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WEIGHTED ESTIMATES OF THE UNILATERAL POTENTIALS

STEFAN SAMKO'2 AND SALAUDIN UMARKHADZHIEV?2:3:4

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. We consider weighted unilateral ball potentials with radial quasi-monotone weights, as
well as unilateral potentials related to the half-space R”, with quasi-monotone weights depending on
zn > 0. We give the sufficient and, in some cases, necessary conditions for the LP — L?-boundedness
of these potentials.

For some subclasses of quasi-monotone weights, we prove a pointwise estimate of the weighted
potentials via the non-weighted potential and the weighted Hardy operator, which may be used for
an arbitrary Banach function space with the lattice property.

1. INTRODUCTION

We study weighted estimates for the so-called unilateral potentials, called also one-sided potentials.
There are known two versions of the unilateral potentials. One is known as “ball potentials” and
defined as

2 | 2\a
R B i A L (1)
lyl<|z|
and , ,
B%f(x) = Wf (y) dy, a > 0. (1.2)
ly|>|z|

They were introduced in [12,13], see also [15] and [16]. The main objective of the study in [12-15]
and [16] was to obtain the inversion to the operators B} and B® and, consequently, to the Riesz
potential, due to the factorization formula provided below (see (1.6)). Ball potentials were also
studied in [7], where for the potentials B¢ and B® with respect to an arbitrary measure there were
found the necessary and sufficient conditions for the boundedness and compactness from LP to L9,
1<p<oo,0<qg< oo, in the case a > 2. We also refer to [23], where some remarks on the ball
potentials in variable exponent Lebesgue spaces may be found.

Another version is related to the half-space and defined by
ya
I2f(x) = [

ly["
R7l

+

fleFy)dy, xR, (1.3)

where R = {z € R" : x, > 0}. In [14], the operators, inverse to /¢, were constructed. The operators
(1.3) probably first appeared in [1]. Note that I$I% coincides with the Riesz potential operator I 2a
up to a constant factor.

We consider slightly modified ball potentials in a weighted form:

w(lz) / (l* — ly[*)

w(lylle =yl

BY ., f(z) = f(y)dy (1.4)
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and ) )
(Iy|” = =)™ f ()
B S () = u(le) [ R (1)
’ w(lyl) |z =yl [y
lyl>lz|
and we write B := Bg . Note that
T lw=1
BYB* = C(n,a)*, (1.6)

where 12“ is the Riesz potential operator and C'(n, ) is a certain constant (see [15]).

We also study certain weighted versions of the unilateral potentials related to the half-space.

Since the potentials (1.4) and (1.5) are dominated by the corresponding weighted Riesz potentials
(cf., (2. )) the weighted ball potentials (1.4) and (1.5) are bounded, e.g., from L?(R™) to L(R"),
1 = ]% — 2,1 <p < Z,if the weight serves for the Riesz potential, i.e., is, for example, governed
by the known results due to B. Muckenhoupt and R. Wheeden (see [§] and [9]). However, the class
of weights admissible for such a boundedness of the ball potentials is larger due to the unilateral
nature of these potentials. A complete characterization of weights for ball potentials in the general
case seems to be an open problem. In the case of radial weights, we provide the conditions on weights

for the boundedness of the ball potentials from LP to L9, % = % — =. The L” — LP-boundedness
with power weights, as a consequence of the Stein—Weiss theorem [22] for the Riesz potentials, was
observed in [15].

We use radial quasi-monotone weights and Matushewska—Orlicz indices of such weights, in partic-
ular, we use the classes V; and V_ introduced in [17], which are the subclasses of quasi-monotone
weights (see Lemma 2.6). In the case of quasi-monotone weights, when the Matushewska—Orlicz
indices of the weights at the origin and infinity coincide with each other, we provide the sufficient
conditions in terms of the upper (lover) Matushewska—Orlicz index and the necessary conditions in
terms of a lower (upper) index for the operator B ,, (B% ,, respectively,) (see Theorem 3.5).

