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SECOND-ORDER HARDY-TYPE INEQUALITY AND ITS APPLICATIONS

RYSKUL OINAROV™ AND AIGERIM KALYBAY?

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. In this paper, we characterize a new second-order Hardy-type inequality and find a
two-sided estimate for its least constant. As applications of this new inequality, we study oscil-
latory properties of a fourth-order differential equation and spectral properties of a corresponding
differential operator.

1. INTRODUCTION

Let I = (0,00) and 1 < p,q < oo. Let r, v and u be positive functions. Moreover, we assume
that r is continuously differentiable and v, u, r~! and v are locally summable on the interval I,
where p’ = p%' Let C5°(I) be the set of finitely supported functions infinitely differentiable on the

[eS) 1

interval I. Suppose that ||g||p. = ( Ik v(t)\g(t)\pdt> " is the norm of the Lebesgue space L, ,(I).
0

The second-order Hardy inequality has the following form:

(7u(t)f(t)|th>; < c(]ov(t)f”(t)|pdt) L recs. (1.1)

For functions f such that the right-hand side of (1.1) is finite, i.e., | f”|/p,, < 00, we assume that
lim f(¢t) = f(0), lim f'(¢) = f'(0), lim f(¢) = f(o0) and lim f'(¢) = f’(o0) if these limits are
t—0+ t—0+t t—o0 t— 00

finite. Depending on the way of posing boundary conditions f(0) = 0, f/(0) = 0, f(co) = 0 and
f'(00) = 0 at the endpoints of the interval I, the inequality (1.1) was investigated in many papers
(see, e.g., [3,7,8,10,12-14,16,17] and the references given therein). Concerning the current knowledge
of higher-order Hardy-type inequalities we refer to [9, Chapter 4].

We introduce the differential operations D2 f(t) = %r(t)dfd—(tt) and D}f(t) = T(t)dfd—(tt) and consider

the following generalization of the second-order Hardy inequality

(7u<t>|f<t>|%hr)é < c(]ov(t)m?ﬂmpdt) " rear, (1.2

with different combinations of boundary conditions f(0) = 0, DL f(0) = 0, f(o0) = 0 and D} f(c0) = 0,

where lim f(t) = f(0), lim Dlf(t) = DLf(0), lim f(t) = f(co) and lim D}f(t) = D}f(oc0) if these
t—0+ t—0t+ t—00 t—o0

limits are finite. It is obvious that in the case r = 1 the inequality (1.2) turns to the inequality (1.1).

The introduction of an additional weight function can help to handle some singularities that can

not be handled by the existing weight functions. Thus, from the works [11] and [15] it follows that, in

general, for any v providing || f”||,,. < 00, there does not exist exactly one limit at infinity tlggo f@).

At the same time, according to [5], we can find v and 7 providing ||D2f||,, < oo, which guarantee
the existence of exactly one condition at infinity tlim f(t) = f(oo). Similarly, for any v, which gives
— 00
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that || f"”||p,, < 00, there does not exist exactly one finite limit at zero lim+ f'(t). However, we can
t—0

lim D}f(t) = DLf(0).
t—0t

The inequalities (1.1) and (1.2) can be investigated in the case when number of boundary conditions
is exactly two. This case is called the “standard” case because the inequalities (1.1) and (1.2) are
of the second order. In this paper, we consider a more interesting for applications case with three
boundary conditions, which is called the “overdetermined” case.

Let Wp%v (r,I) be a set of functions f : I — R, having generalized derivatives together with functions
D! f(t) on the interval I, with the finite norm

1fllwz ity = 1D fllpow + 1D f(D] + £ (D] (1.3)

By the conditions on v and r, we have that C§°(I) C W} ,(r). Denote by I/i/p%v(r, I) the closure of the
set C§°(I) with respect to the norm (1.3). Then the inequality (1.2) is equivalent to the inequality

oo

(!MMNMWQQ

in addition, the least constants in (1.2) and (1.4) coincide.
Summing up, in this paper we study the inequality (1.4) in the following four cases:

<o [ewmisara)’,  feiio. (1.4)

0

Wio(r 1) ={f € W, (r, 1) : D, f(0) = f(c0) = Dy f(o0) = 0}, (1.5)
Wyo(r 1) ={f € W7, (r, 1) : f(0) = Dy f(0) = Dy f(o0) = 0}, (1.6)
Wy (D) ={f € W3, (r, 1) : f(0) = f(o0) = D, f(c0) = 0}, (L.7)
Wi (r, 1) ={f € W, (r, 1) : f(0) = Dy f(0) = f(c0) = 0}. (1.8)

Note that, in view of the results from [11] and [15], in the case r = 1 it is impossible to study the
inequality (1.4) for the cases (1.5) and (1.8) since there do not exist exactly one finite limit at zero
lim DLf(t) = lim f’(t) = f'(0) and exactly one finite limit at infinity lim f(t) = f(co), respectively.
t—0t t—0t t—o0

