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STEADY VIBRATION PROBLEMS IN THE COUPLED THEORY OF
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Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. In this paper, the coupled linear theory of viscoelasticity for materials with a triple poros-
ity is developed and the basic boundary value problems (BVPs) of steady vibrations are investigated.
The governing systems of equations of motion and steady vibrations are presented, the fundamental
solution of the system of steady vibration equations is constructed and the basic properties of the
potentials (surface and volume) are given. Green’s identities for bounded and unbounded domains
are established and the existence and uniqueness theorems for classical solutions of the foregoing
BVPs are proved by using the potential method and the theory of singular integral equations.

1. INTRODUCTION

Determining the mechanical properties of materials, subject to the influence of viscosity, is one of
the most important issues of engineering, technology and continuum mechanics (see, e.g., Amendola et
al. [1], Lakes [20], Brinson and Brinson [3]). Viscosity effects are observed in natural and manufactured
materials such as: polymers, metals, alloys, rock, wood, soil, piezoelectric and biological materials.

The foundations of the theory of viscoelasticity are presented in the papers by Coleman and Noll [8],
Gurtin and Sternberg [12]. Moreover, the basic classical models of viscoelastic materials are analyzed
and several mathematical problems are studied in the books by Fliigge [11], Christensen [7], Pipkin [23],
Fabrizio and Morro [10].

In [2], M.A. Biot established the basic equations of the deformation of a viscoelastic porous solid
under the most general assumptions of anisotropy. Since this work, many research papers have been
published involving the theory of viscoelasticity of porous materials. Namely, in the last two decades,
Biot’s theory has been generalized by Schanz and Cheng [24] to the poroviscoelasticity by applying
the elastic-viscoelastic correspondence principle in the Laplace domain. A visco-poroelastic theory for
polymeric gels is developed by Wang and Hong [34]. In [27,28], the quasi-static and steady vibration
problems of the linear theory of viscoelasticity for Kelvin—Voigt materials with double porosity are in-
vestigated by the potential method (boundary integral equation method). The theories of viscoelastic
and thermoviscoelastic porous mixtures are presented by Iesan [13], Iesan and Quintanilla [17]. The
steady vibration problems in these theories of porous mixtures are studied by Svanadze [29, 30].

Moreover, by virtue of the volume fraction concept, the theory of thermoviscoelasticity for Kelvin—
Voigt materials with voids is developed by Tegsan [14]. Then, this theory was extended and the basic
problems for materials with single and double voids were investigated in a series of papers (see,
e.g., [4-6,9,15,16,18,25,26,33] and references therein).

Recently, in [31], a mathematical model of viscoelastic single-porosity materials is presented in which
the coupled phenomenon of the concepts of Darcy’s law and the volume fraction of pore network
is considered, and steady vibration problems of this model are also investigated. More recently,
n [32], based on this coupled phenomenon of the two above concepts, a mathematical model of
viscoelastic double-porosity materials was developed and the basic BVPs of steady vibrations of the
model were studied. Note that the basic BVPs of quasi-static linear coupled theory of elasticity and
thermoelasticity for single-porosity materials are considered by Mikelashvili [21,22].
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In this paper, the coupled linear theory of viscoelasticity for Kelvin—Voigt materials with triple
porosity is considered and the basic BVPs of steady vibrations are investigated. This work is articu-
lated as follows. In Section 2, the governing equations of motion and steady vibrations in the theory
under consideration are presented. The system of governing equations is expressed in terms of the
displacement vector field, the changes of volume fractions for three (macro, meso and micro) levels
of porosity, and the changes of the fluid pressures in these three pore networks. In Section 3, the
fundamental solution of the system of steady vibration equations is constructed explicitly by means of
elementary functions and its basic properties are established. In Section 4, the basic BVPs of steady
vibrations are formulated and Green’s identities are established. Then, in Section 5, the uniqueness
theorems for the regular (classical) solutions of the above-mentioned BVPs are proved. In Section
6, the surface (single-layer and double-layer) and volume potentials are constructed and their basic
properties are given. In addition, the basic properties of some singular integral operators are estab-
lished. Finally, in Section 7, using the potential method and the theory of singular integral equations,
the existence theorems for classical solutions of the BVPs of steady vibrations are proved.

2. GOVERNING EQUATIONS

We consider a material with three levels of porosity in which the skeleton is a homogeneous and
isotropic viscoelastic Kelvin—Voigt solid with pores on a macro-scale, on a much smaller meso-scale
and on a micro-scale. Let x = (21,72, 3) be a point in the Euclidean three-dimensional space R3 and
t be the time variable, ¢t > 0, and let the dot denote differentiation with respect to t. Repeated Latin
indices are summed over the ranges (1,2,3). In the sequel, the point- and time-dependent functions
will be denoted by hats.

