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ON SOME SPACES WITH MIXED NORMS

ALEXANDER MESKHI'2 TSITRA TSANAVA3

Dedicated to the memory of Academician Vakhtang Kokilashvili

Abstract. We present Rubio de Francia’s extrapolation theorem in grand function spaces generated
by LP() and L%, where LP(") is the variable exponent Lebesgue space and LY is the weighted constant
exponent Lebesgue space. We study diagonal and off-diagonal cases. As a consequence, we have the
boundedness of operators of Harmonic Analysis in these spaces.

In recent years, it was understood that classical function spaces are no longer appropriate for
solving a number of contemporary problems arising naturally in various mathematical models of
applied sciences. It thus became necessary to introduce and study quite new nonstandard function
spaces from various viewpoints. We emphasize that in recent years the following function spaces were
studied: variable exponent Lebesgue and variable exponent Sobolev spaces, grand function spaces,
Morrey type spaces, mixed-normed function spaces, etc. (see, e.g., the monographs [3,4,18,19,22,23],
the survey paper [12] and references cited therein).

In this note, we deal with the non-standard function spaces (LP('), L%)w(')’w(') and (Lp(')’w(')7 LZ)’SD('))
defined on the base of the variable exponent Lebesgue space LP(") and the constant exponent weighted
Lebesgue space L. The space (Lp('),Lg)w(')’W(') is the grand mixed-normed space and (Lp(')’w('),

L?L)’SD(') ) is the mixed-normed space generated by the grand spaces LP()¥() and LZ)"P('). In partic-
ular, we give Rubio de Francia’s extrapolation theorem in these spaces. As a consequence of the
extrapolation results, we have the boundedness of operators of Harmonic Analysis in the mentioned
spaces.

In 1961, the mixed Lebesgue space L7 with 7 e (0, 00]™, as a natural generalization of the classical
Lebesgue space LP via replacing the constant exponent p by an exponent vector ?, was investigated
by Benedek and Panzone [1]. Indeed, the origin of these mixed Lebesgue spaces can be traced back
to the interesting article of Hormander [11] on the estimates for translation invariant operators.

For grand mixed-normed Lebesgue spaces (L{'ﬂ‘),LZ‘J)QI’Q2 and the boundedness of operators of
Harmonic Analysis in these spaces we refer to the papers [14,16,17]. Extrapolation in mixed-normed
Banach function spaces was studied in [8,10,17].

The boundedness problem of the strong Hardy Littlewood maximal operator M) in the space
(Lpl(')7 Lp"’(')) is still open (see, e.g., [8,10]); however, it is known (see [21]) that the strong maximal
operator is bounded in LP(") unless p(-) is constant.

Grand Lebesgue spaces LP°)?(Q), where pg is a constant, 1 < py < oo, and  is a bounded open
set in R™, were introduced in T. Iwaniec and C. Sbordone [13] for § = 1, regarding the Jacobian
integrability problem, and in L. Greco, T. Iwaniec and C. Sbordone [7] for § > 0 when studying the
solvability problem of certain non-linear PDEs.

Grand variable exponent Lebesgue spaces were introduced in [15] (see also [5] for more precise
spaces). In that paper, the mapping properties of operators of Harmonic Analysis were studied,
as well. Finally, we mention that Rubio de Francia’s extrapolation problem in mixed-normed space
(LPC), L9) with a variable p(-) and constant ¢ was studied in [10]. Our aim is to study similar problems

for the spaces (Lp('),Lz)w(')’W(') and (LP(')W('),LZ)’“D(')).
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1. PRELIMINARIES

Let 2 be an open set in R™, LY be the space (equivalence classes) of measurable real-valued functions
on . A Banach space E := E(f) is said to be a Banach function space (BF'S, briefly) on € if the
following properties are satisfied:

(i) IfIlz = 0 if and only if f =0 a.e;

(i) 9] < |7] a.e. implies that [lgl|s < ||fI|=:

(i) i 0 < f, 1 £ a.c., then | f]l5 1 |z

(iv) if xr € LY is such that u(F) < oo, then xr € E;

(v) if xp € L? is such that |F| < oo, then [}, f(z)dz < Cp| f||g for all f € E and with some
positive constant Cp.

