tim) + B(Hm, An) (Tim)) - Hyy (Tim)

a<Tim<t

+ Z d2 7—7.m +B(Hm7A )(Tlm)H;L1<Tlm)

a<Tim<t
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k—1
=Y (Hom(i) = Him(8) + Him (i) G1m(4)) - Hap (1)
-
+ ) (Him(i 4 1) = Hom (i) + Him (i + 1)Gon (3)) - Hapt (i) for t € Ipm.
=0
Therefore
T(Hp, A)(t) = Lo (Him, Hy b Gy G ) (1) for ¢ € Iy (m=1,2,...). (3.13)
Similarly, we show
I(Hp, An) (Them) = o (Hims, Hy, b, Gy Gom) (Tem)  (m=1,2,...). (3.14)

Let now ¢, € E(Npm; R™) and @ (k) = @ (Tem) (m = 1,2,...). Then, as above, we conclude that
¢

/dI(Hm,Am)(T) o (T) = T (Him, Hyy Uy Gy Gon ) () (m=1,2,...). (3.15)

a

By (3.10), (3.13) and (3.14), the conditions of Theorem 2.1 coincide with the conditions of

Theorem 1.1, respectively. In addition, according to Lemmas 3.1 and 3.2, Theorem 2.1 has the
form of Theorem 1.1. So, Theorem 1.1 is proved.

Owing to Lemmas 3.1, 3.2 and equalities (3.6)—(3.15), we conclude that Theorems 2.2-2.4 have the

forms of Theorems 1.2-1.4, and Corollary 2.1 has the forms of Corollary 1.1, respectively.

10.
11.
12.
13.
14.
15.

16.

17.

Proposition 1.1 is a realization of Proposition 2.1 for the considered difference case.
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