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SOME CHARACTERIZATIONS OF BMO SPACES VIA COMMUTATORS OF
FRACTIONAL MAXIMAL OPERATOR IN ORLICZ SPACES OVER SPACES OF
HOMOGENEOUS TYPE
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Abstract. We give the necessary and sufficient conditions for the boundedness of the commutators
of the fractional maximal operator [b, M| in Orlicz spaces Lq>(X ) over spaces of homogeneous type
X = (X,d, ) when b belongs to BMO(X) spaces. We obtain some new characterizations for certain
subclasses of BMO(X) spaces.

1. INTRODUCTION

Let X = (X,d, u) be a space of homogeneous type, i.e., X is a topological space endowed with a
quasi-distance d and a positive measure p. The fractional maximal function M, f is defined by

M, f(z) = sup pu(B)"™! / F@)ldu(y), 0<n <1,
B>x %

where the supremum is taken over all balls B C X containing x.
The fractional maximal commutator M, generated by b € L. (X) and the operator M,, is defined
by

My, (f)(z) = sup (B! /Ib(l’) = bW f(y)ldp(y), 0 <n<1.
B

If n =0, then we get the maximal commutator M o = Mp.
The commutator [b, M,] generated by a function b and the operator M,, is defined by

(b, My)(f)(x) = b(z) My (f)(2) — My (bf)(2).

If n = 0, then we get the commutator of maximal operator [b, M] = [b, My].

My, and [b, M, essentially differ from each other since M, is positive and sublinear and [b, M,]
is neither positive, nor sublinear. The operators M,, [b, M,] and M, , play an important role in real
and harmonic analysis and applications [4,8,10,20-22, 32, 34].

The aim of this paper is to study the boundedness of commutators [b, M,] of the fractional maximal
operator in Orlicz spaces L*(X) over the spaces of homogeneous type X = (X, d, u). We characterize
the commutator functions b, involved in the boundedness in Orlicz spaces of the commutator [b, M,]
of the fractional maximal operator (Theorems 4.3 and 4.6).

It is well known that the commutator estimates play an important role in many applications in
harmonic analysis and partial differential equations [5,15,25,31,32]. The mapping properties of M ,,
and [b, M,] have been studied extensively by many authors (see [1,2,6,13,17-19,22,25,33,34]). In
the study of commutators of singular integral operators with BMO symbols the use is made of the
operator M, := My (see [13,24,31]). Note that the boundedness of the operator M, on LP spaces was
proved by Garcia—Cuerva et al. in [13]. The nonlinear commutator [b, M] of the maximal operator is
used in studying the product of a function in H; and a function in BMO (see [3]). In [2], Bastero et
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al. studied the necessary and sufficient conditions for the boundedness of [b, M] on L spaces. In [33],
Zhang and Lu considered the same problem for [b, M,] (see also [34]).

By A < B we mean that A < CB with some positive constant C, independent of appropriate
quantities. If A < B and B < A, we write A ~ B and say that A and B are equivalent.

2. PRELIMINARIES

Let X = (X,d, u) be a space of homogeneous type, i.e., X is a topological space endowed with a
quasi-distance d and a positive measure p such that

d(z,y) > 0; d(z,y) =0 if and only if = =vy; d(z,y) = d(y, x),
d(z,y) < k(d(z,2) + d(z,y)).

The balls B(z,r) = {y € X : d(x,y) < r}, r > 0, form a basis of neighborhoods of the point z, p is
defined on a o-algebra of subsets of X which contains the balls, and

0 < u(B(x,2r)) < K p(B(z,r)) < 00, (2.1)

where k, K > 1 are the constants, independent of x,y,z € X and r > 0. As usual, the dilation of a
ball B = B(z,r) will be denoted by AB = B(z, Ar) for every A > 0. Note that (2.1) implies that for
all A > 1.

Macias and Segovia showed that on any space of homogeneous type X = (X, d, u) there exists an
equivalent quasi-metric p such that the quasi-metric balls with respect to p are open. Therefore we
could have assumed from the outset that our o-algebra is the Borel algebra and that p is a positive
Borel measure which is doubling.

Now we recall the definition of Young functions.