In the paper, we prove that for each of the “overdetermined” cases (1.5)—(1.8), there are five
characterizations for the fulfillment of the inequality (1.4). These main results are stated in Theorems
2.1, 3.1, 4.1 and 5.1. The crucial part of our main results is the fact that for all four cases the least
constant of the inequality (1.4) is estimated by only two of the obtained characterizations. As an
application, the estimates of the least constant of (1.4) are used for establishing the strong oscillation
and strong non-oscillation of the differential equation

DZ(v(t)DZy(t)) — Mu(t)y(t) =0, tel, A>0, (1.9)
which, when expanded, has the form of the differential equation with intermediate derivatives
r(vry”)" +r(vr'y)" + 1 (ory”) + ' (vr'y’) — Ay =0, tel.

Let us remind that two distinct points ¢1 and ¢y of the interval I are called conjugate with respect to the
equation (1.9), if there exists its solution y such that y(t1) = y2(t2) = 0 and D}y(t;) = Dly(ts) = 0.
The equation (1.9) is called oscillatory at infinity (resp. at zero), if for any T' € I there exist conjugate
points with respect to the equation (1.9) to the right (resp. left) of T. Otherwise, the equation (1.9)
is called non-oscillatory at infinity (resp. at zero). The equation (1.9) is said to be strong oscillatory
(resp. non-oscillatory) at zero or at infinity if it is oscillatory (resp. non-oscillatory) for every A > 0 at
zero or at infinity, respectively. In order to establish the oscillatory properties of the equation (1.9),
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we consider the following inequalities:

T T

A / u(t) | F (D2t < ACy / o) D2F(0)Pdt, | € W2, (r, (0.T)), (1.10)
0 0

A / u(t) f (D2t < ACy / o) D2F (1) 2dt, | € W2, (r, (T, 00)). (1.11)

The main results concerning the strong oscillation and strong non-oscillation of the equation (1.9) (see
Theorems 2.2, 3.2, 4.2 and 5.2) follow as corollaries from the estimates of the least constant of (1.4)
and the following statement:

Lemma 1.1. Let 0 < T < co. Let Cp be the least constant in (1.10) (resp. (1.11)).
(i) The equation (1.9) is strong non-oscillatory at zero (resp. at infinity) if and only ileiIBl+ Cr=0
—

(resp. lim Cp =0).
T—o00

(ii) The equation (1.9) is strong oscillatory at zero (resp. at infinity) if and only if Cr = oo (resp.
Cr = 00) for any T > 0.

Lemma 1.1, based on the inequalities (1.10) and (1.11), clearly shows why it is interesting to consider
the “overdetermined” cases for the inequality (1.4). Obviously, for any v and r, we already have two
boundary conditions at one endpoint T of each intervals (0, T) and (T, o). Thus, the inequality (1.10)
is a partial case of the inequality (1.4) in the cases (1.5) and (1.7) when there is one extra condition
at zero for the interval (0,7), and the inequality (1.11) is a partial case of the inequality (1.4) in the
cases (1.6) and (1.8) when there is one extra condition at infinity for the interval (T, 00).

We obtain one more application by considering the following operator

Ly(t) = ﬁ

in the space Lo, (I) with inner product (f,g)2,. = [ f(t)g(t)u(t)dt. Let the minimal differential
0

D2(v(t)D2y(t)) (112)

operator Ly, be generated by the differential expression (1.12), i.e., Ly, is an operator with the
domain D(Lyin) = C§°(I). It is known that all self-adjoint extensions of the minimal operator have
the same spectrum (see [2]).

In this paper, we focus our attention to the boundedness below and discreteness of the operator L.
The problem of finding the conditions under which any self-adjoint extension L of the operator Ly
has a spectrum, which is discrete and bounded below is one of the most important problems in the
theory of singular differential operators since these properties guarantee that the singular operator
behaves like a regular one (see [4]).

The relationship between the oscillatory properties of the equation (1.9) and the spectral properties
of the operator L is explained in the following statement:

Lemma 1.2 (see [2]). The operator L is bounded below and has a discrete spectrum if and only if the
equation (1.9) is strong non-oscillatory.

The main results concerning the boundedness below and discreteness of the operator L are stated
in Theorems 2.3, 3.3, 4.3 and 5.3 for the cases (1.5), (1.6), (1.7) and (1.8), respectively.

Remark 1.1. The proofs of the main results for the cases (1.5) and (1.6) are given in [6] and the
proofs of the main results for the cases (1.7) and (1.8) are presented in [1].