For a BFS, E, the Kothe dual (or associate) space E’, is defined to be the set of all f € L°(u) for
which

1l = sup{ [ t@g@de: gle < 1} <
Q

It is known that the space E’ is a Banach function space. For examples and properties of BF'Ss,
we refer to [2].

Let £ and E5 be BFSs defined on the open sets ; C R™ and Q5 C R™, respectively. The
mixed-norm space, denoted by (E1(€21), E2(€22)), (or simply (E1, Es)) is defined with respect to the
norm defined for a measurable function f : Q2; x 23 — R as follows:

1z ) = Il Es | 2,
It can be checked that for its associate space,
(B, E2)' = (E1, By)

holds (see, e.g., [10]).
For a Banach space F and a constant 0 < r < oo, the r-convexification of F is defined as follows:

ET={f:|fI" € E}.
E" can be equipped with the quasi-norm ||f| g = H|f|r\|}ﬂ/r It can be observed that if 1 < r < oo,

then E" is a Banach space, as well. For 1 < r < oo and BF'Ss E; and F, we have
(Ev, E»)" = (EY, E3).

For a survey on the recent developments of function spaces with mixed norms on R", including
mixed Lebesgue spaces, iterated weak Lebesgue spaces, weak mixed-norm Lebesgue spaces, etc., we
refer, e.g., to [9,12].

One of the examples of a BF'S is a variable exponent Lebesgue space.

Let  be an open set in R™. We denote by P(2) the family of all real-valued measurable functions
p(+) on Q such that

1< pb— S P+ < 00,
where
p— = p-(Q) == p(a), pr:=pe(2) = sgpp(w)

Let p(-) € P(Q). The variable exponent Lebesgue space denoted by LP()(Q) is the class of all p-
measurable functions f on 2 for which

So(f) = [ [f@)P@da < oc.
/

The norm in LP() () is defined as follows:
£l oy (@) = Inf {X > 0: S, (f/A) <1}
If p(-) = po is constant, then LP()(Q) is the classical Lebesgue space LP°(Q).
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Let p(-) € P(2). We write that p(-) € B(Q) if the Hardy-Littlewood maximal operator Mg defined

on )
M = I dy, x € Q,
af@ =swppo—s [ @y @
B(z,r)N
is bounded in LPO)(Q).
If Q = R"™, then we denote Mg by M.
We say that a function p(-) € P(Q) belongs to the class Py°8(Q) (or p(-) satisfies the log-Holder

continuity condition on Q) if there is a positive constant Cj such that for all z,y € Q with |z—y| < 1/2,

Co
z) — . E—
Ip(z) — p(y)| < By e p—

If Q is unbounded, then we denote by P%8(Q) the class of exponents p(-) satisfying the condition

Ip(z) — p(y) ly| > |z|, =,y €Q,

< 7
= Togle + 2])
with the positive constant C',, independent of x and y.

If p(-) € PY5(Q) N PL8(Q), then we say that p(-) € Ps(Q).

The class of exponents P& plays an important role in the theory of integral operators in LP()
spaces. For example, maximal, fractional and singular integral operators are bounded in LP(") under
the condition p(-) € P°¢ (see, e.g., the monographs [3,4, 18] and references cited therein).

Criterion governing the boundedness of the maximal operator M in LP()(R™), provided that p(-)
is constant outside some large ball, was found in [20]. In particular, in that paper the author proved
that M is bounded in LPO)(R™) for p(-) € P(R™) if and only if dz € A, i.e.,

p()

p() =1
where the supremum is taken over all cubes @ in R™ with sides, parallel to the coordinate axes.
Let [2] < oo and p € P(Q). In [15], the authors introduced the space LP()¥()(Q) (resp.,

LPO#Ce0) () called grand variable exponent Lebesgue space (GV ELS briefly) which is defined
with respect to the norm

S%Pl@rlnmnm||><Q||Lpf<.> <oo, P() =

1
Iflleowor @ = sup (¥(€)) "= [ fll oo

0<e<p--—1
1
(resp. [[fllzocrvcrecr = sup @)= || fllzecr-ntr (@)
n(-)EPo(o(-),Q)
where t(-) is a non-decreasing function on (0,p_ — 1) such that th%l-i- P(t) =0, and Po(o(+), ) is the
—
class of exponents 7(-) such that 7(-) € Po(Q2) and 0 < n— < n(z) < o(x) <oy < p_ — 1 with a given
positive function o(-) on .
If o (t) = t¥ with the positive constant 6§, then GV ELSs LP()¥()(Q) and £P()¥():7()(Q) will be
denoted by LPO)(Q) and £P()-9:70)(Q), respectively.
For a constant ¢, 1 < ¢ < oo, an open bounded set  on R™ and a weight (i.e., a.e. positive

locally integrable function) v on €2, we denote by LZ)’“D(')(Q) weighted grand Lebesgue space which is
determined by the norm