Definition 2.1. A function ® : [0,00) — [0,00] is called a Young function if ® is convex, left-
continuous, 1115_10@(7’) = ®(0) =0 and li_>m D(r) = 0.
r—r T—00

From the convexity and due to the fact that ®(0) = 0, it follows that any Young function is
increasing. If there exists s € (0,00) such that ®(s) = oo, then ®(r) = oo for r > s. Let ) be the
set of all Young functions ® such that 0 < ®(r) < oo for 0 < r < co. If & € Y, then P is absolutely
continuous on every closed interval in [0, c0) and bijective from [0, 00) to itself. For a measurable set
) C X, a measurable function f and ¢t > 0, let m(Q, f, t) = p({x € Q : |f(x)| > t}). In the case
Q = X, we shortly denote it by m(f, t).

The Orlicz spaces and the weak Orlicz spaces on spaces of homogeneous type are defined as follows.

Definition 2.2. For a Young function @,

L*(X) = {f €L (X): /q)(e|f(x)|)du(x) < oo for some € > 0 },
X

I fllze = 1l e = inf{A >0: /¢(|f(;)l>dﬂ(m) < 1}7
X

WL*(X) := {f € L (X) :sup ®(r)m(r,ef) < co for some e > 0}7

>0

I fllwee = [ fllwrex) = iﬂf{/\ >0 : SUPé(t)m(i, t) < 1}.

t>0
We note that || fllwre < |fllre,

sup @(t)m(Q, f, t) =suptm(Q, f, @7'(t)) = suptm(Q, (|f]), t)
t>0 t>0 t>0

and

Il e t>0 " fllwee)’

/@(M)d:ﬂ <1, sup@(t)m(ﬂ A t) <1,
Q

where Hf||L‘1>(Q) = [ fxqlle and ||f||WL‘I’(Q) = Ifxallwre-
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For a Young function ® and 0 < s < oo, let
O~ (s) =inf{r >0:0(r) > s} (inf § = o00).
If ® € ), then ®~! is the usual inverse function of ®. We note that
Q@ r) <r < H(®(r) for 0<r < o0

We also note that )

IXsllwee = lIxslle = W7 (2.2)

where B is a p-measurable set in X with u(B) < co and X, is the characteristic function of B.

A Young function ® is said to satisfy the As-condition denoted by ® € A, if ®(2r) < k®(r) for
r > 0 for some k > 1. If ® € Ay, then & € V. A Young function & is said to satisfy the Va-condition,
denoted also by ® € Vs, if ®(r) < 5=®(kr), 7 > 0 for some k > 1. The function ®(r) = r satisfies
the Ag-condition, but does not satisfy the Va-condition. If 1 < p < oo, then ®(r) = r? satisfies both
the conditions. The function ®(r) = e¢” — r — 1 satisfies the Va-condition, but does not satisfy the
As-condition. B

For a Young function ®, the complementary function ®(r) is defined by

5(7“) _ {sup{rs —P(s):s€[0,00)}, r € [0, 00),

00, r = 00.

The complementary function ® is also a Young function and ® = ®. If ®(r) = r, then ®(r) = 0 for
0<r<land®(r)=ocforr>1.1If1<p<oo,1/p+1/p =1and ®(r) =r?/p, then ®(r) = r? /p.
If ®(r) = " —r — 1, then ®(r) = (1 +r)log(1 +r) —r. Note that ® € V5 if and only if & € Ay. It is
known that

r < @71(1")&)71(1") <2r for r > 0. (2.3)

Note that by the convexity of ® and concavity of ® !, we have the following properties:

d(nt) < nd(t), if 0<n<1 and O L(nt) >nd-1(t), if 0<n<1 (2.4)
D(at) > ad(t), if a>1 o l(at) <a®L(t), if a>1. '

The following analogue of Holder’s inequality

/If(fv)g(x)ldu(x) < 2[fllzellgllzs
X

is known. In proving our main estimates we have used the following lemma which follows from Holder’s
inequality, (2.2) and (2.3).

Lemma 2.3. Let (X, d, 1) be a space of homogeneous type. For a Young function ® and B = B(z,r),
the inequality

£l <2u(B) @~ (W(B)™Y) [IfllLe s
s valid.
3. FRACTIONAL MAXIMAL COMMUTATOR IN ORLICZ SPACES

We recall the boundedness property of M in Orlicz spaces since it will be used later.

Theorem 3.1 ([14]). Let (X,d, i) be a space of homogeneous type and ® be a Young function.
(i) The operator M is bounded from L®(X) to WL®(X) and the inequality

1M fllwre < Collfllpe

holds with the constant Cy, independent of f.
(ii) The operator M is bounded on L®(X), and the inequality

[MfllLe < Collfllze
holds with the constant Cy, independent of f if and only if ® € V.
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The following result completely characterizes the boundedness of M, in Orlicz spaces.
Theorem 3.2 ([7]). Let 0 <n <1, &,V be the Young functions and ® € Y. The condition
u(B) @ (u(B)) < CU (u(B)) (3.1)

for all balls B C X, where C' > 0 does not depend on B, is necessary and sufficient for the boundedness
of My, from L*(X) to WLY(X). Moreover, if ® € Va, condition (3.1) is necessary and sufficient for
the boundedness of M, from L*(X) to L¥(X).