We denote the three-component displacement vector field for the skeleton of a porous material by
a, u = (t, Ua, U3). Let @1, ¢o and @3 be the changes of the volume fractions from the reference con-
figuration for the macro-, meso- and micro-pore (the first, second and third levels of pores) networks,
respectively. In addition, p;, po and p3 are the changes of the fluid pressures in the macro-, meso-
and micro-pores, respectively.

Suppose that the volume fractions of the three levels of pores and the fluid pressures in these pores
change along with the deformation of the body skeleton. Then, following [32], the governing equations
in the coupled linear dynamical theory of viscoelastic Kelvin—Voigt materials with a triple porosity
can be written as:

1. Equations of motion:

by = pliu — FY), ‘73(13 +&60 =pigr—psi (nosumbyl), 1=1,2,3, (1)

where #; is the component of total stress tensor, F/ = (FY, F}, F}) is the body force per unit mass;

6§l), é () 8, and p; are the components of the equilibrated stress, the intrinsic equilibrated body force,
the extrinsic equilibrated body force and the coefficients of the equilibrated inertia, associated to the
l[-th pore networks, respectively; p is the reference mass density, p > 0, p; > 0,

€D = =3 &0 — (1305 + mu;py, (2)
€15 is the component of strain tensor,
. 1. . .
é; = §(ul7j + 1), 1,7 =1,2,3. (3)
2. Constitutive equations:
by = 20615 + Nénnbyy + (br@r — Bubr )81y, 61 = uppryy 1,j=1,2,3, (4)

where d;; is Kronecker’s delta.
3. Equations of fluid mass conservation:

0

~(1 A X - “
0jj @by + Bierr +mi; o5 + @ =0, (5)



STEADY VIBRATION PROBLEMS IN THE COUPLED THEORY 291

where
3
Q= Z Vivj—2(Pr — Pj) = dijpj, din =+, do2=71+73, d3z =2+ 3,
J=LgA (6)
dig =doy = —v1, diz=d31 =7, daz=d3z2=—73, [=1,23.
4. Darcy’s extended law
@](l) = 7%ﬁr7j - Pl+3=§§‘l) (HO suin by l)v la] = ]-a 2; 3. (7)

In these equations, v(!) = (@il)mg),ﬁél)) is the fluid flux vector associated to the [-th pore network;
41 is the internal transport coefficient, v; > 0, p” is the fluid viscosity, pi43 and 8¢ = (<§§l)7 §§”, §:(,,l))
are the density of fluid and the external force (such as gravity) for the I-th pore network, respectively;
pi+3 > 0,
~ 0 0 - 0
A=A+ N"—, o= = by=b + b=,
+ w=p+p ot I 1+ 0 o

S=bt D
8t, Y= 01 ’YI 6t7
- L 0 = . 0 .
alj:alj+alj78t7 ClJ:Cl]—’—Cl]iat’ Z,J:1,2,37

where the values A, u, by, 31, aij, auj, (5, mMuj, Ki; are the constitutive coefficients associated to the
elasticity and porosity of materials, but the values A5 107 g5, O (I1=1,2,j=1,2,3) are the
viscosity constitutive coefficients and ai; = aji, mu; = my, ki = Kji, af; = o, (G =G

On the basis of relations (2)—(4), (6) and (7), from equations (1) and (5), we obtain the following
system of dynamical equations in the coupled linear theory of viscoelasticity for Kelvin—Voigth mate-
rials with a triple porosity expressed in terms of the displacement vector 1, the changes of the volume
fractions ¢1, P2, ¢3 and the changes of fluid pressures p1, P2, po:

AAGy + (N + )it + bjpsa — Bibia = pliu — FY),
i AQ; — QiP5 — Wity 5 +myp; = prdr — psi, (8)
~ X X X ~ ~(1
kijApj — aip; — Biiy,; — mupy — digp; = *Pz+35§7.; (no sum by I),

. . Kij
where A is the Laplacian operator and k;; = %

In the steady vibrations case, the functions 1, Fl', &1, P1, 8 and §§.l) (1,7 = 1,2,3) have a harmonic
time variation, that is,

