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EXTRAPOLATION THEOREMS IN LEBESGUE AND GRAND LEBESGUE
SPACES FOR QUASI-MONOTONE FUNCTIONS

ARUN PAL SINGH!, RAHUL PANCHAL?, PANKAJ JAIN3 AND MONIKA SINGH*

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. We prove Rubio de Francia extrapolation results in Lebesgue and grand Lebesgue spaces
for quasi-monotone functions with QBg,, weights. The extrapolation in Lebesgue spaces with the
weight class QBg o has also been investigated. As an application, we characterize the boundedness
of the Hardy averaging operator for quasi- monotone functions in the grand Lebesgue spaces.

1. INTRODUCTION

By a weight function, we shall mean a function which is measurable, non-negative, finite almost
everywhere (a.e.) and locally integrable on the specified domain. A weight w is said to belong to the
class B, (p > 0) if there exists a constant C' > 0 such that the inequality

oo

/(g)pw(ac)dx < C/w(;v)dx
0

T

holds for every r > 0. The weight class B, is an important class of weights. It characterizes the
boundedness of the Hardy averaging operator

1 x
Hf(x):=— [ f(t)dt
|

for non-increasing functions in Lebesgue LE spaces [2,30], as well as in grand Lebesgue spaces (defined
in Section 3), see [16,25]. These characterizations are, in fact, equivalent to the boundedness of
the maximal operator, respectively, in the Lorentz space AP(w) [2] and in the grand Lorentz space
AP (w) [16].

Let us write

w)p, = inf {C >0 jw(x)dx + 7 (;)pw(x)dx < C’/Tw(x)dx, r> 0}.
0 0

T

One of the important properties of B, class of weights (see [7]) is that: if w € B, (p > 0), there exists
€ > 0 such that w € B,_.. Moreover,

C[w]Bp (1.1)

< - -"PF
Wl S T,

where C'and 0 < a < 1 are universal constants and ¢ is such that 1 — ea[w]|p, > 0.
In 2010, Carro and Lorente [6] made a remarkable use of the B)-class of weights to prove the
following extrapolation result.
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Theorem A ([6]). Let ¢ be an increasing (1) function defined on (0,00), (f,g) be a pair of positive
decreasing (}) functions defined on (0,00) and 0 < py < oco. Suppose that for every w € By, the
inequality

/fpo(x)w(x)dx < ‘p([w]Bpo)/gpo(x)w(x)dx
0 0

holds. Then for all 0 < p < oo and all w € By, the inequality
[ r@ute < elluls,) [ ¢ @iz,
0 0

holds, where

p

@([wlp,) = inf w(po/g)zi/po Clwls

e 1 —e(p/po)arluw]s,

with C as in (1.1).

The genesis of the above result lies in the excellent extrapolation result of J.L. Rubio de Francia [29]
(also, see [9] and the references therein) who proved it for another important class of weights, the so-
called Muckenhoupt class, or A,-class of weights. A weight w is said to be in the Muckenhoupt class

Ap, 1 <p<oo,if
p—1
[w]a, 1= sup W(J)( ! /wp//p> < 0,

VIIRNY]
J
and in class Ay, if
[w] 4, := esssu WD) < o0
TS w@l =

where the supremum is taken over all non-degenerate intervals J C RY, zl? + ﬁ =1and W(J) :=
Jw(z)dz.
J

The weight class A, is found to be useful in many ways. It characterizes the boundedness of
the maximal operator [27] and Riesz potential [12] in Lebesgue spaces. Moreover, this class also
characterizes the boundedness of these operators in grand Lebesgue spaces [10,25]. The extrapolation
theory has been generalized to A..-weights as well (see [8]).

We denote by M the set of all measurable functions, definite and finite a.e. on R*. Also, M+t Cc M
and MI C M™ denote, respectively, the cones of non-negative and non-negative non-increasing ()
functions in M. In this paper, we consider quasi-non-increasing functions, the class of such functions
being denoted by Qs : A function f € MT is said to belong to Qg, 3 € R, if 277 f(z) is non-increasing.
Clearly, Mj = @Qp. The quasi-monotone functions are believed to be defined in [4,5]. For a more later
reference, we mention [28]. For the functions f € Qg, Bergh, Burenkov and Persson [3] investigated
Hardy’s inequality with power type weights, while for general weights, it has been proved in [19] that
the inequality

( < f(t)dt) w(x)dx) <C | fPr)w(z)dr, 1<p< oo,

[ /

holds for all f € Qg if and only if w € @Bg,, 8> —1, ie,
/(g)pw(:r)dx < C/ (%)Bpw(:c)dm, r>0. (1.2)
r 0

Note that for 8 = 0, the weight class QB3 , reduces to the class B,,.