2. THE CASE W2, (r, 1) = {f € W2,(r, 1) : DL(0) = f(c0) = D} f(c0) = 0}
Let 7 € I and

1
Y

Af(7) =sup ( / ( / r_l(x)dx)qu(t)dt>é(7@1_p,(s)ds)p,

T z
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A3 (7) =sup </zu(t)dt) '

T z z

A (1) :(O/Tu(t)dt> ' (]Q(T/Sr—l(x)dxyvl—ﬂ(s)ds) ﬁ,
5o ([

Ey(r) = sup ( j ( ] rl(x)dl’>qu(t)dt>;( / vlp’(s)ds> i

0
A*(r) =max{A{ (), A3 (1), A5 (1)}, E~(7) = max{Ey (7), Ey (1)},
ATE™ = Eéfl max{A*(7), E~(1)}.
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According to [5], the following conditions on the weights v and r provide (1.5):
11

p/
v e Li(I), e Li(1,00), 1 ¢ Li(0,1), / (/r‘l(x)dx) VTP (H)dt = 00, (2.1)
0t
Since v'~*" € Ly(I), for any 7 € I there exists k, such that [v'~? (t)dt = k, [v'~7 (t)dt.
0 T
Our main result concerning the inequality (1.4) reads:

Theorem 2.1. Let 1 < p < g < 0o and the conditions (2.1) hold. Then for the least constant C in
(1.4) the estimates

AP ATET < C < 1lpi(p)) 7 AYE",
sup(1+ k21 "5 E~(r) < C < 11pi (o)) 7 E™ (1) (2.2)
Tel
hold, where 71 = inf{r > 0: AT (1) < E~(1)}.
For the case p = 2 the conditions (2.1) can be rewritten in the form:
11

vt e Li(I), r~' € Li(1,00), r~* ¢ L1(0,1), / (/rl(z)daz)Qvl(t)dt = o0. (2.3)
0t

From the estimate (2.2) for p = ¢ = 2 and Lemma 1.1 we have the following result for the strong
oscillation and non-oscillation of the equation (1.9):

Theorem 2.2. Let (2.3) hold.
(i) The equation (1.9) is strong non-oscillatory at zero if and only if

Zlir(r)l+ /Zu(t)dt 70 ( 7r1(:v)d:r> 2v*1(s)d5 =0, (2.4)
0 z s
zl_i)lrélJr :O(Zor_l(m)dx) 2u(t)dto/zv_1(s)ds =0. (2.5)

(ii) The equation (1.9) is strong oscillatory at zero if and only if

lim, OZ u(t)dt]o<7T_1(x)dx>2v_1(s)ds =00

S
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or
00 o0

i, ( / r_l(x)dat>2u(t)dt 0/ v=1(s)ds = oo

z

From Theorem 2.2 and Lemma 1.2 we have the following result for the spectral properties of the
operator L:

Theorem 2.3. Let (2.3) hold. Then the operator L is bounded below and has a discrete spectrum if
and only if (2.4) and (2.5) hold.

3. THE CASE W2, (r,1) = {f € W2,(r,I) : f(0) = D} f(0) = D} f(c0) = 0}
Let 7 € I and

s (oo f -t )" fosiom)”
ss0= g o) (] ([ (x)dx)p o)

)
= Jaow) (] () s

T S

Ef (1) =sup <7u(t)dt) Z dx | ,

z T T

tte) sup [ ([ 00ras) ) ([ oos o)

A7 (1) =max{Ay (1), A5 (), A5 (1)},  ET(7) = max{E{ (1), By (7)},
A"ET = uéi; max{A~(7), E*(7)}.
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For the case (1.6) to be hold, we need the following conditions:

P e Li(I), 7Y€ Li(0,1), r ¢ Li(1,00), 7</tr1(w)dx)plvlp,(t)dt =o0. (3.1)

Theorem 3.1. Let 1 < p < g < oo and the conditions (3.1) hold. Then for the least constant C in
(1.4) the estimates

4TFATET <O < 11pi(p)¥ ATE”,
sup(1 + ki_p)_%E+(T) <C< 11]9% (p/>iE+(7—2)
Tel
hold, where 19 = sup{T > 0: A~ (1) < E*(7)}.

2
Theorem 3.2. Let v € Ly(I), ' € L1(0,1), 7~ ¢ Ly(1,00) 3 (fr—l ) v (t)dt = oo.
(i) The equation (1.9) is strong non-oscillatory at infinity if and only if

Jim oou(t)dt/z (/Sr_l(x)dm)2v_l(s)ds =0, (3.2)
z 0 0
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i z( [0 st [r-tnas =0 53
0

z

(ii) The equation (1.9) is strong oscillatory at infinity if and only if

o0 z S 2

1i_>m u(t)dt/ (/r‘l(x)dac) v 1(s)ds = o0
z 0 0
z t

) o0
zli)rroloo (O/T 1(x)dx> u(t)dt/v L(s)ds = cc.

z

or

Theorem 3.3. Let the conditions of Theorem 3.2 hold. Then the operator L is bounded below and
has a discrete spectrum if and only if (3.2) and (3.3) hold.