{@z,ﬁz',¢z7ﬁz,§17§§-l)} (x,t) = Re [{uuﬂ/asﬂl,pl,&,sy)} (X)e_m] :
Consequently, equations (8) reduce to the following system of equations of steady vibrations in the
coupled linear theory of Kelvin—Voight viscoelastic materials with a triple porosity
(1A + pw)u+ (N 4 4/ )Vdivu + b’V — BVp = F
(/A +c)p —~'divu + mp = F?), 9)
(KA +a’)p + B'divu + m'p = F®),
where V is the gradient operator, w is the oscillation frequency, w > 0, FV) = (—pF{, —pF}, —pF}),
FC) = (=psi, —ps2, —pss), FO = (=past), —pss), —pos'?)),
N o=\ —w\, o= p—iwp, b= (b, 05,05), b = b —iwb],
B = (Br,P28s), B =iwB, k= (ky)axs, m= (my)sxs,
m' =iwm, v =(7,%,7), % =b—iwy, a = (aj)x3, (10)
ay; = iway; — dij, ¢ =(cj;)sx3, ¢y = pwd; — Gy +iw(;  (no sum by 1),
o = (ap;)3xs, app =y —iwaj;, 1=1,2, j=1,2,3.
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Now we introduce the following second order matrix differential operator
2

Oz10x;’

A(Dx) = (Aj(Dx))grg>  Aij = (A + pw?)y; + (N + 1)

0 0
Apjrs =bi=—, Apjpe=—Bj7— Aipsy;=—75— Aipsjss=a A+
37+ jaxla 37+ jazla +3;7 7l6$j7 +3;5+ lj 15>

: 0 :
Aitsijre =myj,  Aige = wﬁz%, Aiyejrs = iwmyy,  Apypegve = ki A+ ay;,
j
o 0 0
Dx:(77777>5 l7.:17273'
(92171 al'g a$3 J
Obviously, we can rewrite system (9) into the following form
A(Dy)U(x) = F(x), (11)

where U = (u, ¢, p) and F = (F(), F?) F®)) are the nine-component vector functions, x € R?.
In what follows, we assume that the constitutive coefficients satisfy the condition

w* >0, a, k, o, ¢*, 9" are positive definite matrices, (12)

where
1

* * * * 1 * *
3(3)‘ +207), Vi =V = §(bj +7%),

v = (797j)4x47 1=

V11 = Cp (mosum), 954, = 5(1@ l,j=1,2,3.

The purpose of this work is as follows: to investigate the internal and external BVPs for system
(9) by using the potential method and the theory of singular integral equations. In particular, let us
prove the existence and uniqueness theorems of classical solutions of these problems. To achieve this
goal, it is necessary to construct the fundamental solution of system (9) and obtain Green’s formulas,
then it will be possible to prove the above-mentioned theorems.

3. FUNDAMENTAL SOLUTION

Let 72, 72, ..., 72 be the roots of the algebraic equation A;(—¢) = 0 (with respect to &), where
i» 72 7

7
Av(A) = %:oko det B(A) = jl;[l(A +22),
o =N +2p, o = deta’, ko = detk, B(A) = (By;(A))7x7 is a matrix differential operator with the
following elements:
Bu(A) = ppA + pw?,  Bujri(A) = =vjA,  Bijya(A) = iwp;A,
Biyn(A) = b, Bisr+1(A) = oA+, Brara(A) = iwmy,
Biya1(A) = =B, Birajpi(A) =myy,  Biyajra(A) = kiyA + ay;.

We assume that the values 72, 75,...,74 are distinct and Im7; > 0 (j = 1,2,...,8), where

pw?
.

2=
Furthermore, we introduce the following notation:
(i)
82
896;895]- ’

M(DX) = (Mlj (DX))

1
99 M;j(Dx) = EAI(A) 815 +n11(A)

