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TWO-WEIGHT CRITERIA FOR MULTIPLE FRACTIONAL INTEGRALS IN
MIXED-NORMED LEBESGUE SPACES
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Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. Two-weight norm estimates for multiple fractional integral operators are established in
the mixed-normed Lebesgue spaces. As a consequence, we have a complete characterization of the
trace inequality for a strong fractional maximal operator M. Fefferman—Stein type inequality for
M- is also derived. Finally, we present one-weight characterization for multiple Riesz potential
operator in mixed-normed Lebesgue spaces.

1. PRELIMINARIES

Our aim is to study the two-weight norm inequality
HV(M?f)HLTf gCHWfHL?’ 7:: (q17~"7Qn)7 ?:: (pla"'apn)a (1)

where L7 and L7 are the mixed-normed Lebesgue spaces defined on R?*", M is the strong fractional
maximal operator and V and W are weight functions on R?**". Here, under the symbol R**" we mean
an n-fold Cartesian product of R?, i.e., R¥*" := R? x ... x R,
If = (p,...,p), then L7 coincides with the classical Lebesgue space LP(R*™).
As a consequence, we have a complete characterization of the D. Adams-type [1] trace inequality
HV(MEJ)HL? = CHfHL? (2)
for strong fractional maximal operator M- .

Throughout this note, by the symbols 7 and ¢ we mean n— tuples (n > 1), 7 = (p1,...,Pn)
and ¢ = (q1---,Gn), respectively. The relation 7 < ¢ means that p; < gq; for every j =1,...,n.
The identity cp(?, q, ..., 3) = 0 means that ¢(p;,q;,...,a;) =0, =1,...,n. We also assume that
7 =,....0.), where p); = pfﬂl, j=1,...,n.

The space L?, 1< ? < 00, is defined with respect to the norm

lellz = H‘PHL?(Rdxn) = HH T H‘pHLm(Rd) T HLP"—l(Rd)HLP”(Rd)

Rd

P2 Pn 1
P1 Pn—1 Pn
/ lp(z1, ... ,a:n)|p1da:1} .- -da:n_l} dajn}
]Rd

which is reflexive, and its dual space is L7, For this and some other essential properties of the
space LP we refer, c.g., to 2].
It is easy to see that in a particular case, where p(z1,...,2,) = @1(21) ... pn(xy), we have

n
||90||L7(Rd><") = H H(pj”ij(]Rd)-
j=1

For f € Lipe(R?¥*™), a strong fractional maximal operator M is defined as follows:
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1
(M= f)(x1,...,2,) = sup / lf(y1y- - yn)ldyr - . . dyn,

n 1=
Hj:l |Q;|' 1% xQn

where the supremum is taken over all cubes Q; C R? with sides parallel to the coordinate axes such
that z; € Q;, 7 =1,...,n, oq = (1y...,a).
It can be checked immediately that there is a positive constant C3 ,, 4 such that for f >0,

(M3 f)(w1,.. . 2n) < Cg pallg )@, 20),

where I3 f is the multiple fractional integral operator given by the formula

f(yla"'ayn)
Iz (@1, .yzn)= [ - - _d—ajdyl"'dz"'
]R[ R[H vl

j=1 |z —

The one—weight problem for the classical fractional maximal operator

(Mo () = s0p o Q/ )y, 0<a<d, zeR

was solved by B. Muckenhoupt and R. L. Wheeden [6] under the so-called Muckenhoupt-Wheeden
condition. For the solution of the two—weight problem for M, under various type of conditions we
refer to [7,8] (see also monograph [3, Ch. 4]).

The two-weight problem for the operator M= in the case p; =- - -= p,, was studied in [4]. The com-
plete characterization of the one-weight problem for the strong Hardy—Littlewood maximal operator
for multiple weight w(x1,...,2,) = wi(x1) ... wy(z,) was obtained by D. Kurtz [5].

2. MAIN RESULTS
To formulate the general statement of this note, we need the following

Definition 2.1. Let D be a dyadic grid in R?. We say that a weight function p on R¢ satisfies
the dyadic reverse doubling condition (p € RD?%(R?)) if there is a constant C' > 1 such that for all
Q,Q' € D with Q' C Q, |Q| = 2%|Q'|, the inequality

C’/p(x)dxg /p(a:)d:v
Q' Q

holds.
Definition 2.2. We say that 7 < ¢ if 1 < max{p;}}_; < min{g;}}_; < oo. Further, we say that
1< 7 <ooifl <min{ry,...,r,} <max{ry,...,r,} < oc.
Theorem A. Let 1 < P < ¢ < 0o and let V and W be the weights of the functions on RI*™,
provided that W (zy,...,x,) = [[}_; Wj(z;) with Wj_pj € RD[RY), j = 1,...,n. Then two-weight
inequality (1) holds if and only if

supQ HXQl(ml) v xon @)V (21, ..., 2)

1syee-

L7

%[ x@u (@) - x@u (@)W @, w)

n
25
L?/H|Q3|d 1<OO.
j=1

Theorem A implies the following statements.

Theorem B (Characterization of the trace inequality). Let 1 < ? < 7 < oo and let V' be a weight
function on RYX"™. Then the trace inequality (2) holds if and only if

n af_}_L
e <o
j=1

supQ HXQ1 (1) ... xQ, (@n)V (21, ..., 2p)

1
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Theorem C (Fefferman—Stein inequality). Let 1 < ? = 7 < 00, a < %, and let V' be weight

function on R¥™. Then the following inequality
[vomn],, <clr6m22v,,

holds, where Myj,gg is the fractional mazimal operator having the form

M- 1
(M?777E)V)((E1, s 7xn) = 8Sup T EE——

1%
[T 1@l *
j=1

~

‘XQl(xl) cooxon @)V, .. 2, ‘L?

and the supremum is taken over all cubes QQ; C R? with sides parallel to the coordinate axis such that
Z; EQj,j:L...,n.

Finally we formulate the one-weight characterization for operators M- and I4:

Theorem D (One-weight characterization). Let 1 < ? < 00, % — % = %. Let W (21, 29,...,2,) =

Wi (1) ... Wy (x,), where W; are weight functions on R, j =1,...,n. Then the following statements
are equivalent:
(i) the one-weight inequality

i, <clwel.

L7
holds;

(ii) the one-weight inequality

[l < clwi],,

L7
is fulfilled:;
(iii)

sup HXQl(atl) e Xon (@)W1, ... 2y -
< Qn L

1,

n
_ 25
% xau @) xe @)W @) TR < o0
j=1
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