For the weights w € Vi we prove a pointwise estimate of IB ¢ » viaBY and weighted Hardy operators,
under the corresponding sign (see Theorem 3.1). This enables us to Conclude that the boundedness of
the Riesz potential I* and the weighted Hardy operator HE ,, imply the boundedness of BE ,, within
the frameworks of arbitrary function spaces on R™, with the lattice property for the target space (see
Corollary 3.2).

In the case of the weight with indices at the origin and infinity, not necessarily coinciding, we give
the sufficient conditions for the L” — L%-boundedness (see Theorem 3.6).

We also obtain similar results for some versions of the unilateral potentials related to the half-space
(see Section 4).

2. PRELIMINARIES

2.1. On the unilateral ball potentials. For the ball potentials (1.4) and (1.5) with f(z) > 0,
r € R", we have

Ll (@) <2°L5(f) (@), (2.1)

I f(x) = w(|z) / Iy dy
Iyl |z —y[r—e

where

Proposition 2.1 ([22]). Let w(t) =17, t € Ry. The operator I2 is bounded from LP(R™) to L1(R™),
=1_a ifo — 1 n
I<p<y, E_p = if and only if b <V <
Lemma 2.2. Let1 <p< g, ¢ :%—% and w(t) =t7, t € Ry. Then
n (03 n n
7<]7¢>B+7w:Lp(R ) — LY(R"™) (2.2)

and n
vy>a——<BY  : LP(R") — LY(R"). (2.3)
» :
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Proof. For the sufficiency part = it suffices to apply Proposition 2.1 and take into account that
m: <1 for v <0, when |y| < |z| and for v > 0 when |y| > |z|.
For the necessity, note that the conditions v < ﬁ and v > a — % are just necessary for the

convergence of integrals defining BY , and B2, respectively, for all f € L? (R™). O

—,w?

Our goal is to obtain an extension of statements (2.2) and (2.3) to the general case of non-power
weights.

2.2. Classes of weights. We consider radial weights w, which serve as a weight only at the origin
and infinity. More precisely, we suppose that

0 < inf t) < t) < oo, 2.4
5<1§1<Nw()_6§tlng() 00 (2.4)

for all §, N € (0, 00).
Definition 2.3. A function w, satisfying condition (2.4), is called quasi-monotone, if there exist
ag, by € R such that w(t) w(t)

7o 18 almost increasing (a.i.) and =55
origin and there exist ao0, boo € R such that

is almost decreasing (a.d.) near the

v(® s ai. and 41

oo 7 is a.d. at infinity.

We need some subclasses of quasi-monotone functions.

Definition 2.4. By U, we denote the class of functions w, satisfying condition (2.4), such that w is
increasing and there exists b > 0 such that wt(bt) is decreasing.
By U_ we denote the class of functions w, satisfying condition (2.4), such that w is decreasing and

there exists a < 0 such that “;(f)

is increasing.

We use the classes Vi of radial weights introduced in [17]. Below, we follow the notation and
definitions as in [19].

Definition 2.5. By Vi we denote the classes of functions, satisfying condition (2.4) defined by
v e —w) i)

[t — 7] ty (2:5)
y e® el we) (2.6)
|t =7 b

where t,7 € (0,00), t # 7, and t4y = max{¢,7}, t_ = min{¢,7}.

It is easy to check that
t"eVievy>0andt” e Vo & v <0.

The following properties of the classes V:

1
weVie —cV weView eViandwe Vo sw’ eV
w

hold for any v > 0 and
veVi,veVi=weViandueV_,veV_=uwelV_.
The following lemmas provide a modification of Lemmas 2.10 and 2.11 in [17].

Lemma 2.6. Ifw € V., then
14) w is a.i.

" (v 0
w(t) , w
2.) promi decreasing < w'(t) < C’+T;
if we V_, then
1) w is a.d.
and

t
2.) t9w(t) is increasing < —CL? <w'(t) <0,

where Cy are the constants from (2.5)—(2.6).
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Proof. Let w € V4 and 0 < 7 < t < oco. By (2.5) we have: w(r) < w(t) + |w(t) — w(r)| <
w(t) + C1 5w(t) < (1+ Cp)w(?), ie., wis ad.