Remark 3.3. Note that Theorem 3.2 in the case X = R™ was proved in [19].
Suppose that b € LL (X). Then b is said to be in BMO(X) if the seminorm given by

loc

1
bl|« = sup b(x) — bp|du(x)
161l B [b( |dpu(
B
is finite, where the supremum is taken over all balls B C X and
1
bp = —— /b x)du(x).

B

For any measurable set E' with p(E) < oo and any suitable function f, the norm || f||Laog 1), £ is
defined by

_ 1 |f(@)] |f(2)]
|fllLgog ), B = mf{)\ >0: m b/)\ log (2 + T)du(w) < 1}.

The norm || f|lexp £, £ is defined by

| fllexp L, & = inf {)\ >0: u(lE) b/exp (@)du(w) < 2}.

Then for any suitable functions f and g, the generalized Holder’s inequality

5 E/ F@9@Idu(@) S Wfllewo .5 9 gog 1.5 32

holds (see [30]).
The following John-Nirenberg inequalities on spaces of homogeneous type come from [27, Proposi-
tions 6, 7].

Lemma 3.4. Let b € BMO(X). Then there exist the constants C1,Co > 0 such that for every ball
B C X and every a > 0, we have

p({z € B:lb(z) —bp| > a}) <C “(B)eXp{ - IIZT* a}'

By the generalized Holder’s inequality in Orlicz spaces (see [30, page 58]) and John-Nirenberg’s
inequality (see also [28, (2.14)]), we get

1
1 [ 1)~ bl dn(e) < Pl Iolgon 1.5
B

For details on this space and properties we refer, for instance, to [26] and [29].
For the given ball B and 0 <7 < 1, we define the following maximal function:

My pf(z)= sup w(B)*" / F@)lduy),
BDB'>z 2

where the supremum is taken over all balls B’ such that € B’ C B. Moreover, we denote Mg = My p
when n = 0.
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For a function b defined on X, we denote

i >
b () = 0, ?f b(z) >0,
|b(z)], if b(z) <0
and bt (z) := |b(x)| — b~ (z). Obviously, b™(z) — b~ (x) = b(x).
Before proving our theorems, we need the following lemmas and theorem.

Lemma 3.5 ([11]). Let b € L\ (X). Then the following statements are equivalent:

1. be BMO(X) and b~ € L™ (X).
2. There exists s € [1,00) such that
H (b - M(B)_WMU,B(b))XB‘ L3 (X)

sup <C. (3.3)
B X5 ll2s(x)

3. For all s € [1,00), we have (3.4).

Lemma 3.6 ([11]). Let b € L (X). Then the following statements are equivalent:

loc
1. be BMO(X) and b~ € L*(X).
2. There exists s € [1,00) such that
H(b_ MB(b))XB’|L~‘(X)
sup
B X5
3. For all s € [1,00), we have (3.4).

<cC. (3.4)

L3 (X)

Lemma 3.7 ([11]). Let b € L{ (X). Then the following statements are equivalent:

loc

1. be BMO(X) and b~ € L*(X).

2. There exists s € [1,00) such that
[(b—2MF (b)) x5 |

p
B X5
3. For all s € [1,00), we have (3.5).

Lemma 3.8 ([23]). Let b€ BMO(X) and ® be a Young function with ® € Ag, then

Il = sup @ (e5) ) 0= 0 .- )

X ¢ (3.5)

L#(X)

From Lemmas 3.5 and 3.8, we get

Lemma 3.9. Let b€ L] (X) and ® be a Young function. Then the following statements are equiva-
lent:

1. b€ BMO(X) and b~ € L™ (X).

2. There exists ® € Ay such that

sup @ (u(B) ) || (b = u(B) "My 5(0)) s | o < . (3.7)
3. For all ® € Ay, we have (3.7).
From Lemmas 3.6 and 3.8, we get

Lemma 3.10. Let b € L (X) and ® be a Young function. Then the following statements are
equivalent:

1. b€ BMO(X) and b~ € L>=(X).