EXTRAPOLATION THEOREMS IN LEBESGUE AND GRAND LEBESGUE SPACES 277

In the present paper, we define a variant of the class QBg p, to be denoted by Q\Bg’p, and prove
the extrapolation results for this class of weights, as well as for the weight class

QBsoo = | ) @Bsyp -
p>0

Further, we prove the extrapolation result for quasi-monotone functions in the frame of grand Lebesgue
spaces. As an application, we prove the boundedness of the Hardy averaging operator for quasi-
monotone functions in the grand Lebesgue spaces. Our results generalize the extrapolation results of
Carro and Lorente [6] and Meskhi [24]. Throughout, all the functions used in this paper are assumed
to be non-negative and measurable.

We close this section by mentioning that for a weight w and 1 < p < oo, we shall denote by L?
the weighted Lebesgue space consisting of all f € M such that

7 1/p
g = ([ 1570) <o
0

2. EXTRAPOLATION RESULTS IN LEBESGUE SPACES

For p > 0, we say that a weight w € QB3 y p if

/ (ig;;)”wwm [IES) T o)
r 0

for some constant C' > 0 and ¥(x) := fo t)dt, where v is a non-negative, non-increasing locally
integrable function, i.e., ¥ € L} For Yv=1, the weight class QB y,p reduces to the class QBgp.

loc*

In [19], the class QBg,y » was used to characterize the boundedness of the operator

Suf(a j/f

on the cone of functions f € Q3. Precisely, the following was proved.

Theorem B ([19]). Let p > 1 and —1 < 8 < 0. Then the inequality

OoSf x)dz < C' fp dx
0

holds for all f € Qp if and only if w € QBg yp, where C' = (ﬁ(’%l)p and C is as in (2.1).

We define QB3 y p-constant for a weight w € QBg y,p as follows:

[wlop,.,, = inf {D : j(i’gg)pw(z) de < (D — 1)0/ (i((g)ﬁpw(x)dm,r > o}. (2.2)

Remark 2.1. Note that

(1) [wless,, > 1.
(2) For -1 < <0 and p < ¢, we have QBg ., C QBg y.q-

We begin with the following
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Lemma 2.2. Let the function ¢ be non-decreasing (1) defined on (0,00), f,g € Qs (8 > —1),
0<po<oo, €Ll bel and lim U(x) = oo. Suppose that for each w € QBg .y p,, the inequality

oo o0
/f dCC<(p QBI31PP0 /g
0 0

holds. Then for every 0 < e < po(8+ 1) and t > 0, the following inequality

t

[ s s < o 2L [ uas
0 0

holds.

Proof. Let v e M. Set w(x) = v(z)(¥(x))P~1~¢(z) so that w € L}
Indeed, we have

We claim that w € QBg .y p,-

loc*

(\IJ(T)B*'I)I)O/\I/UZ:(SI))O dr = (lﬂ(r)ﬂﬂ)po/v(az)(\ll(x))_l_gw(x)d:v

U(T) Po 1)—e
< M0 (e

_ wmr) / (U ()0 PHD=1=5 () dae
0

(po B+1) )/ ))PoBHD=1=< ()

rol? H/ )70 () (8 (@) 54 )

’Bpow )dx.

Q
+
o\o

The assertion now follows on taking v(x) = x(0,s(%) and using the fact that [wlgp, ,, ,, < w. O

Definition 2.3. For a given 3 > —1, a weight function w is said to be in the class @B@,p if
(i) w € @Bg,p; and
(ii) there exists 0 < e < p(f + 1) such that w € QBg p—..

Remark 2.4. The class @Bg,p in Definition 2.3 is reasonably defined. In view of Lemma 2.3 [19],
it is clear that for 8 > 0, @Bg,, = QBg,. We prove below that for —1 < 8 < 0, the power weights
belong to the class QBg p. It is of interest if the same can be proved for general weights as well.