In view of (2.4), the function w is Lipschitzian at any interval (4, N) and, consequently, has the
derivative a.e. on R,. Passing to the limit in (2.5) as 7 — ¢, we get

t
W' (t) < c+$.

Hence t~“+w/(t) — C1t~%+~1w(t) <0, i.e., t~+w(t) is decreasing.

The proof of the properties 1_) and 2_) for w € V_ is similar. O

From Lemma 2.6, it follows that the functions w € V_ U V. are quasi-monotone.
Note that the conditions of Lemma 2.6, necessary for w to be in V., are very close to the sufficient
conditions of the next

Lemma 2.7. Let w satisfy condition (2.4).
1. If w is increasing, then

w(t)

w € V+ =4 w’(t) S VT a.e. (27)

for some v > 0.
2. Ifwv is decreasing, then
/ w(t)
weV_suw(t)> v ae (2.8)
for some v > 0.

Proof. Let 0 < 7 <t < co. For 1 we have to prove that

t) — t
tl () < vu(t) & LW =w0 _ wlt), (2.9)
t—T1 t
We have
tw'(t) — vt w(t t
tw'(t) <vw(t) & wit) tQVV w(t) <0& % is decreasing
o w(t) < w(T) o w(T) > i@li w(T) < 177;” w(t) — w(T) < v — 71V
tv T w(t) — w(t) tv w(t) tv
To arrive at (2.9), it remains to note that
t—7 _tY—1Y t—T1
c1 < < co , v>0.
t 4 4
The proof of the equivalence in 2 is similar. O

Corollary 2.8. UL C Vi and U_ C V_.

A verification of conditions (2.5)—(2.6) for w € V4 is essential in a sense only near the origin and
infinity, as is shown in the next

Lemma 2.9. Let (2.4) hold. If w satisfies condition (2.5) ((2.6), respectively,) in the intervals (0, o)
and (Ng, 00) for some 09, Nog € Ry, and w is Lipschitzian on [0y, No|, then w € Vi (V_, respectively).

Proof. Consider the case of V. Let 0 < 7 < t < co. In view of the validity of (2.5) on (0, dy) and
(Np, 00), it suffices to treat the cases: 1) 7 < dg, dp < t < Np; 2) dg < t < No, t > Np; 3) 7 < do,
t > No; 4) 7,t € (09, Np). The case 4) is obvious in view on (2.4) and the Lipschitz condition. The
arguments for the cases 1)— 3) are straightforward. O

The following corollary is derived from Lemmas 2.7 and 2.9.
Corollary 2.10. The function

o= {2t

tP> [In (et)

o 0<t<;
7, t>0
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belongs to the class Vi or V_, if one of the following condition holds under the corresponding choice
of the sign +:
+60 >0, +Ls >0 and Y9,V € R;
Bo=0, +Boo>0 and v >0, v €R;
+60 >0, Boo =0 and v9 €R, =7, >0;
Bo =P =0 and +~y >0, 75 > 0.

2.3. On L? — L%%-boundedness of multidimensional Hardy operators. We use the Hardy
operators

HE o fa) = lafmuel) [ 2
lyl<|z|
and f(y)d
. — wlle _ J\Wey
HE , f() = w |>| | / o)

with radial weights.
The one-dimensional versions of the operators H{ ,, and H?  are considered in the classic way:

—w

H+f(x):/f(t)dt and H,f(x):/f(t)dt,:veR+.
0 x

Recall the definition of the classes of pairs of weights, appropriate for the LP? — L9-boundedness of
one-dimensional Hardy operators (see [5, p. 6-7]):

1

B, = {(u,v) : sup <7u(t)dﬁ>é (/Tv(t)l_p/dt>p/ < oo}, (2.10)
Ty 0

1

B, = {(u,v) s <O/Tu(t)dt>; (]ov(t)lp’dt> "o oo}. (2.11)

The following proposition is derived from Corollary 3.3 in [21] after some recalculation.