2. There exists ® € Ay such that

Slép <I>_1(M(B)_1) H (b — MB(b))XBHL‘1> < 00. (3.8)
3. For all ® € As, we have (3.8).
From Lemmas 3.7 and 3.8, we get
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Lemma 3.11. Let b € L (X) and ® be a Young function. Then the following statements are

equivalent:
1. be BMO(X) and b~ € L*>®(X).
2. There exists ® € Ay such that

s%p S~ (wB) ) [[(b- 2Mﬁ(be))XB||L¢ < 0. (3.9)

3. For all ® € Ay, we have (3.9).

The known boundedness statements for the commutator operator Mj in Orlicz spaces run as follows
(see [17, Theorem 1.9 and Corollary 2.3]). Note that a more general case of multi-linear commutators
was studied in [12].

Theorem 3.12 ([12]). Let b € BMO(X) and ® be a Young function with ® € Vo N'Va. Then the
operator My is bounded on L®(X) and the inequality

[ My fll L= < Collbll«|[f] L
holds with the constant Cy, independent of f.

We say that (X, d, u) is Ahlfors regular (Q-homogeneous) if there exist the constants Cy,Ca,Q > 0
such that for every z € X and r,

Crtr@ < w(B(z,7)) < Cyr€. (3.10)
The n-dimensional Euclidean space R™ is n-homogeneous. Thanks to (3.10) and (2.4), we have
O (u(B(a,r) ) =@ (r @),

Theorem 3.13 ([7]). Let0<n <1,be L. (X), ®,V be Young functions with ® € AyNVa, ¥ € Ay

loc

and U (u(B)™1) = pw(B)1 @ (w(B) ™). If the condition

t _ _ _ _
sup (1410 (B, 1) 87 (u(Blr, 1)) < Op(Bla, )" & (u(Ble,r) ) (31)
holds, then the condition b € BMO(X) is necessary and sufficient for the boundedness of My, from
L?(X) to LY(X).

4. COMMUTATORS OF FRACTIONAL MAXIMAL OPERATOR IN ORLICZ SPACES

In this section, we find the necessary and sufficient conditions for the boundedness of the com-
mutator [b, M,] of the fractional maximal operator M, in Orlicz spaces L(X) over the spaces of
homogeneous type X = (X, d, p).

The following relations between [b, M,] and M, ,, are valid.
Let b be any non-negative locally integrable function. Then for all f € L{ (X) and 2 € X, we have
the following inequality:

|[b, My f ()| = [b(z) M, f(a) — My (bf) ()|
= [ My (b(2) f)(2) — My(bf)(2)| < My(|b(a) — b]f) () < Mpy(f)(2).
If b is any locally integrable function on X, then
6. My ()] < My (F)() + 26~ (2)M, f(x), =€ X (4.1)
holds for all f € LL (X) (see [8,34]).

loc

By Theorem 3.13, we have
Corollary 4.1. Let 0 < n < 1, b € LL_(X), ® ¥ be the Young functions with ® € Ay N Vs,
1

loc

U e Ay and U (u(B)™) = p(B)" @~ (uw(B)™h). If condition (3.11) holds, then the operator [b, M,)]
is bounded from L®(X) to L¥(X).
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Theorem 4.2. Let 0 < 77 <1,b € L. (X), &,V be the Young functions with ® € Vo N'Y and
U Hw(B)™) = u(B)1 e (p (B)fl). Then the following statements are equivalent:

1. b€ BMO(X) and b~ € L™ (X).

2. [b, M) is bounded from L*(X) to LY(X).

3. There exists ® € Ay such that

sup O~ (wB) ) [|b- M(B)‘”Mn,B(b)HL@(B) < oo. (4.2)
4. There exists a constant C > 0 such that
sup (B) " [b = u(B) "My, 5(8) 5, < € (4.3)

Proof. Since the implication “(1) = (2)” follows readily by Corollary 4.1 and the equivalence of (1)
and (4) follows from Lemma 3.9, we only need to prove the implications “(2) = (3)” and “(3) = (4)”.

(2) = (3). From the definition of M, g, it is not difficult to check that M, px,(x) = u(B)" for all
z € B.

Note that for any x € B, M, (bx ) (x) = M, p(b)(x) (see [33]) and then M, (x,, ) (z) = My, 5x,(z) =
u(B)".