Lemma 2.5. Let 1 <p < oo, =1 < <0 and a € R. If x* € QBg,, then there exists 0 < & <
p(B + 1) such that > € QBgp—-.

Proof. Since z* € QB3 p, we have

[e.°]

/(%)pxadx < CO/T (%)Bpxo‘dx, r>0 (2.3)

—Bp-1l<a<p-1 (2.4)

which holds if and only if
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Choose € > 0 such that 0 <e < p—«a — 1. Clearly, 0 < £ < p(6 + 1). Now, using estimates (2.3) and
(2.4) at the appropriate places, we obtain

o0

p—e a+1
/(z) oy — T
T p—e—a—1

T

— Bp+a+1
(a+ Bp+ 1)roe”

Blp—e)+a+1 /r x\ Blp—e)
— g (2T TET S d aq
( a+fp+1 (r) v
0

ie., x“ € QBg p—. with the constant

o ::K<ﬁ(p—£)+oz+l)7

a+pp+1

where K = C(&) and C is as in (2.3). O

p—e—a—1
Remark 2.6. For —fp — 1 < a < p— 1, from Lemma 2.5 and (2.2), it follows that

p—oa—1 Blp—e)+a+1
(e} < * 1= 1.
[=%]QBs,-. <C* + C<p—g—a—1>< a+pp+1 "

We now prove the first main extrapolation theorem.

Theorem 2.7. Let ¢ 1 be defined on (0,00), (f,g) be a pair of functions such that f,g € Qp,
—1<B<0and1 < py < oo. Suppose that for every w € QBg p,, the inequality

o0

/ @i < o(lulan,,, ) [ @

0

holds. Then for all pg < p < co and all w € @Bgyp, the following inequality

/fp x)dx < C/
holds, where

. 1 (po(B+1)—¢ po(B +1)\]""
C= f .
0<s<ﬁ(5+1>[w]w‘*=<p°*5>% {ﬁ +1 ( po—¢ 14 €

Proof. The case 8 = 0 is just Theorem A. So, we assume that —1 < 8 < 0.
Let po < p < 00, w € QBp, and 0 < & < po(B + 1). Clearly, the function h(z) := 2P f(z) is | .
Note that

oo

/fp(x)w(x)dx:/hp(x)w(x)xﬁpda:. (2.5)
0

0
Since h is decreasing, we have

po(B+1) - -
e (z) < = = /hpD(S)SPO(ﬂH) “lds

0
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which together with (2.5) and Lemma 2.2 (for ¢ = 1) gives

/fp(x)w x)dx
0
po(B+1) — plvo F Po—€ »/po
fpo 8100 1-eds
() (] )
0

1) — g\ P/Po 1)\ P/Po o P/Po
(P ™ (2™ ] (o I
0

oo x

po—¢ p/Po
:’7/ <xp0—8 /gpo(s)spolsds> w(z)dx
0 0

o0

:fy/ (Swgpo(m))p/pow(x)dx, (2.6)

0

where 9(s) = sPo~17¢ and

IN

= (po(ﬂ—l—l)—e)p/pow(lwm)p/po.

Po—€ €

Now, since w € @Bg p» by the definition, there exists & > 0 such that w € QBg_,_z. It suffices to take
€ so that p — & = (po — 5)—, or e = poe Then w € QBg,(p,— BE for all r > 0, i.e., the following

/ (%)(pO_E)%w(x)dx <(A- 1)/ (%)B(m_g)%w(x)dx

T 0

7 (EOY™ e < (a1 0/ (B i

T

inequality

holds, or

with 1(s) = sPo~17¢ which by Theorem B holds if and only if

oo / o A o
[ (seam @) wtoris < i [ enwtores
/ 0

where A = [w]QBBy(pO,E)% = [wloB, -

Consequently, (2.6) results in

o0

[ o A p
b/f (2)w(z)dz < (5+1)”/”°0/g (z)w(z)dx
=K | ¢°(v)w(x)dx
/

K =ulos, ,, . p [(52“?&23 _;) (powf . )}/ :