Proposition 2.11. Let 1 < p < o0, 0 < a < %, % = % — &. The operators HY ,, and HZ ,, are
bounded from LP(R™) to L1(R"™), if
(g tHlammay ) (= DAPy()P) € B, (2.12)

and

(" rw(t), e DT hy()P) € B, (2.13)
respectively.

Let
mo(w), Mo(w), Meo(w) and My, (w) (2.14)

be the Matuszewska—Orlicz indices [6] of w (see their definition and properties in Appendix
(Section 5)).

Theorem 2.12. Let u,v: Ry — Ry be quasi-monotone functions such that

1
supré+?1’u<r)j < 00. (2.15)
>0 1)(7')5

Then the conditions

max{Moy(u), Moo (u)} < =1 and max{My(v), Ms(v)} <p—1 (2.16)
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imply the inclusion (u,v) € B, and the conditions

P.q’
min{mg(u), Mmoo (1)} > =1 and min{mgy(v),me(v)} >p—1 (2.17)

yield the inclusion (u,v) € B, .
Proof. The quasi-monotonicity of the functions u and v allows us to use the properties (5.12)—(5.15)

of such functions under the corresponding conditions on the indices, which enable us to dominate the
integrals involved in (2.10) and (2.11). Thus

/u(t)dt < Cru(r),
if max{Mo(tu(t)), Moo (tu(t))} < 0, i.e., max{Mo(u), Ms(u)} < —1 by the properties (5.7) and (5.8).

Similarly,

/v(t)l_p/dt < Crv(r)l_p/,
0
if min{mo(tv(t)* "), meo (tv(t) 7))} = 1 — (p' — 1) max{My(v), Mso(v)} > 0, where the properties
(5.9)—(5.11) have been used.
As a result, we arrive at the statement of the theorem for the class BI‘; ¢
The arguments for the case of B, are similar. O

3. ESTIMATES FOR WEIGHTED UNILATERAL BALL POTENTIALS
3.1. Pointwise estimates.

Theorem 3.1. Let « > 0 and f(x) > 0. Then

B o f(z) < 1B f(2) + caHS [ (), (3.1)
if either w is a.d. or w € V., and
BY ,f(z) < B f(z) + coH? , f(2), (3.2)

if either w is a.i. or w € V_, where ¢; > 0 and c2 > 0 do not depend on x and f.

Proof. If w is a.d., inequality (3.1) is trivial. Let w € V. We have

B, f(x) = 1 /Mf(y)dy

) W\ [<|z| el
1 w(lz]) —w(lyl) 12 102\®
o /| S (o i) s )
[eY g w(|x\) T — yl|® 1—-n

If « > n—1, then |z — y|otl—" < 2aFl=n|g|atl=n and in this case we already have to estimate
the last term in (3.3) by HY , f.
Let @ < n — 1. Denote the last term in (3.3) by ]B%‘_T_}ij The operator
o o 1 fy)dy
IB%+’1f(x) = IB%+’j*’f‘w—1 - / oy

=1 o |z — y|nmot
lyI<lzl

is dominated by B f. Therefore

w(|z]) —w d
BS , f(z) ScllB%‘j‘_f(a;)_F% / { L))('yl)(lyl) - f(yyzlyal

ly|<|z|
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Applying (2.5) in the last term above, we obtain

o a c w(lz|)  fy)dy
BLuf(o) S B30+ o [ STt

ly|<|z|
Repeating this procedure in total N times, where N is the least integer, not less than n — «, we arrive
at (3.1).
The proof of estimate (3.2) is similar. O

Corollary 3.2. Letw € V_UV, and X andY be the function spaces on R™ and Y satisfy the lattice
property. Let I¢ be bounded from X to Y. Then the operator BY ,, (B2 respectively) is bounded

—,w"
from X to'Y, if the Hardy operator HS ,, (H? ,, respectively) is bounded from X to'Y.
3.2. Weighted norm estimates.