0 0
%a Mrl(Dx) = ﬂr—2;1(A)aTcl7

Mrs(Dx) = nr72;572(A)7 l,j=1,2,3, rys =4,5,...,9,

er(Dx) = nl;r—Q(A)
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where
1
1(A) = ————— [N + 1 )B* (A) — /B, (A 1B . (A
njl( ) M/ﬂ6a6k0 [( —‘r,[L) _]1( ) M ],l-‘,—l( )+Bl ],l+4( )] )
1
(A) = —B! (A =1,2,...,7 =2,3,...,7
n]T( ) N6a6k0 jr( )a J ) s by r Yy )
and Bl*j is the cofactor of the element B;; of matrix B.
(if)
8 .
W(x) = (Uir(X))gre,  P11(x) = Uaa(x) = Was(x) = » 27" (x),
j=1
7 .
Way(x) = Us5(x) = -+ = Wog(x) = anj’y(J)(X), (14)
j=1
¥,.(x) =0, l#, lL,br=1,2,...,9,
where -
W) (x) = —E 1
1960 =~ (15)
and
7 8
mr = H (7_12_7.3)—1’ 77232 H (Tlg_sz)_17 7’:1,2,...,7, j:172778
1=1, l#r 1=1, 1#5
It is not difficult to prove the following relation:
where
A(D) = (Aij(A))gygs  A1(A) = Ag2(A) = Ass(A) = A2(A),
Aga(A) = As5(A) = -+ = Agg(A) = A1 (D), A (A) =0,
1 # 7, l,j=1,2,...,9.
Obviously, ¥(x) is the fundamental matrix of the operator A(A), i.e.,
A(A)T (x) =6(x)T, (17)
where 0(x) is the Dirac delta, J = (d;;)g, ¢ is the unit matrix and x € R®.
Let us introduce the matrix I'(x) by
I'(x) = M(Dx)¥(x), (18)

where M(Dy) and ¥(x) are defined by (13) and (14), respectively. In view of relations (16) and (17),

we can write A(Dx)I'(x) = §(x)J. Hence the following theorem is valid.

Theorem 1. The matriz T'(x) = (I';;(x)) .,

Now we introduce the matrix T'®) (x) = (I‘l(?) (x)) with the following elements
9x9

%
(0) _ N+ 3y 5lj N+ rT; (0) 95 @
T 00 = s Bl s e s 00 = G000

k.
0 l 0 0 0 0
[00 0 = 329000, TR0 =T000 =Ty 4600 = T 4500 = 0,
1
7<0>(x):—m, 1,j=1,2,3, r=4,5,...,9,

where ag’; and kj; are the cofactors of the elements «; ; and ky; of matrices o’ and k, respectively.

Theorem 1 leads to the following basic properties of the fundamental solution T' (x).

defined by (18) is the fundamental solution of system (9).
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Theorem 2.

(i) Each column of the matriz T'(x) is a solution of the homogeneous equation A(Dx)I'(x)= 0
at every point x € R? except the origin of R3.

(ii) The relations

Ty;(x) = O(|x| ), Dipases (%) = O(|x] ), Tirej46 (x) = O(1x| ),
Iy (x) = O(1), Iy (x) = 0(1), Liys46 (x) = O(1),
Dipeyes(x)=0(1),  1,j=1,2,3, r=4,5..9

hold in the neighborhood of the origin of R3.
(iii) The relations

Iy (x)—Fl(?) (x) = const + O (]x]), ,j=1,2,...,9 (19)
hold in the neighborhood of the origin of R3.

Thus the matrix T'(x) is constructed explicitly by means of eight elementary functions %) (j =
1,2,...,8) (see (15)). Moreover, on the basis of Theorem 2, the matrix I'(®) (x) is the singular part
of the fundamental solution T' (x) in the neighborhood of the origin of R3.

4. BOUNDARY VALUE PROBLEMS AND GREEN’S IDENTITIES

In this section, the basic internal and external BVPs of the theory under consideration are formu-
lated and Green’s identities are obtained.

Let QF be a finite domain in R3 and is surrounded with a smooth closed surface S, Qt = QT U S,
Q- =R3\ QF, Q- = Q" US. In what follows, the external (with respect to Q%) unit normal vector

to S at z is denoted by n(z). We denote the scalar product of two vectors U = (U, Us,...,Us) and
9 _ _
V =(V,Va,...,Vy) by U-V = 3" U,V;, where Vj is the complex conjugate of V.

=1

A vector function U = (Uy, U;, ..., Ug) is called regular in Q= (or in Q7F) if
(i)

U; e C*Q)nCH(Q) (or U; € C*(QT)nCHQT)),
and (ii)
Uj(x) =0(x[7),  Unx)=o(x|7)  for  |x[>1, (20)

where j =1,2,...,9,1=1,2,3.

Therewith, we use the matrix differential operator R(Dx,n) = (R;;(Dx, n))gxg, where

0 0 0
le(Dx, Il) = ,u’élj% + u’nj% + )\'nl%, Rl;j+3(Dx, 1’1) = b;-’/ll,
J

0 0
Ryjr6(Dx,n) = —Fjn;, Riy3.13(Dx,n) = Oéfj(fTH, Riy6,516(Dx,n) = klja:a

er(va Il) = Rl+3;j+6(Dx7 Il) = Rl+6;j+3(Dxa n) = 0; l»] =1,2, 37 r= 47 57 ) 9

and % is the derivative along the vector n.