“fu(z)dz 1/((1_6).
L9°0(@) =  sup (wa) Q/ 7)) <>d)

0<e<g—1

For ¢(t) = 9,0 > 0, and u = const, LY*?")(Q) is the Iwaniec-Sbordone space denoted by L9:¢(Q).
In [6], the authors proved that for the boundedness of the Hardy-Littlewood maximal operator in
Lg)’a(Q) it is necessary and sufficient that u belongs to the Muckenhoupt class A,. Later, it turned
out that a similar result holds for other operators of Harmonic Analysis (see [19] and references
therein).
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Let ©; and 5 be open sets in R™ and R™, respectively. Suppose that p(-) € P(Q) and let g be a
constant such that 1 < ¢ < co. Let u be a weight function on R”. Let us introduce a mixed-normed
space (see [10] for unweighted case) defined with respect to the norm

0 (s 22 m) 7= M7 Ml on) = ( / 176 el )

Let p(-) € P(Q2) and 1 < ¢ < co. Suppose that 9 () and ¢(-) are positive non-decreasing functions
on the intervals (0,p_ — 1) and (0, q — 1), respectively such that )\lif&w()\) = Alir& p(A) = 0. In this
— —

case, we say that (1(-), () € Ay

Let now Q4 and 5 be bounded open sets in R™ and R™, respectively. Suppose that p(-) € P(€;) and
let ¢ be a constant such that 1 < ¢ < co. Let u be a weight function on Qs and (¥(-), () € Ap(.y,q-
We say that a measurable function f on €; x Qs belongs to (Lp(')(Ql),L%(QQ))w( 120 4

IIfH(

w,’ .
LrO) (Q1),L%(Qs )) (e

N 1
= su su 5 P——*1 £ ‘1*52 g—c < 0.
O<er<p. —10<eagy—1 (V=) (#(e2)) ”f”(”(')_“(ﬂlmu (@2))

A measurable function f : Q; x Qs — R belongs to (£P()(€), LZ(QQ))f((:)),W(.) if
||fH(

P
£PO) (1)L (Qs )) e

= su su ”f*"’+ 3 = _. < 00.
doen sy o<l (WO @) T sty )

Further, we are also interested in the investigation of the mixed-normed grand function spaces

(LPOWO) LD9O) and (£POw000) [w0),
It is clear that
(LP(')W(')’LZ)#P(')) SN (L”('),Lg)w(')’w(')
and

() 70),00) P ()e(")
(LPOvO0), 1920 oy (£20), £9) 80120,

Define a strong Hardy—Littlewood maximal operator on € x € as follows:

/ lg(t, s)| dtds, ¢ € Lioc(21 x Q2),
Bl X BQ
where By := By NQy, By := By N Oy, By and By are the balls in R® and R™, respectively.
If Q; = R™ and Qy = R™, then M), is denoted by M.
We say that a weight function v on R™ belongs to the Muckenhoupt class 4,,, 1 < py < oo, if

1 1 [ ot . Do
R 0 < =
<'B'B/ “‘“><|B|/ o)<

for all balls B in R™. Further, a weight function w on R™ x R™ belongs to the strong Muckenhoupt
class A§,§) if

1 1 , po—1
w = su _ w(x,y)dxd _ / wl™Po(z, y)dxd > < 00,
[w] 4 S (|31 SYEN / (,y) y) <|B1 T (x,y)dady

1X Ba 1 X Ba
where the supremum is taken over all balls By C R™ and By C R™. We say that a weight w on
R™ x R™ belongs to the class Ags) if there is a positive constant C' such that for a.e. (z,y) € R x R™,

M(S)w(x,y) < Cw(x,y). (1)

1
M g(x,y) = sup
a0, 9(0Y) = b BB
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The best possible constant in (1) is called Ags)_ characteristic of a weight w and is denoted by [w] ,cs).
1
It is easy to see that the following relation

[w] PIGIRS [w] A 1 <p1 <po <0

holds.
Further, we will need also the Muckenhoupt-Wheeden class of weights A, 4, A weight v on R™
belongs to the class € Ay 4., 1 < Po,qo < 00, if

(], =sup <;| / 0 @;)m) (“;' / P (x)dx) " e

B B

Our first statement reads as follows.