Since € € (0,po(8 + 1)) is arbitrary, taking infimum over all such &, the assertion follows. O

where
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In view of Remark 2.1 (for ¢ = 1), following the definition of the class By, [6], we define the class
QB30 as
QBpe = | @Bs,
p>0
and we also define
(W]QBs . = 1nf{ wlQB,, W € QBpgp, p> 0}
Similarly, we define
QBs oo = | QBsp
p>0
and
1< [wlgBy.y. =inf{[w]gB,,, W€ QBay,p, p>0}.
We prove the following

Lemma 2.8. Let ¢ : Rt = Rt be 1, v € L}
defined by

be |, —1 < B<0 and a > —1. Then the function w

loc
w(z) = ¥ (z)p(z)v(z)
belongs to the class QBg y,co-

Proof. Let 0 < r < oo be arbitrary and choose pg such that a4+ 1 < py < —%(a +1). Then we have

7 (W)pow(”")d“ (L (r)) e 7 ((2))? P (x)v () da

T T

1 r 5p0+04+1,u r
e ()P )

Bpo+a+1
po—a—1

IN

IN

) / (W ()PP (o ()

(e ](\P(I»mw(x)dx
0

po—a—1

and the assertion follows. Moreover, [w]gp, , .. < % + 1 O

Below, we prove an extrapolation result for the () Bg o-class of weights.

Theorem 2.9. Let ¢ be 1 defined on (0,00), —1 < 8 <0, (f,g) be a pair of functions such that
fig€Qp and 0 < py < co. Suppose that for every weight w € QBg o, the inequality

/ ot < o(lulos, . / o 2.7)
0 0

holds. Then for every py < p < 0o and w € QBg o, the inequality

/ FPOw(t)dt < K / g (Dw(t)dt
0 0

with
/Po
. p(1) \*
K=ot wles, e, (/m)
holds.
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Proof. For s > 0 and a > —1, consider the following:

w(t) = x(0,5) (t)t"
Clearly, by Lemma 2.8, w € QBg, 0. Then, in view of Remark 2.1 and Lemma 2.8, we have

- . 1
1< [@lgp,, .. < lim Bpota+1

< +1=p6+1<1
po—oco pg —a — 1

and consequently, in view of (2.7), the following inequality

S S

[ e <o) [ e (2.8)
0 0

holds. Further, since t=2 f(t) is |, we find that

t
a+1 o
0= G [ s
0
1 t
_ ot -8 Bpo g
-2 /(t F(t))PotPPo 52 s
0
1 t
ot -8 Bpo gor
< W/(s f(s))PotPPos*ds
0
t

Bro
a+1 t o
S [ o) e

0

t
a+1 o
<o [ mess

0

which in view of (2.8) gives

O/Oofp(t)w(t)dt < Z(‘;‘;} O/tfpo(s)SadS)p/pow(t)dt

p/Po
<ot [ (S [aosas) w
0 0

— p(1)P/Po / (Swgpo(t))p/ " w(bdt, (2.9)
0

with 9(s) = s®.
Now, let w € QBg, . Then there exists ¢ > 0 such that w € @Bs,,. We can choose a > —1 such
that ¢ = (o + 1)1%. Then w € QBﬂ7(a+1)pL, which in view of (1.2) implies that for all r > 0, the
0

inequality

r
0

7(;«)(a+1)§;w(t)dt <(C— 1)/T (E)ﬁ(aﬂ)ﬁw@)dt,

or, equivalently,
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with 9(s) = s* holds. But the last inequality, in view of Theorem B, holds if and only if

7 o p/po C 7 v
O/<S¢g (t)) w(t)dt < W’O/g (tw(t)dt, (2.10)

where C' = [w]QB[,,(Q+1)L~ Now, (2.9) and (2.10) give

/fp DAt < [w]QB, () (;’(j)l)p/m ng(t)w(t)dt,

so that on taking the infimum over all & > —1, the assertion follows. O

3. EXTRAPOLATION RESULTS IN GRAND LEBESGUE SPACES

In this section, we shall prove a version of the extrapolation result (Theorem 2.7) in the framework
of grand Lebesgue spaces defined on finite intervals which, without any loss of generality, are taken
as I =(0,1).