Now, we formulate the basic internal and external BVPs of steady vibrations in the coupled linear
theory of viscoelastic materials with a triple porosity as follows:

Find a regular (classical) solution U = (u, ¢, p) to system (11) for x € Q% satisfying the boundary
condition

e lim  Ux) = {U(2)}* = f(2)
in Problem (I)i;f, and
lim  R(Dy,n(z))U(x) = {R(D,,n(z))U(z)}* = f(z)

Q*>x— zcS

in Problem (I );f, where F and f are the known nine-component smooth vector functions, supp F' is
a finite domain in Q.



STEADY VIBRATION PROBLEMS IN THE COUPLED THEORY 295

Let U’ = (u/,¢’,p’) be a nine-component smooth vector function, u’ = (uf,u),uf), ¢ = (¢,

©h, ©%), P’ = (P}, P, ps). We introduce the notation

1 . L= W > Oou;  Ouy o', oul
GO (u,u’) = (3N + 24/ ) divudiva’ + = — 4 (4
(u,u') 3( +2u/)divu 1vu+2lj§¢j(axl+a%>(axl+a%)

3 , 7 Ol
o5 (G5 G- )

J=1

GY(U, ) = GO(u,u) — pwu-u’ + (b, — Bipr) divd,

GA(U, ) = a};Vp; - Vi + (vidiva — ;05 — mup;) ¢},

GON(U,p') = ki Vp; - Vi — (Bidiva +mi;e; + ayp;) p),
G(U,U) = V(U ) +GH(U,¢') + GO (U, p)).

(21)

It is not very difficult to prove the following result.

Lemma 1. If U = (u,,p) and U’ = (W, ¢’,p) are regular vector in QF, then

[ (A2 060w + 60 (U w)

O*

[AD (D) U) - ¢/(x) + GA(U, )| dx =+ ¢/ (2)d, S, (22)

[9FS

[A@(Dx) U(x) p'(x) + GO(U, p)| dx = &
[9FS

where

AOD,) = (AP DY) . AP(Dx) = 4;(Dx), AT (D) = A4, (D),

Jr 3%9 ’ Jr r

A(S)(DX) = Aj+6;r(DX)> R(l)(Dx,n) - (R;i)(Dmn))

1
o , R\ (Dy,n) = R;,(Dx,n),

3%x9
L,j=1,2,3, r=1,2,...,9.
Combining the relations of (22), we can obtain the following
Theorem 3. If U = (u,,p) and U’ = (W', ¢',p’) are the regular vectors in QF, then
[A(Dyx)U(x) - U'(x) + G(U,U")|dx = i/R(Dz,n)U(z) -U'(z) d,S, (23)
O+ S
where G(U,U’) is defined by (4).

Now, we introduce the following matrix differential operators A(Dy) and R(Dy, n), where A (D) =
AT (—D,) (the superscript T denotes transposition) and

R(Dy,n) = (R;j(Dyx,n))oxo, Ry;(Dy,n) = Ry;(Dy,n),

El;j+3(Dxu Il) = ’V;‘nla Rl;j+6(Dx>n) = _5;‘nla RST(DX7 n) = RST(DX7 1’1), (24>
l,j=1,2,3, r=12,...,9, s=4,5,...,9.

By a direct calculation, we get the following results.
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Theorem 4. Let ij be the j-th column of the matriz U = (Ulj)gxg. If U = (u,p,p) and ij
(j=1,2,...,9) are regular vectors in QF, then

[ {AD@)TE) U - [06)7AD,)UG)  dy
Qt

= i/{[R(Dz,n)ﬁ(z)}TU(z) - [ﬁ(z)]TR(Dz,n)U(z)}sz. (25)
S

Let T'(x) be the fundamental matrix of the operator A(Dy). Clearly, the matrix I'(x) satisfies the
following condition:
I(x)=T"(-x), (26)
where I'(x) is the fundamental solution of system (9).
Applying (25) with fj(y) = f‘(y — x) and using equation (26), we obtain the following results.

Theorem 5. If U is a reqular vector in QF, then

UG =+ [ {IRD.0)I7 (- 2] U@) - Tx -~ 2) R(D,.m)U(z) | 4,5
S
+/F(x—y) A(D,)U(y)dy for xeQF. (27)
Q+

Formulas (23), (25) and (27) are, respectively, Green’s first, second and third identities in the
considered theory for the domain QF.