4. THE Case W2, (r,1) = {f € W2,(r,I) : f(0) = f(c0) = D} f(c0) = 0}

t
Assume that p(t) = [r~!(z)dz, t € I. Let 7 € I and

1

/

s</ 0a) (f ([ ) o)
o= owpé(/z o) ([ ([rtone)”v-viam)’”
ri0= o g (] () won)' ([oonriom)”

BT (r) =max{A] (1), A3 (), By (1)}, F~(r) = max{Fy (1), F, (1)},
BTF~ =inf max{B*(7), F (1)}.

Tel

The case (1.7) holds if

S e

|

I3

/

rte Li(I), v\ € Li(1,00), v'"P ¢ L1(0,1), j (/trl(x)dx)p P (1)t < 0o, (4.1)
0 0

Let o(t) = pP(t ) (t), t € I. Slnce from (4.1) we get that o'~? € Ly(I), for any 7 € I there
exists [, such that fv1 P(t)dt = I, fl_)l P (t)dt.

Theorem 4.1. Let 1 < p < g < 0o and the conditions (4.1) hold. Then for the least constant C in
(1.4) the estimates

475 BTF~ <O < 11pi(p))¥ BTF~,

sup(1+ 2" 3 F (1)< C < 11p7 (p/)ﬁFi(TS)
Tel

hold, where T3 = inf{r > 0: B (1) < F~(7)}.

1 2
Theorem 4.2. Let r—' € Li(I), v=! € Li(1,00), v™' ¢ Ly(0,1), [ ( r dm) Lt)dt < oo.
0

O\JN



SECOND-ORDER HARDY-TYPE INEQUALITY 243

(i) The equation (1.9) is strong non-oscillatory at zero if and only if

Tlirg1+ 02387 PQET) O/ZPQ(t)u(t)dtz/T (S/Tr_l(x)dx)Qv_l(s)ds =0, (4.2)
i, Oggw%m / < / rl(x)dm>2u(t)dt O/ 2(s)v=(5)ds = 0. (4.3)

(ii) The equation (1.9) is strong oscillatory at zero if and only if

2 / o ([ ) -t =

z S

or

Tllrng 02257021(7')/ (/Tr_l(m)dx)Qu(t)dt/zpg(s)v_l(s)ds:oo.

z

Theorem 4.3. Let the conditions of Theorem 4.2 hold. Then the operator L is bounded below and
has a discrete spectrum if and only if (4.2) and (4.3) hold.

5. THE CASE W2, (r, 1) = {f € W2,(r, 1) : f(0) = DLf(0) = f(c0) = 0}

Assume that p(t) = [r~(z)dz, t € I. Let 7 € I and
t

1
FF (1) =sup —
> (7) z>13/7(7)

o)’ ([( [ru) o)’

B~ (r) =max{Ay (), 43 ()}, B (1)}, F*(r) = max{F\ (7), F}" (1)},
B FT = iréflmaX{Bf(T), FT(1)}.

For the last case (1.8) we need the following conditions:

’

rte L), v'" ¢ Li(1,00), v'P € Ly(0,1), 7<7rl(x)dﬂc>p P ()dt < 0o, (5.1)

Theorem 5.1. Let 1 < p < g < oo and the conditions (5.1) hold. Then for the least constant C in
(1.4) the estimates

4"FBTFT < C < 1pi(p))7 B~F*,
sup(1+1-P) "3 FH(r) < C < 11ph ()7 F* (74)
Tel
hold, where T4 = sup{T > 0: B=(7) < F™(1)}.

r_l(gc)dac)2v_1(t)dt < 00.

(

Theorem 5.2. Let r=' € Li(I), v=! ¢ L1(1,00), v~ € L1(0,1),

]
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(i) The equation (1.9) is strong non-oscillatory at infinity if and only if

Tlg{)loiggpztﬂ/z (/tr_l(x)dx>2u(t)dt ZOpQ(s)v_l(s)ds =0, (5.2)

T

lim sup_217p2(t)u(t)dt / ( / r_l(x)dx>2v_1(s)ds ~0. (5.3)

T30 z>7 P (T)

(ii) The equation (1.9) is strong oscillatory at infinity if and only if

Tlirgo ingQ}T)/Z (/rl(x)dx>2u(t)dt7oﬁz(s)v1(s)ds =00

T T

or

Tlir&igg%fp%t)u(t)dtj (/Sr_l(x)dx>21)_1(s)ds = 0.

Theorem 5.3. Let the conditions of Theorem 5.2 hold. Then the operator L is bounded below and
has a discrete spectrum if and only if (5.2) and (5.3) hold.
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