Theorem 1.1 (Diagonal case). Let Qq and o be bounded domains in R™ and R™, respectively. Let
F be a family of pairs (f,g) of measurable functions f and g defined on Q1 x Qy. Suppose that for

some 1 < py < o0, for every w € A](gi) and oll (f,g) € F, the one-weight inequality

( / 6" (2, y)w(z,y) d;z:dy)ploé CN([w]A;§>)< / 17 (@, yw(e,y) dxdyf”

Ql XQQ Q1 ><Q2
holds with some positive constant C, independent of (f, g), and the constant N([w]A(S)) such that the
PO

mapping - — N(-) is non-decreasing. Then for any exponent p(-) € B(1), the constant q, 1 < g < oo,
for all (f,g) € F, ue Ay, and every (¢(-),¢(+)) € Ap().q, the inequality

l9ll(:,2.) < Clifll(Es.22)
holds with a positive constant C~', independent of (f,g), where
(Ey, Ey) = (Lp(-)ﬂb(-)(gl)’Lq)yw(-)(gb))’

(resp,, (B4, Es) = (Lp(')(Ql),LZ(QQ))IP(')’¢(')).
In the off-diagonal case, we have

Theorem 1.2 (Off-diagonal Case). Let Q1 and Qs be bounded domains in R™ and R™, respectively.
Let F be a family of pairs (f,g) of measurable functions f and g defined on 1 x Qy. Suppose that for

(5) (Q1 x Q2) and all (f,g) € F, the one-weight inequality

some 1 < pg < qo < 00, for every w € A1+qo/p6

1

< / 9% (z, y)w(z,y) da:dy) Yo ON([w] y» ) ( / (0 () d;pdy) e

1+49
Q1 xXQs Po Q1 %9

holds with the positive constant C, independent of (f,g), and the constant N([w]A<S) ) such that the
14+ 39
Po
mapping s — N(s) is non-decreasing. Then for any variable exponents pi(-),qi1() € P(Q1), with
q1(:) € B(Q1), constant exponents 1 < pa, qa < 0o satisfying the condition

1 1 1 1 1 1

p1(+) - ai(°) P2 @ P
for all 0 < 01, 03 < 00, for all (f,g) € F and any u € Ap, 4,(R™), the inequality

) <C . (.81 (-
||U(y)||g( 7y)||£q1(_)$92;‘117;)_—10(,)(91)Hqu),Oggz (22)) S CHU(y)Hf( ?y)HLPl( ),071,m( )(Ql)HLm),e2 (Qz))7
(Tesp' ||u(y)g(:c,y)|| 010a1)_ byqy < C”u(y)f(x’y)u(ljm(w)((h) LW(Q2))91’92)
’ n(-)

(qu(z)(ﬂl),qu (522))0((.’#)1)7 "2

is fulfilled, where o(-), n(-) are defined as follows:
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1 1 1 1 1 1
p1(z) — o(x) q1(z) — n(z) P2 Q2 Po 4qo

and the positive constant C is independent of (f,g).
Further, we have

Theorem 1.3. Let F be a family of pairs (f,g) of measurable functions f and g defined on R™ x R™.
Suppose that for some 1 < py < oo and for every w € Az(,ﬁ) and all (f,g) € F, the one-weight inequality

(/gp"(x,y)wmy) da?dy) SCN([w]A<p§>)( / fPo (@, y)w(z,y) dwdy)
R XR™ Rn XR™

holds with some positive constant C, independent of (f,g), and the constant N([w]A(S)) such that
PO

the mapping - — N (- ) is non-decreasing. Then for any variable exponent p(-) with p(-) € B(R™), a

constant g, 1 < g < 0o, and every u € A4(R™), the inequality

< Cllfl

190 (oo oy 23 ) LrO) (R), LY (R™))

where the positive constant C is independent of (f,g).
Theorem 1.3 in the unweighted case (u = 1) was derived in [10, Theorem 1J.

Theorem 1.4 (Off-diagonal Case). Let Qq and Qo be the bounded domains in R™ and R™, respectively.