Let 0 < p < o0 and —1 < 8 < co. We say that a weight function w on I belongs to the class
QBg (1) if there exists a constant C' > 0 such that the inequality

j(;)pw(t)dt < cj (:)ﬁpw(t)dt

holds for all 0 < r < 1. Also, for 0 < r < 1, we set

wlos, m == inf{C’ o1 /1 <:)pw(t)dt <(C- 1)] <i)ﬁpw(t)dt}.
v 0

It can be seen that if 0 < p < oo and w € QBg p(I), then the function w = wx; € @Bs, and
[wles, (1) = [W]eBs,-
Following the arguments used in Lemma 2.5, we can prove the following

Lemma 3.1. Let -1 < 8 <0 and 1 <p < oo. If 2* € QBg (1), then there exists 0 < ¢ < p(f+1)
such that * € QBg p—(I).

Definition 3.2. For a given —1 < 8 < oo, a weight function w € @B/g};,(]) if

(1) w € @Bg,p(I); and

(ii) there exists 0 < e < p(8+ 1) such that w € QBg,—-(I).
Remark 3.3. It can be checked that for —1 < # < 0, the power weights 2® € QBg ,(I) if and only
if —Bp—1< a<p-—1.Then, in view of Lemma 3.1, the class QBgs ,(I) is reasonably defined.

It is seen that Theorem 2.7 can be modified for the interval I. We state it formally for later purpose.

Theorem 3.4. Let ¢ 1T be defined on RT and (f,g) be a pair of functions such that f,g € Qs(I),
—1<<0. Let 1 <pg < oo and for every weight function w € QBg p,(I), the inequality

1 1
[ @@ < o(wlas,,m) [ @)
0 0

holds. Then for every pyp < p < co and every w € QBﬁp(I) the inequality
1

[ r@uta < ke jf

0
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holds, where

o L (po(B+1) =8 (po(B+1)\]"™
K(p) o<5<112§6+1)[ ]Q B(po 5)p () |:ﬁ+1< p0_6 ><p< 0 )] .

In this section, we prove Theorem 2.7 in the framework of grand Lebesgue spaces LP)?(I) (§ > 0,
p > 1) which consist of all measurable functions f, finite a.e. on I for which

, 1 1/(p—e)
1llmo = sup ( / f<t>|p—sdt) .
0<e<p—1 5

These spaces without weight have been defined in [13], which were, in fact, initially defined for
6 = 1 by Iwaniec and Sbordone [15] and later generalized, studied and applied by several researches
in different directions. We refer to [18] and the references therein. For some very recent updates on
grand Lebesgue spaces, we mention [11,14,17,20-22, 26].

We now prove the following

Theorem 3.5. Let 6 > 0, ¢ be a non-negative T function defined on (0,00), —1 < 8 <0,1 < pg < 00
and (f,g) be a pair of functions such that f,g € Qg(I). Suppose that for every w € QBg p,(I), the
following inequality

1

1
/fpo (x)w(x)de < <p wlos,, po (1) /gpo
0 0
holds. Then for every p: pyg < p < oo and every w € QBgvp( ), the inequality

”fHLﬁ})vB([) < C*”g”Lﬁ)’e(I)
holds with

p—l—o

T} swp (K'(p—2)7

0<e<o

O0<o<p—1

C*= inf [max {17p90—p_% (W(I) + 1)

Proof. Letw € @Bg,p(])7 then by definition w € QBg,p(I), and there exists 0 < { < p(8+1) such that
w € QBgp_¢(I). Take 0 = min{{, p—po}. Clearly, 0 < 0 < p—1, so, by Remark 2.1, w € QBg p—(I).
Let & € (0,0). Then, in view of the fact that QBg, C QBg, for p < ¢, we have w € QBg,_-(I).
Therefore, by Theorem 3.4, we have

1 1
[ r@ueis <K' [ ¢ @ (3.1)
0 0
where
- 1 (po(B+1) =6\ (po(B+1)\]" /™
K'(p— = f .
=e) 0<6<ﬁ(ﬁ+1)[w]QBBv<Po*5>’Ef W [5 +1 ( po—96 4 5
Now, for 0 < & < p — 1, using Holder’s inequality with the indices ’; —Z and =7, we obtain

