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THE COMPLEX LINE (p,q)-INTEGRAL AND (p,q)-GREEN’S FORMULA

ILKER GENCTURK!* AND KERIM KOCA?

Abstract. In this study, we present the complex line (p, ¢)-integral and multiple (p, ¢)-integral by
using the concept of (p, ¢)-calculus. The (p,q)-Green’s formula and the (p, ¢)-Gauss formulas are
obtained with appropriate conditions in a complex plane.

1. INTRODUCTION

The g-calculus, where ¢ stands for quantum, plays an important role in understanding various fields
of mathematics, such as fractional calculus, discrete geometric function theory, analytic function
theory, etc. There is a vast list of publications [1-4,9-11,15,17] and references therein. Roughly
speaking, g-calculus substitutes the classical derivative by a difference operator. For basic definitions
and more details, see [7,13].

The (p, g)-calculus, which is more general than g-calculus, has been studied due to its important
applications in various subfields of mathematics and quantum physics [5, 6, 8,12,18-20]. In [16],
the author investigated some properties of the (p, g)-calculus. Furthermore, in the same paper, the
fundamental theorem and the formula of integration by parts were obtained.

It is well-known that Green’s formula provides the relationship between a line integral around a
simple closed curve C' and a double integral over the plane region D bounded by C. The aim of our
paper is to get the complex (p, q)-Green’s Formula. The paper is organised as follows. In Section 2,
we recall some basic definitions and properties of the (p, g)-calculus. In Section 3, the (p, g)-complex
integral is defined. In the next and final section, we give the complex line (p,q)-integral and the
multiple (p, ¢)-integral, respectively.

2. BASIC DEFINITIONS AND PRELIMINARIES

In this work, unless otherwise stated, for fixed (x0,y0) (o > 0, yo > 0), we consider the discrete
set

K={p"zo+iq"yo€C, m,n=0,1,2,...; 0<p<1l, 0<g<1}.
Definition 2.1. For « € R, the (p, ¢)-analogue of « is defined as
poc _ qa
alpg = —"—
ol = =2

Also, for n € N, the (p, ¢)-factorial of n is defined as

Mlpg! = [Upg 2pg---[Mpgs 21 [0l =1

Moreover, let us introduce the p, g-binomial coefficients

n [n)p.q!
= : , 0<k<n; nkeN.
(k)p,q [k]qu! [n - k]Paq!

Definition 2.2. The (p, q)-differential of a complex discrete function f(z), defined at the points of a
discrete domain K, is written as

f(pz) — f(g2)

(p—q)z 2#0,

Dy 4 f(z> =
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and . .
Dy 10) = liy LI =),
For example, if f(z) = 2™, n € N, one can see that
Dpq 2" = [n]pq 2
Definition 2.3. For z = z + iy := (z,y) € K,

(z) = {(z,v), (pz,y), (z,py), (qz,y), (z,qy), (qz, py), (pz, qz), (px, py), (g2, qy) } C K

is called a basic discrete set with respect to z € K.

Definition 2.4. For z = = + iy € S(z), the (p, ¢)-differential of a complex discrete function f(z) is
defined as dy 4 f(2) = f(p2) = f(qz) = f(pz,py) — f(97,qy).

Now, for z =z + iy € S(z), let us introduce the partial (p, g)-derivatives in real variables x and y.

f(pz,y) — flqz,y) f(z,py) — f(z,qy)

D « flz,y) = , D z,y) = . 2.1
(p,9), f(z,y) (- q)z (p,9).y f(z,y) »—q)y (2.1)

Also, we consider the dilatation operators
M7 f(z,y) = flgz,y), M} f(z,y) = f(z,qy) (2.2)

in variables x and y, respectively.
Hence, the (p, q)-differential of f(z) can be written as

dp.q flz,y) = Mé’ D(p,q),ac [z, y) dpqr + M&E D(p,q),y [z, y) dp.qY, (2.3)
where dy gx = (p — q)x, dp gy = (p — Q)y-
For any point z € S(z), it can be seen that d, g2 = dp qr+idy oy = (P—q)2, dpgZ = dp gr—idy gy =
(r— )z
Definition 2.5. Let D, ) o, Dp,g),y and My, My be as in (2.1) and (2.2), respectively. Then the
complex (p, ¢)-differential operators D(, 4 . and Dy, 4 > are defined as follows:

1 - xr

Dpg),z : = ) [Mff Dp,q) e — 1M, D(p,q),y} ) (2.4)
1 . T

Dpg)z = ) [ s Dipg)e +1 My D(p,q),y} . (2.5)

Theorem 2.6. For any point z € S(2), the (p, q)-differential of discrete function f(z) defined at the
points in K can be given by

dpq f(2) = Dpgy,- [(2) dp gz + Dy gz f(2) dp g2 (2.6)
Proof. The validity of (2.6) can be seen by using (2.1), (2.2), (2.4) and (2.5) through simple calcula-
tions. Also, we note that (2.3) is equivalent to (2.6). O

Definition 2.7. Let B C K be a subdiscrete domain. For S(z) C B, if for all z € B, f(z) satisfies
Dp.g),z f(z) =0, then f(z) is called (p, g)-analytic on B.

Example 2.8. The function
f(z) = f(a,y) = qz® + (p + @izy — py® (2.7)
is (p, q)-analytic. In fact, after some calculations, it is seen that

fpz,py) — flgz,py) _ (0% — @) (qz + ipy) = flaz.py) — flax,ay).

T 1y

So, this implies that D(p’q)’zf(z) =0.




THE COMPLEX LINE (p, q)-INTEGRAL AND (p, q)-GREEN’S FORMULA 37

Remark 2.9. In [14], the criterion of (p, ¢)-analyticity is given as D, 5 f(2) = Dy, f(2), where
f(z) = f(p2,y) f(z) = f(z,qy)
D, f(z) = ———"2: D,, f(z) = ———.
p () (1—p)CC Y () (1—q)ly
The function (2.7) is not (p, ¢)-analytic in the sense of M. A. Khan.
On the other hand, in [17], the criterion of g-analyticity was given as

1 )
Dy f(2) = 5 | Daus +i M} Dy | () = 0.

The function (2.7) is not g-analytic in the sense of Pashaev. However, by interchanging p and ¢,
and then choosing p = 1, the new function g(z) = g(z,y) = 22 + (1 + q)izy — qy? is g-analytic in the
sense of Pashaev.

Let us define the operator L, , by
Ly f(2) := 2 f(qz,py) —  f(qz,qy) — iy f(pz,py).
Theorem 2.10. For z =x +1iy € S(z),
f(z) is (p,q)-analytic on S(z) < Ly, .f(2) =0
Corollary 2.11. If f(2) is (p, q)-analytic, it is easily seen that dp 4 f(2) = D(p.q),= [(2) dp g2

3. THE (p, q)-COMPLEX INTEGRAL
In this section, the (p, ¢)-Jackson integral is defined for an arbitrary function f(z).

Definition 3.1. Let f(z) be an arbitrary function and F(z) be a function such that D, g . F(z) =
f(2), then

Flpz) - Flgz) _ .
(p—q)z = 7).

The function F'(z) is a (p, ¢)-antiderivative of f(z). F(z) is denoted by

[ 1)z

Definition 3.2 ([16]). Let f be an arbitrary function and a be a real number. The (p, ¢)-integral of
f is defined as follows:

k

iortar=o-anSs (). Jo <. o

Definition 3.3. A function f is called (p,q)-integrable on [0,00) if the series in (3.1) converges
absolutely.

Remark 3.4. If we choose p = 1, then formula (3.1) for the well-known Jackson integral (see [13,

p. 67]) gives .
[ @ e == a2y o' ().
k=0

For p = r!/2, g =s"1/2,
’p‘ <le|rs| <1,

and formula (3.1) gives

/f dygr = (5717 = 1172 ZTW <k+1>/2f( k/2 g(kt1)/2 )

k=0
which is formula (11) given in [5].

The detailed information related to the (p, ¢)-integrals can be found in [16].
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4. LINE INTEGRALS
On the complex plane C, let
yiz(t)=a(t) +iyt), te[0, da, (a>0)

be a curve which is piecewise smooth and rectifiable. Now, let us consider a function f(z(t)) =
u(z(t)) + iv(z(t)), t € [0,a], on the curve .