Let F be a family of pairs (f,g) of measurable functions f and g defined on R™ x R™. Suppose that
(8)

for some 1 < py < qo < 0o and for every w € A1+q0/p

, and (f,g) € F, the one-weight inequality
0

1

/gq‘)(ﬂc,y)w(ﬂ:,y) dmdy)qoé CN([w]quo)( / 7o (z, y)wo (2, y) dwdy>m

]Rn XRm 0 R”L XR’IYL
holds with the positive constant C independent of (f, g), and some non-decreasing mapping s — N (s).
Then for any exponents pi(-),q1(-) € P(R™) with ¢1(-) € B(R™), constant exponents 1 < pa,qa < 00
satisfying the condition
1 1 1 1 1 1
pi(z)  q(z) p2 @ po
for all (f,g) € F and any u € Ap, 4,(R™),

w9 9l Lar o) @y |z my < Cllu@)ILf G 9l Lo @ny ez @m),
with the positive constant C, independent of (f,9) e F.

Remark 1.1. As a consequence of these statements, we have the boundedness of operators of Har-
monic Analysis for which the one-weight inequality holds under the strong Muckenhoupt condition
A§;§>, 1 < po < oo. Such operators are, for example, Hardy Littlewood maximal operator M),

multiple Calderén-Zygmund and multiple fractional integral operators, etc.

Remark 1.2. In Theorems 1.1 and 1.2, we may assume that the Muckenhoupt classes are defined
for weights on domains 7 and 9, where Q; and Q5 satisfy the conditions: |B(z,R1)| > CRY,
|B(y,R2)\ > CRén, x € Ql, RS QQ, R, € (0, dlam(Ql)), Ry € (0, dlam(Qg))

In the sequel, we write (E1, Ey) € Mg if the operator M%) is bounded in (E1, Ey).
Theorems 1.1, 1.2, 1.3, 1.4 follow from more general statements formulated in quantitative form
(see also [10] for the diagonal case).
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Theorem 1.5 (Diagonal Case). Let F be a family of pairs (f,g) of measurable functions f and g
defined on Q1 x Qa. Suppose that for some 1 < pg < 0o and for every w € A;ﬁ') and all (f,g) € F,
the one-weight inequality
1 1

( [ @ty aan) " <entul)( [ menuenan)” @

Q1 X0 Q1 X
holds with some positive constant C, independent of (f,g), and some non-decreasing mapping s —
N(s). Suppose that there exists 1 < gy < oo such that Ell/q0 and E21/q0 are again BFSs. If
((Ei/qo)’, (E;/qo)') € Mg, then for any (f,g) € F,

lglle, ey < J(HM(S)||(E;/407E;/q0)/7p0,(]0)||f||(E1,E2),

where J(”M(S)H(El/qo El/qo),,po,qo) is the constant such that the mapping t — J(t,po,qo) s non-
1 12
decreasing in t for fized po and qq.

Theorem 1.6 (Off-diagonal Case). Let F be a family of pairs (f,g) of measumble functions f,g on
Q1 x Qy. Suppose that for some 1 < pg,qo < oo and for every w € AY and (f,g) € F, the

one-weight inequality

1+q /Po

([ sty dzdy);”s on(ulye, ) [ et dxdy)”l‘) 3)

1+ 499
Q1 X0 po Q1 xQo
holds with some positive constant C, independent oji(f, g), and non-decreasing mapping s — N(s).
Suppose that E1 := E1(), By := E1(Q), Ea := E3(Q2) and B := E3(2) are BFSs. Let there
exist 1 < pg < 00, 1 < gy < oo such that
1 1 1 1
Po Qo Po Qo

and El/q0 Ei/po El/qo 1/% are again BF'S's satisfying the conditions

(El/%) o [(Ell/ﬁo)’]ﬁo/ao; (El/lm) o [(Ezl/ﬁo)/]ﬁo/t?o.
If ((El/qo) (El/qo) ) € Mg, then for any (f,g) € F,
HgH(E1 Fa) = J(||M( ||(( l/qo) 7(5;/60)’)470’(107507(70)||fH(E1,Ez)a
where the constant J (| M 9| (5o (5Y/%) ),po, 40, D0, qo) is such that the mapping t — J(t, po, qo,
Do, qo) is non-decreasing in t for fixed po,qo, Po,qo-
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