Theorem 3.3. Let 1 <p< oo, 0<a< % and % = . If either w is a.d. on Ry, orw € Vy and

Tp
satisfies condition (2.12), then
IBS o fllLany < el fllLr@n)-
If either w is a.i. on Ry, or w € V_ and satisfies the condition (2.13), then

IBE . fllany < cllfllzegn).-
Proof. The statements of the theorem follow from Theorem 3.1 and Proposition 2.11, taking into

account that ZE{ZB < C for |y| < |z|, if w is a.d., and Z’)EEB < C for |y| > |z|, if w is a.i. O

Below, we provide more explicit conditions for the weighted LP — L%-boundedness of the potentials
BY ., formulated in terms of the Matuszewska—Orlicz indices of the weight. To this end, we first shed
some light on these indices of functions in the classes V..

Theorem 3.4. Indices (2.14) lie in the interval [0,C4] if w € V4, and in the interval [-C_,0] if
w € V_, where Cy are the constants from (2.5)—(2.6).

Proof. Let w € V4. Then by Properties 1) and 2, ) of Lemma 2.6 and (5.3)—(5.5), we have
mo(w) =0, Moo(w) =0

and
My(w) < Cy, Ma(w) < Cy.

The arguments for w € V_ are similar. O

Returning to the operators BY ,,, we first consider the case, where the indices at the origin and
infinity coincide with each other:

mo(w) = Meo(w) =: m(w) and My(w) = Moo (w) =: M(w). (3.4)
In this case, we even do not need the pointwise estimates (3.1)—(3.2) and, consequently, the requirement

for the weight w to be in the class V; or V_.

Theorem 3.5. Let 1l <p< oo, 0 <a< %, % = % — o and w be a quasi-monotone function on R.
The condition M(w) < 37 is sufficient and the condition m(w) < 7 is necessary for the boundedness
of the operator B ,, from LP(R™) to LYR"). The condition m(w) > a — % is sufficient and the

condition M (w) > a — % is necessary for such a boundedness of the operator B .

Proof. From (5.3)—(5.6), it follows that
m(w)—e M(w)+e

|yl w(lyl) Yl

where € > 0 may be chosen arbitrarily small and C; = C;(g),i = 1,2. Consequently, for f(x) > 0, we
have

C1BS . f(2) <BY ,f(x) < OB, /() (3.6)

w(|z|)=|z|mw) —e w(|z])=|a|Mwe
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By Lemma 2.2, the operator B+w‘ is bounded from LP(R"™) into L%(R™) if

w(|z])=|z|Mw)+e
Mw)+¢e < ﬁ. Since € may be chosen arbitrarily small, this proves the sufficient condition for
the operator B} ,

In view of (3.6), the boundedness of Bi,w‘ (el is necessary for that of B} . This implies

that the operator BS is at least well defined on the whole space LP(IR™). This is only

w(|z)=|z|[mw)—e
1 o(R™) for all f € LP. Hence W € LlOC(R”), ie, m(w) —e < J; for all
e >0, Wthh completes the proof for the operator BY ,,
The arguments for the operator B , are similar. O

possible if )Ny )

"m(w) e

,W

In the next theorem, for the case of indices, different in general, at the origin and infinity, we use
the classes Vi of weights.

Theorem 3.6. Let p,q and o be as in Theorem 3.5.

If either w is a.d., or w € V4 and max{My(w), Moo (w)} < g7, then the operator BY ,, is bounded
from LP(R™) into LY(R™).
If either w is a.i., or w € V_ and min{mo(w), me(w)} > a— 7, then the operator B , is bounded

from LP(R™) into LY(R™).

Proof. For the operator BY ,,, we have to check that (u,v) € By, where u(r) = rn=tHe=may(y)a

and v(r) = r(»=DA=Ply(r)P according to Theorem 3.3. To this end, we use Theorem 2.12. Condition
(2.15) holds, since
u(r)s
(r)¥
The sufficiency of the conditions max{Mo(w), Moo(w)} < 7 is derived from (2.16) by means of
properties (5.7)—(5.11).