5. UNIQUENESS THEOREMS

We are now in a position to prove the uniqueness theorems for classical solutions of the BVPs (I )ﬁf

and (I7T );Ef We have the following results.
Theorem 6. The internal BVP (K);f has one reqular solution, where K = 1,11.

Proof. Let’s say the problem (K);f (K = I,II) has two regular solutions. Then their difference U

is a regular solution of the internal homogeneous BVP (K )E;o~ Hence U is a regular solution of the
homogeneous system of equations

A(Dy)U(x) =0, x et (28)
satisfying the homogeneous boundary condition
{U)}" =0, (29)
for K = I and
{R(D,,n(2)U(z)}" =0, z€S (30)
for K =11.
On the basis of equations (28)—(30), from (22), we can deduce that
/G(l) U,u)dx =0, /G(Q) p)dx =0, /G 3(U, p)dx = 0. (31)

With the help of relations (4), we obtaln

1 3
GO (u,u) = Z(3X + 200 |divul® + % 3
1j=1;1#j
GM(U, ) = GO (u,u) - pw’lul® + (b1 — Bipy)diva,
GP(U, @) = a1; Ve, - Voo + (vidiva — 0, — mu;p;) @1,
G®(U,p) = ki;Vp; - Vpr — (B/divu + mypj -+ ai;p;) Pi-

(3'Uj aul 2

aUl 8Uj 2
2+
Ox; Oz

9

0o
P
Lj=

—1 8$l 8l‘j
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By virtue of the relations of (5), we can easily verify that

2 « 3

I
+?lz

J=1

8uj 8ul 2

+ a’LLl an
Ox; Oz

Ox;  Ox;j

b

3
1 1 . w*
—~ImG® = —(3\* 4 2u*) [divul* + = E
5 mG" (u,u) 3(3 ") |divul 5 Lo

1 1 1 1
—~ImGY(U,u) = ——ImG® (u, u) + —bIm(divug;) + b} Re(divug;) — — B Im(divup;),
w w w w

1 A | L | _
*;ImG@)(U, ¢) = aj;Ve; - Vi + 7 Re (divugy) — —bilm(divagy) — (50,91 — —miIm(e;pr),
ReG®) (U,p) = ki;Vp; - Vpr + wBilm (divup;) + wmy; Im(p;5r)

+711p1 — p2|® + v2lp1 — p3|? + 3lp2 — 3.

Now, on the basis of these relations and condition (12), it follows that
1 1
——= GO (U, w) + G (U, )] + —;ReG (U, p)
w w
1 * * . * * . — * —_—
= 3 BN+ 207) [divul* + (b +77)Re(divui) + (e,

1
+— (1lp1 — p2l® + y2lpr — psl? + v3lp2 — p3l?] + af; Ve, - Vi

PRI A S AU ST o TR
w2 VP VP T |0z Oz 3 L~ |9z, Ox;| ~
1,j=1;1#j J l,j=1 J
and from (31), we obtain
1 * * . * * . P * J— *
3 (BN +2007) [divul® + (6] + 57 )Re(divugn) + (o1 = 0, af;Vip; - Ve =0,
3 2 3 2 (33)
ou; Oy ou;  Ou
klepj -Vpl :07 Z 7j+7 :0, Z -7 =0.
Lj=1; 1] 8951 a’tj Lj=1 81;[ 8x]
Then, using again inequalities (12), from (33), we get
divu(x) = 0, Ou;(x) N Ouy (%) o, dui(x)  Juj(x) _o,
61’[ 6$j axl 6Ij (34)
Vpi(x) = Vpa(x) =0,  1,j=1,2,3
and
p(x)=0 (35)
for x € QF.

On the other hand, based on equations (4) and (31), we have the following relation G()(U,u) =
pw?[u(x)|?> = 0 and obtain
ux)=0 for xeQ". (36)
Quite similarly, from (4) and (31), it follows that
GO(U,p) = iwaypipi +mlp1 — p2l* +12lp1 — ps|* +slp2 — ps|* = 0
thus we get
p(x)=0 for xeQ. (37)
Finally, by relations (35)-(37), we obtain the desired result U(x) = 0 for x € Q. O

Using condition (20), the next theorem can be proved similarly.

Theorem 7. The external BVP (K)Ef has one reqular solution, where K = 1,11.