1l - = ( 0/ P (@dm)l/p_s
< ( / f””(:c)w(x)dx> o () =

0

1

p—l—0c

< 1f”"’(x)w(x)d:c T wayw1) T (3:2)
( )
0
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Now, in view of (3.1) and (3.2), we get

o o
1oy =mox{ sup 7 flge s 7 flg |
) Ooeny VT i1
0 0 poloo
§max{ sup €7=< || f|| p-<, sup z—:EHfHLp—o(W(I)Jrl) r }
0<e<o Y o<e<p—1 w
p—l-o
g o P o
<max{17p o P (W(I)-i—l) } sup e7—¢ || fl| o=
0<e<o v
) BAse 0 1
Smax{l,pgo“ (W(I)+1) o } sup e7—= (K'(p— €))7 |gll 1
0<e<o v
) T 1
< {1007 (W +1) 77} swp (K70 =) 7 ol
o<e<o it

= C*HgHLﬁ?ve([)a
Where C* = C(p,&,a) sup (K/(p— 5))7’7:5 and

0<e<o

p=l—0o
C(p,@,a) = maX{L p‘ggfpfia(w(l) +1) p—o }
The proof is completed. .

4. APPLICATION

We provide an application of the extrapolation result proved in the previous section to characterize
the boundedness of the Hardy averaging operator H between the weighted grand Lebesgue spaces

Lﬂ)’e(I ) for quasi-monotone functions. We prove the following
Theorem 4.1. Let 1 <p < oo,—1 < <0 and 6 > 0. The inequality

||Hf||Lﬁ,)9(I) < OHf”LfU)s(I) (41)
holds for all f € Qp(I) if and only if w € @Bgyp(l).

Proof. Let us first assume that w € @Bﬁm(l). Note that if f € Q(I), then for 0 <t < s and a € I,
we have

(%) 25 )

by using which we get

0
t
=t [ f(2)dz
/

=t PHf(t),
ie., Hf € Qs(I).

Further, on taking ¢ = 1 in a modified form of Theorem B and considering the functions f defined
on [ instead of (0, 00), we see that the inequality

1 1
/(Hf(m))pw(a?)dx < C/fp(x)w(x)da:
0 0
holds. Now, in view of Theorem 3.5, inequality (4.1) holds.
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Conversely, assume that inequality (4.1) holds. Consider the test function f,.(z) = x? X(0,r) () for

0 <r < 1. Then
: .
1ol 0 0y =, 50 (:ﬁ / zmww(x)dx)
0

<e<p—1

6
:max{ sup er- e||fTHLp e, Sup 15:076 ||fr|L{j,5}’

0<e<o o<le<lp—

where o is chosen such that 0 < o < min{(5 + 1)p, p — 1}. Now, for 0 < € < p — 1, taking the
conjugate indice we obtain

e—o

”frHng—s < (/xﬁ(iﬂo’)w(x)dx) e (W(I)) (P—o)(p—e)
0

p—1—0o

< (/wa—a)w(x)dx)pl“(w([) + 1) e (4.2)

Thus, using (4.2) and an argument from [24, Theorem 3.1], we have

__o_ Bt
1l ey < maX{lvPQU 7 (W) +1) } sup e7°% || £, -

0<e<o
p—1l—0o

__9 p—a e
:max{l,pea p—o (W(I)-i-l) } - THfrHLP er

- <52 / a:l*(“r)w(x)dx) (4.3)
0

p—1l—0c

for some 0 < ¢, < o, where C := inf max {1,p907p%a (W(I) + 1) e } Further, note that
0<o<(B+1)p

1

/1 (@) wiw)dr > / (7)) wa)d

r

1
(PPN )
_(5+1) /xp,sdxv

so that

1

B
H T P
151 HL“’)G(I) 5+10<§1<15 1< /

rf+1 o [ w(x) e
> .
= ﬁ 1 (51“ / v d$>

r

The above estimate together with (4.3), and the assumption that (4.1) holds, yield

1 1 T 1

B+1 per per
,;Jr 1 <5T‘9/ u;(jC) dx) < CC; (are /xﬁ(p_“)w(:r)dx> .
xP—&r

T 0
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Therefore

xT r

/(C)p*“w(x)dx < (001(5“))”7“/ (x>ﬁ(pier)w(x)dac
r 0

< (CC’1(5 +1)+ 1)p/ (%)B(p_er)w(x)dx.
0

Thus w € @QBgp—c,(I), where 0 < &, < (8 + 1)p. Consequently, w € QBg,(I) and hence

w

€ QBs,(I). O
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