In the same way, the operator B*

-

JF

Q=

T 1.

<

. may be considered. O

4. ESTIMATES FOR WEIGHTED UNILATERAL POTENTIALS RELATED TO THE HALF-SPACE

We consider the weighted unilateral potentials for the half-space in the following modified form:

154w f (@) = w(zn) mf(y)dy, z €RY (4.1)
YER™:0<yn <xn "
and ( o
1, f(x) = wwn) / mﬂy)dy, z €R. (4.2)

yER™yn >ay

4.1. Pointwice estimates of potentials (4.1) and (4.2) via one-dimensional Riemann-Liouville
fractional integrals.

Theorem 4.1. Let 0 < o <n and f(x) >0, x € R} and let w be a weight on Ry.. Then

Ty

@) < w(en) [ M 0> 0 (43)
and N

12 f(a )<w(xn)/m, n >0, (4.4)
where

[, t)dy’
9(@'st) = / g © T @)
Rnfl
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is the Riesz potential of f(-,t) over R"™! of order B = "T_la.

Proof. We use the so-called du-Plessis trick (see [10] or [20, p. 588]) of separation of coordinates, but
modify it as follows. By the inequality a + b > a*b!=* for a > 0, b > 0, A € [0, 1], we have

o =yl = (12" =y P +|on —yal)E > Jon — yal V2" -y P
where A € (0,1) will be chosen below. Consequently,

Tn (1— A)n

I f () < O/ (o~ %n 1 [ iy,
Now, we choose A so that N
—(1—)\)n:g—17
which yields
/\n:—(n—l)(n—a) =n—1-p
and proves (4.3). The proof for (4.4) is the sar?le. O

Thus the potentials I, ,, f and I f are dominated by the one-dimensional fractional integrals.
Recall that the following classical resalt is known (see [2] and [20, Theorem 5.4]).

Proposition 4.2. Let 1 <p < é Then the operators

[G) 62 it ) 2w,

1 1

are bounded from LP(Ry) to LY(Ry), = = 5 —a, if and only if v < i and vy > a — -, respectively.

1
q
4.2. The case, where the indices at the origin and infinity coincide with each other.

Theorem 4.3. Let 1 <p < 2, ; = - — % and w be a quasi-monotone function on Ry, for which

(3.4) holds. The conditions M(w) < % and m(w) > & — % are sufficient for the LP(R}) — LI(R")-
boundedness of the operators I§, ., and 12, respectively.

D =

Proof. Denote h(2',t) := I, ,,f(z). Applying the L9(R™1)-norm with respect to z’, by Minkowski’s
inequality, we obtain

n— dt
||h('axn)”Lq(Rnf1) < Cw /”f HLP(R 1)

704 )
xn—t

where we took into account that g(z’,t) is the Riesz potential of f(-,t) over R"~1, and applied Sobolev’s
theorem with the exponent % = 1% — % = % — <. By property (3.5), we then have

T 2y M@ (8o
[ACs Zn)llLa@n-1) < C/ (T) ﬁ)(,)dt

0
It remains to apply Proposition 4.2. O

4.3. The case of not necessarily coinciding indices.

Theorem 4.4. Let 1 <p<Z, q:%
If either w is a.d., or w € Vi and max{Mp(w), Moo (w)} < 1%’ then the operator Ig, ,, is bounded
from LP(R") into LI(R?}).
If either w is a.i., or w € V_ and min{mq(w), me(w)} > & — =, then the operator I, is bounded
from LP(R") into LI(R?).

_«
p
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Proof. By Theorem 4.1, it suffices to prove the boundedness of the operators on the right-hand side
of (4.3) and (4.4). Consider the operator I§, ,, and assume that w € V. and f > 0. Then

w(xn) _\e-1 I
[ =0t
0
T RN a1 Jmw(xn) +
<b/(xn t) g(z', t)dt + Crzy; O/w(t) g(z', t)dt.