Hence each of the basic BVPs (I )ﬁf and (17 )Ff in the class of regular vectors has the unique
classical solution.
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6. POTENTIALS AND SINGULAR INTEGRAL OPERATORS

We introduce the following notation:
(i) P (x,g) = /I‘(x —vy)g(y)dy S is the single-layer potential,
5
(i) PP (x,g) = /[f{(Dy,n(y))FT(x —y)]"g(y)dy S is the double-layer potential,
5
(iii) P®(x,h, QF) = / I'(x — y)h(y)dy is the volume potential,

O+
where g and h are the nine-component vector functions, I'(x) is the fundamental matrix of the operator
A (D) defined by (18) and R(Dy,n(y)) is given by (24).
In the next four theorems, using the results of Theorems 4 and 5, we establish the basic properties
of these potentials.

Theorem 8. If S € C?*¥, g € C’l”’/(S)7 0<v <v <1, then:
(a) PO, g) € CO¥ (R%) N €2 (0F ) n (),
(b) A(Dx) PV (x,g) = 0;
(c) R(Dy,n(z)) P(l)(z,g) is a singular integral;
(d)
€y +_ 1 1)
{R(Ds,n(2)) P (2,8)}" = F 5 8(2) + R(Dy,n(2)) P (2, 8), (38)
where x € QF and z € S.
Theorem 9. If S € C>¥, g e C*'(S), 0 < v < v <1, then:
(a) PA(,g) € C1' (0F) nC=(Q%);
(b) A(Dy) PP (x,g) =0,
(c) PP)(z,g) is a singular integral,
(d) .
(PO () == L a(2) + P (2. 5), (39)

(e) {R(D,,n(z)) PP (z,8)}" = {R(D,,n(2)) PP (z,8)}~, where x € QF and z € S.
Theorem 10. If S € C'¥, h e C*(Q1), 0 </ <v <1, then:
(a) PO(-, b, 0F) € CW/ (R?) N CHQH) N C2'(QF),
(b) A(Dyx)P®(x,h, Q) = h(x), where x € QF, Qf is a finite domain in R® and QF C QF.
Theorem 11. If S € C*, supph=QCcQ~,he¢ CO*”'(Q’), 0< v <v<1, then:
(a) PO)(-,h, Q") € CW (R¥) N C2(Q~) N O (ng) ,
(b) A(Dy) p® (x,h,Q7) = h(x), where x € Q~, Q is a finite domain in R3 and @ cQ .
Let us consider the following integral operators
8(e) + PO (sg). N Pg(s) = — g(s) + R(D, ()P (5.8),
ge) + P(sg), N Vglr) = gls) + RD, )P (sg),  (40)

Agle) = 5 8() + PO (.g)
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for z € S, where ¢ is a complex parameter. On the basis of Theorems 8 and 9, 4 (%) (1 =1,2,3,4)
and 4, are singular integral operators.

Let ) = (91(2),%9 be the symbol (symbolic matrix) of the singular integral operator A7) (j =
1,2, 3,4) (for the basic definitions in the theory of singular integral equations see, e.g., [19]). By virtue
of Theorem 5 and relations (12), (33) and (40), for det@?), we obtain
AN+ )N +3p)

detd0™) = —det0® — —detd® — detd™® —
512(N + 24/)?

(41)

In view of inequalities of (12), from (41), we get det®) = 0 which proves that the singular integral
operator .4 U) is of the normal type, where j = 1,2, 3, 4.

Furthermore, let 8. and ind 4, be, respectively, the symbol and the index of the operator .A,. It
can be easily shown that

A/ /! A/ 3 !/
detd, — — A SN & 36)0)
512(N + 2u1/)2
N N
and det@, vanishes only at two points ¢; = ——, ¢ = ~3 of the complex plane. By virtue of (41)
7

and owing to det o1 = det 1), we get g #1(1=1,2) and ind AV =ind A = 0.
The relation ind 4 = 0 is proved in a quite similar manner. Clearly, the operators .4 () and
N are the adjoint operators for A (2 and A4 (1) respectively. Hence
ind#/® = —ind#/® =0,  indA? =—ind.y® =0.

Thus the singular integral operator .4 (/) (j =1,2,3,4) is of the normal type with an index equal
to zero and, consequently, Fredholm’s theorems are valid for .4 (),

7. EXISTENCE THEOREMS
In this section, the existence theorems for regular (classical) solutions of the BVPs of steady vibra-
tions (1 )% gand (11 )ﬁf are proved by using the potential method. Obviously, on the basis of Theorems

10 and 11, the volume potential P®) (x,F, Q%) is a partial regular solution of the nonhomogeneous
equation (11). Consequently, we further consider problem (K )(f,f for K =1,11.