Then for any x € B,

b(x) — ﬂ(B)”’Mn 5(0)(z) = u(B) " (b(z)u(B)" — My, (b)(x))
= pu(B) 7" (b(x) My (x5 ) () — My (bx ) () = pu(B)"[b, My) (x5 ) (@)
)

Since [b, M,] is bounded from L‘I>(X to LY(X), w eget
“(u(B) ) [[b = w(B) "My 5 O] o 5
BB "H [b, M,] (XB)HL«/ B)
< CUH(u(B) )uB) " Ixslle < C, (4.4)

where at the last step we have applied (2.2) and the hypothesis ¥=! (u(B) ™) = u(B)" @~ (u(B) ™).
(3) = (1). Now, let us prove b € BMO(X) and b~ € L*°(X). For any ball B, let E = {y € B :
b(y) <bp} and E ={y € B:b(y) > bp}. The following equality is true (see [2, page 3331]):

/|b )~ bldu(y /|b )~ bildu(y).

Since b(y) < bp < |bp| < w(B) "M, 5(b)(y) for any y € E, we obtain
[b(y) — bs| < [b(y) — u(B) "My, 5(0)(y)],
4.4), we have

( yeFE.
(

Then from Lemma 2.3 and

b(y) — bpldu(y) = —— [ |b(y) — bsldu(y)

o i | o
ST E/ 1M, () ()| dpa(y)
gf / )M,y 5(b)(y)|dpaly)

B
/S v (:u( ) Hb - /.L ) nMn,B(b)HL\P(B) <C.

So, using the definition of BMO(X), we have b € BMO(X)
Now, let us show that b~ € L>°(X). Observe that 0 < b*(y) < |b(y)| < Mp(b)(y) for y € B,
therefore for any y € B, we get

0<b (y) < Mp(b)(y) —b*(y) + b (y) = Mp(b)(y) — b(y).
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Then for any ball B, we have

1 - 1
,U(B)B/b (y)du(y) < MB)B/(MB(b)(y) *b(y))d,u(y)
- L/|b(y)—M (0)(y)|du(y) < C
w(B) B <C.

Let u(B) — 0 with « € B. Lebesgue’s differentiation theorem assures that

0<b (@)= lim ﬁ / b= (y)du(y) < C.
B

Thus b~ € L*=(X).
(3) = (4). We deduce (4.3) from (4.2). Assume (4.2) holds, then for any fixed balls B, it follows
from Lemma 2.3 that
,U(B)_l Hb - N(B)_nMn’B(b)HLl(B)
< U (u(B) ) b= 1(B) "My 5 (8)| g < C.

where the constant C' is independent of B. So, we obtain (4.3). O

Theorem 4.3. Let 0 < n < 1, b € L. (X), ®,¥ be the Young functions with ® € Vo NY and

loc

U H(uw(B)™) = w(B)" @ (u(B)™t). Then the following statements are equivalent:
1. b€ BMO(X) and b~ € L>=(X).
2. [b, M,) is bounded from L*(X) to LY (X).
3. There exists ® € Ay such that

sup W (u(B) ) b= Mp (D)3 s, < 0. (45)

4. There exists a constant C > 0 such that
sup p(B)~ b = Ma(®)l sy < C- (46)
Proof. Since the implication “(1) = (2)” follows readily by Corollary 4.1 and the equivalence of (1)
and (4) follows from Lemma 3.10, we only need to prove the implications “(2) = (3)” and “(3) = (4)”.

(2) = (3). We divide the proof into two cases according to the range of 7.
Case 1. Assume 1 = 0. For any fixed ball B and « € B, we have

b(x) — Mp(b)(z) = b(x)M (x,) (v) — M (bx, ) (z) = [b, M](x;;) ().

Since in this case we assume U~ (u(B)™!) = u(B)° @~ (u(B)™!) = @1 (w(B)™!) and [b, M] is
bounded from LY(X) to LY(X), therefore by (2.2), we have

U ((B) ) [0 = MpO)|] o gy = ¥ (0(B) )11, M1 O ) | o 5,
<CU T (uB)™)] c,

XBHL‘I’(B) =

which implies (4.5).
Case 2. Assume 0 <n < 1. For any fixed balls B,

U (u(B) ) b~ Mi(8)l 5y < W (u(B) ) [[b— (B) "My 5 D) o
+ U (w(B)™Y) |[Mp(b)() M(B)‘"MmB(b)HmB) =1 + I. (4.7)
First, we consider ;. From (4.4), we get

Iy =97 (u(B)7) [|b = u(B) "My 5 (0)|| Lo ) < C-
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Next, we estimate I5. For any z € B, Mp(x,)(x) = x,(2) (see [33]) and then M (x,)(z) = x, (2)
and M (bx,)(z) = Mp(b)(z) for any € B. Then

|1(B) "M, 5(b)(x) = Mp(b)(2)| = u(B)~"| My, (0)(x) — u(B)" Mg (b)(w)]