We arrived at the non-weighted fractional Riemann—Liouville operator and the weighted Hardy oper-
ator, after which the proof follows the same lines as in Theorem 3.6. 0

5. APPENDIX: ON MATUSZEWSKA—ORLICZ INDICES

We follow the presentation of the properties of Matuszewska—Orlicz indices in [3], [4, Section 2.2.2],
[11, Appendix], [18, Appendix], [19, Appendix].
The Matuszewska—Orlicz indices are defined as follows:

———w(ht) ——w(ht)
o) wp MUEBEER) () 6)
0 o<t<1 Int ’ 0 t>1 Int ’ '
w(ht) . w(ht)
Moo (W) = sU —1 (hlggc ) ) My (w) = inf —ln (hlggo ) ) (5.2)
> N t>§ Int ’ e St Int :
It is known that
t
mo(w) = sup{\ €R: wfg is a.i. on (0,1)}, (5.3)
My(w) =inf{A e R: ()\) is a.d. on (0,1)}, (5.4)
t
Meo(w) =sup{\ €R: % is a.i. on (1,00)}, (5.5)
. w(t) .
My (w) =inf{A e R: i a.d. on (1,00)}, (5.6)
so, the quasi-monotone functions have the following finite indices:
—o00 < mp(w) < Mp(w) < +o0 and — 00 < Meo(w) < Moo (w) < 400.
The following properties hold:
mo(t®w(t)) = a+ mo(w), Mo(t“w(t)) = a+ My(w), «o€R, (5.7)
Moo (tW (1)) = @+ Mmoo (w), Mo(t“w(t)) = a+ Mo(w), «a€R, (5.8)
mo(w®) = amp(w), Mo(w®) = aMy(w), «>0, (5.9)
Moo (W) = Moo (W), Mo(W*) = aMe(w), a>0, (5.10)
1
(w) = —Mo(w), moc(+-) = ~Mu(w), (5.11)
t)
Cw(r) for 0 <r <1, if mo(w) >0, (5.12)
0

/@dt < Cu(r) for 0 <r <1, if Mo(w) <0 and My(w) <0, (5.13)

T



WEIGHTED ESTIMATES OF THE UNILATERAL POTENTIALS 257

and

/@dt < Cw(r) for r>1, if me(w) >0 and Mmeo(w) >0 (5.14)
0
T w(t) .
Tdt < Cw(r) for 7> 1, if My (w)<0. (5.15)
ACKNOWLEDGEMENT

In the case of both the authors, the research was supported by TUBITAK and the Russian Foun-

dation for Basic Research under the grant No. 20-51-46003.

of
of

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

In the case of the second author the research was supported by the Regional Mathematical Center
the Southern Federal University with the support of the Ministry of Science and Higher Education
Russia, agreement No. 075-02-2023-924 dated 02/16/2023.

REFERENCES

.G L I:Eskin7 G. L Eskin, Boundary Value Problems for Elliptic Pseudodifferential Equations. (Russian) Nauka,
Moscow, 1973.

. G. H. Hardy, J. E. Littlewood, Some properties of fractional integrals. I. Math. Z. 27 (1928), no. 1, 565-606.

. N. K. Karapetiants, N. G. Samko, Weighted theorems on fractional integrals in the generalized Holder spaces via
indices my, and My,. Fract. Cale. Appl. Anal. 7 (2004), no. 4, 437-458.

. V. Kokilashvili, A. Meskhi, H. Rafeiro, S. Samko, Integral Operators in Non-Standard Function Spaces. vol.
1. Variable exponent Lebesgue and amalgam spaces. Operator Theory: Advances and Applications, 248.
Birkh&user/Springer, 2016.

. A. Kufner, L. E. Persson, N. Samko, Weighted Inequalities of Hardy Type. Second edition. World Scientific Pub-
lishing Co. Pte. Ltd., Hackensack, NJ, 2017.

. W. Matuszewska, W. Orlicz, On some classes of functions with regard to their orders of growth. Studia Math.
26 (1965), 11-24.