Problem (7 )g,f. We seek a regular solution to problem (I );;f in the form of a double-layer potential
U(x) = PP (x,g) for x et (42)

where g is the required nine-component vector function. By Theorem 9, the vector function U is a
solution of the homogeneous equation

A(Dy)U(x,g) =0 (43)
for x € Q7. Keeping in mind the boundary condition and identity (39), from (42), to determine the
unknown vector g, we have a singular integral equation

N Vg(z)=1f(z), z€S (44)
for which Fredholm’s theorems are valid. We prove that (44) is always solvable for an arbitrary
vector f. Let us consider the adjoint homogeneous equation

N Bhy(z) =0 for ze S, (45)

where hg is the required nine-component vector function. Towards this end, it suffices to show that
the integral equation (45) has only the trivial solution.

Indeed, let hy be a solution of the homogeneous equation (45). On the basis of Theorem 8 and
equation (45), the vector function V(x) = P(M)(x, h,) is a regular solution of problem (I1)go- In view

of Theorem 7, problem (Il)a,o has only the trivial solution, i.e.,

V(x)=0 for xeQ™. (46)
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Furthermore, using Theorem 8 and (46), we can write {V(z)}* = {V(z)}~ =0for z € S, i.e., the
vector V(x) is a regular solution of problem (I)go. Now, in view of Theorem 6, problem (1 )g.0 has
only the trivial solution, that is,

V(x)=0 for xeQt. (47)
By virtue of (47), (48) and identity (39), we obtain
hy(z) = {R(D,,n)V(z)}” — {R(D,,n)V(z)}T =0 for zeS.

Thus the homogeneous equation (45) has only the trivial solution and therefore (44) is always solvable
for an arbitrary vector f. We have thereby proved the following theorem.

Theorem 12. If S € C??, f ¢ Cl’p/(S), 0 < p’ <p<1, then a regular solution of problem (I)g_’f
exists, is unique and represented by the double-layer potential (43), where g is a solution of the singular
integral equation (44) which is always solvable for an arbitrary vector f.

Problem (II),¢. Now, we are looking for a regular solution to problem (II)g ¢ in the form of a
single-layer potential
U(x) =PW(x,h) for xeQ, (48)
where h is the required nine-component vector function. Clearly, by Theorem 8, the vector function
U is a solution of (43) for x € Q~. Keeping in mind the boundary condition and using (38), from
(48), to determine the unknown vector h, we obtain a singular integral equation

N Dh(z)=f(z) for zeb. (49)

It has been proved above that the corresponding homogeneous equation (45) has only the trivial
solution. Hence on the basis of Fredholm’s theorems, it follows that (49) is always solvable. We have
thereby proved the following consequence.

Theorem 13. If S € C?P, f ¢ C’O’p,(S), 0 <p’' <p<1, then a regular solution of problem (II)a,f
exists, is unique and represented by the single-layer potential (48), where h is a solution of the singular
integral equation (49) which is always solvable for an arbitrary vector f.

Quite similarly, we can prove the following results.

Theorem 14. If S € C??, f ¢ Co’p'(S), 0 < p’ <p<1, then a regular solution of problem (II)(T’f
exists, is unique and represented by the single-layer potential U(x) = P (x,g) for x € QF, where g
is a solution of the singular integral equation A 2 g(z) = £(z) for z € S which is always solvable for
an arbitrary vector f.

Theorem 15. If S € C?P, f € C’l’p,(S), 0 <p’ <p<1, then a regular solution of problem (I)a,f

exists, is unique and represented by the double-layer potential U(x) = P (x,h) for x € Q~, where h
is a solution of the singular integral equation ¥ ®Vh(z) = f(z) for z € S which is always solvable for
an arbitrary vector f.

8. CONCLUDING REMARKS

1. In this paper the coupled linear model of viscoelasticity for Kelvin—Voigt materials with a
triple porosity is presented. The governing systems of equations of motion and steady vibrations are
established. Further, the basic internal and external BVPs of steady vibrations of this theory are
investigated by using the potential method and the theory of singular integral equations. Indeed,

(i) The fundamental solution of the system of steady vibration equations is constructed and its
basic properties are established;

(i) Green’s identities are obtained for the bounded and unbounded domains in the above-considered
theory;

(iii) The surface and volume potentials are introduced and their properties are given;

(iv) Some useful properties of the required singular integral operators are studied;

(v) Finally, the existence and uniqueness theorems for classical solutions of the mentioned above
BVPs of steady vibrations are proved;
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2. On the basis of the results obtained in this paper, it becomes possible to present the basic

equations of the coupled linear theory of thermoviscoelasticity for materials with a triple porosity and

to

investigate the BVPs of steady vibrations of this theory.
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