= u(B) ™| My (bx) (z) ( 2) ()M (bx ) ()]
= w(B) "My (bx ) (@) M, (x5) ()]
+ u(B) 77| [b()| My, (x ) ( ) (@) M (bx,) ()]
= 1(B) 7| My (1blx ) (z) — |b(x)| M, (xB)<x)!
+u(B) My (xs) (@)][6(2)[M (x ) (2) = M (bx,) (2)]
= u(B)7"|[lbl, My) (x) ()] + | [1bl, M](xB)<x)! (4.8)

Note that b € BMO(X) implies |b] € BMO(X).
From (4.8), for any = € B, we obtain

|1(B) ™" My, 5(b)(x) — Mp(b)(x)| < u(B)~"[[1bl, My] (x) ()| + [[1b], M] (x ) ().
Then it follows from (2.2) that
I = \Ij_l(M(B -1 H/If B —ﬁMn B(b)() - MB b ()HL\I/(B)

SO (B (BT 11b] M) ()| o 5y + ¥ ((B) ) 181, M (X ) [ Lo 5
ST ((B) ) il B) " Ixs e + 008 (1(B) ) [ [l o
S 116l (4.9)

By (4.7), (4.4) and (4.9), we get
U (u(B) ) b~ Mp )] o) S -

which leads us to (4.5) since B is arbitrary.
(3) = (4). We deduce (4.6) from (4.5). Assume (4.5) holds, then for any fixed balls B, it follows
from Lemma 2.3 and (4.5) that

H(B) T b= Mp (b)) < CU (1(B) ™) [[b = Mp(B)| oy < C

where the constant C' is independent of B. So, we obtain (4.6).
The proof of Theorem 4.3 is completed. g

Corollary 4.4. Let b € LIOC(X), ® be a Young function with & € Vo NY. Then the following
statements are equivalent:

1. be BMO(X) and b~ € L*(X).

2. [b, M] is bounded on L*(X).

3. There exists ® € Ay such that

sup O~ (u(B)™) b= Mp(b)|l Lo (p) < o

4. There exists a constant C > 0 such that
s%pu(B)*l 16— Mp(®)|l 11 () < C.

Remark 4.5. Note that in the case ®(t) = tP, Corollary 4.4 for the case ®(t) = tP, was proved
n [11, Theorem 2.1].

Theorem 4.6. Let 0 < 77 <1,be LL.(X), ®,U be the Young functions with ® € Vo NY and
U H(w(B)™Y) = u(B)1 @ (,u(B)*l). Then the following statements are equivalent:

1. be BMO(X) and b~ € L®(X).

2. [b, M,) is bounded from L*(X) to LY (X).
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3. There exists a constant C > 0 such that
sup ¥ (u(B)™) b= b 3y < C. (4.10)

4. There exists a constant C' > 0 such that
sup u(B) "M [b = bsll 11 < C. (4.11)

Proof. Part “(1) < (2)” follows from Theorem 4.3, the implication “(1) = (4)” follows readily from
[19, Theorem 4.5] and Lemma 3.10, respectively. Since “(3) = (4)” follows directly from Lemma 3.10,
it suffices to prove the implication “(2) = (3)”.

(2) = (3).

For any given ball B, we have

for all z € B. Since My, is bounded from L*(X) to LY (X), by applying Lemma 3.8 and noting that
U (u(B)™Y) = u(B)1 @ (u(B)™!), we have

\Ij_l(u(B)_l) Hb_ bB”L‘I’(B) < M(B)_n \I’_l(M(B)_l) HMb,n(XB)(')HL\I/(B)

v (w(B)™)
< u(B)T"UH (w(B) = <C
which leads us to (4.10) since B is arbitrary and the constant C' does not depend on B. U

Corollary 4.7. Let b € Ll (X), ® be a Young function with ® € Vo N Y. Then the following
statements are equivalent:

1. b€ BMO(X) and b~ € L*(X).

2. [b, M] is bounded on L*(X).

3. There exists a constant C' > 0 such that

Slépq’_l(/i(B)_l) b —bpllLep < C.
4. There exists a constant C > 0 such that
sup #(B) M [b = b5l 11 (g < C.

Remark 4.8. Note that in the case of Carnot groups Theorems 4.3 and 4.6 were proved in [16].
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