. A. Meskhi, On the boundedness and compactness of ball fractional integral operators. Fract. Calc. Appl. Anal.
3 (2000), no. 1, 13-30.

. B. Muckenhoupt, R. L. Wheeden, Weighted norm inequalities for fractional integrals. Trans. Amer. Math. Soc. 192
(1974), 261-274.

. B. Muckenhoupt, R. L. Wheeden, Two weight function norm inequalities for the Hardy-Littlewood maximal function

and the Hilbert transform. Studia Math. 55 (1976), no. 3, 279-294.

N. du Plessis, Some theorems about the Riesz fractional integral. Trans. Amer. Math. Soc. 80 (1955), 124-134.

H. Rafeiro, S. Samko, On embeddings of Morrey type spaces between weighted Lebesgue or Stummel spaces with

application to Herz spaces. Banach J. Math. Anal. 15 (2021), no. 3, Paper no. 48, 19 pp.

B. S. Rubin, Unilateral Ball Potentials and the Inversion of Riesz Potentials Over an n-dimensional Ball and its

Eaxterior. (Russian) Deponierted in VINITI, Moscow, no. 5150-84, 1984.

B. S. Rubin, Inversion of Riesz potentials on an n-dimensional ball and its exterior. (Russian) Izv. Vyssh. Uchebn.

Zaved. Mat. 1985, no. 6, 81-85, 88.

B. S. Rubin, One-sided potentials, the spaces Ly . and the inversion of Riesz and Bessel potentials in the half-space.

Math. Nachr. 136 (1988), 177-208.

B. S. Rubin, Fractional integrals and weakly singular integral equations of the first kind in the n-dimensional ball.

J. Anal. Math. 63 (1994), 55-102.

B. S. Rubin, Fractional Integrals and Potentials. Pitman Monographs and Surveys in Pure and Applied Mathemat-

ics, 82. Longman, Harlow, 1996.

N. G. Samko, Weighted Hardy and singular operators in Morrey spaces. J. Math. Anal. Appl. 350 (2009), no. 1,

56-72.

N. G. Samko, Weighted Hardy operators in the local generalized vanishing Morrey spaces. Positivity 17 (2013),

no. 3, 683-706.

N. G. Samko, Weighted boundedness of certain sublinear operators in generalized Morrey spaces on quasi-metric

measure spaces under the growth condition. J. Fourier Anal. Appl. 28 (2022), no. 2, Paper no. 27, 27 pp.

S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional Integrals and Derivatives. Theory and applications. Edited

and with a foreword by S. M. Nikol’skii. Translated from the 1987 Russian original. Revised by the authors. Gordon

and Breach Science Publishers, Yverdon, 1993.

S. Samko, S. Umarkhadzhiev, Local grand Lebesgue spaces. Vladikavkaz. Mat. Zh. 23 (2021), no. 4, 96-108.

E. M. Stein, G. Weiss, Fractional integrals on n-dimensional Euclidean space. J. Math. Mech. 7 (1958), 503-514.

M. U. Yakhshiboev, Unilateral ball potentials on generalized Lebesgue spaces with variable exponent. In: Differential

equations and dynamical systems, 183—195, Springer Proc. Math. Stat., 268, Springer, Cham, 2018.



258 S. SAMKO AND S. UMARKHADZHIEV

(Received 22.12.2022)

LUNIVERSIDADE DO ALGARVE, PORTUGAL, KH. IBRAGIMOV COMPLEX INSTITUTE OF RUSSIAN ACADEMY OF SCIENCE,
GROSNY, Russia

2KH. IBRAGIMOV COMPLEX INSTITUTE OF RUSSIAN ACADEMY OF SCIENCE, GROSNY, RUSSIA
3 ACADEMY OF SCIENCES OF CHECHEN REPUBLIC, GROSNY, RUSSIA

4REGIONAL MATHEMATICAL CENTER OF SOUTHERN FEDERAL UNIVERSITY, ROSTOV-ON-DON, 344006 RUSSIA
Email address: ssamko@Qualg.pt
Email address: umsalaudin@gmail.com