Definition 4.1. If for z = x + 1y,

n qk n qk n qk
li =y |:= 1 1 = li 1 = =
i (e te) =t [ (S Too) | = i |t o (5. 550) | < 00
then h(z) is called (p, ¢)-regular at the point (0,0).

Definition 4.2. Let f(z) be given on a piecewise smooth, rectifiable curve v C C, or indirectly, as a
composite function f(z(¢)) on I = [0, a]. It is said to be (p, ¢)-uniformly continuous on the curve - if for

any given positive number e, we can find a number § = d(¢) such that ’f (z (ag—z» —f (z (agi%)) ’ <
qk qk:+1 5

Zl\ayr | =z amFT <o0.

Lemma 4.3. Let vy : 2(t) = x(t) + iy(¢) be a continuous curve on C with ¢t € [0,a], and let f(z) =

u(z) +iv(z) = u(z(t)) +iv(z(t)) be a complez-valued function which is (p, q)-uniformly continuous on

the given curve 7. If z(t),y(t) have (p,q)-derivative and u,v are (p,q)-integrable, then the Jackson
integral of f(2) on ~ is given by

/f pqu/f Dy () dy gt
Z o ( (I)ZL))D,,,qz (apffil). (4.1)

Here, the (p, q)-antiderivative of f(z) is (p,q)-regular at z = 0.

Proof. Let v : z(t) = z(t) + iy(t), for 0 < t < a, and f(2) = f(2(t)) = u(z(t)) + iv(z(t)). Starting

with
I = /f(z)dpyqz = /u(z)dpyqz—&-i/v(z)dp,qz,
¥ ¥

Y

and making the substitution z = z(t) in each of integrals on the right-hand side, we have
a

I= [ () Dy (0) dpgt + / (2(0)) Dpg (1) dpgt = / F0) Dy () dy gt

0 0
a

= [0+ 0NN D) + D (O] dyt

0
— [ W) Dyan(t) dyt 1 [ o) Dy (t)dpat
0 0
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By calculating the real integrals and using (3.1), we get

1= 3 [ (o () oo (- ()]

[ (o) = (o) 4 (o (o) - ()]
-3 (= (o55)) (£ () -+ (5))
==t (- () ) o ()

The proof is complete. O

Definition 4.4. If the series in (4.1) is convergent, then the complex function f(z) is called (p, q)-
integrable on the curve ~.

Remark 4.5. If f(z) is (p, ¢)-integrable on the continuous curve ~, then

lig [ 7)oz = [ 1)y
Y Y

Example 4.6. If we use (4.1) for v : 2z(t) = t2 +it, 0 < ¢t < 2, and the function f(z) = Z for
0<g<p<l1, we get

2 2
/Edp,qz = /(t2 —it)Dp 42(t) / —it)[t(p+q) +i]dp,g
0

v t=0
_4( 4 il-(p+q) 1 )
= — + .
rP+¢ pPrat+d® ptg
Note that the result above is the same as the following (p, ¢)-integral result as p — 1:
4 2i 1
lim [ Zdpq2 = /Edqz = 4( — ! + )

p—1 1+¢* 1+4+q+¢* 1+¢
v v

Let us assume that the rectifiable piecewise smooth curve
viz(t) =) +iwy(), 0<t<a
is positively oriented. In that case, the initial point of v is z(0) = 2o = z(0) + i y(0) and the final
point of v is z(a) = z, = x(a) + i (a).
Let f(z) be a (p, q)-integrable function on ~y. Let 7 be the curve having the opposite orientation of
7, in the classical sense. Then the line (p, q) -integral of f(z) on 7 is defined by

j}@mmm——/ﬂa%ﬁ-

5. MULTIPLE (p, q)-INTEGRALS

Let h(xz,y) be a function given in D = {(z,y) e R?: 0<z < a, 0<y <a}. For (z,y) € D, the
multiple (p, ¢)-integral of h(x,y) with 0 < ¢ < p < 1 can be given by,

o n—i—k q" qk
I—// $,t) dp gt dpgs = (p—q) myzz RS (n+1x’pk+ly>‘ (5.1)

nOkO

Now, let us investigate under which conditions the series (5.1) will be convergent. For all (z,y) € D,
if M € (0,400) exists such that |h(x,y)| < M, integral (5.1) always exists. However, even if h(z,y) is
unbounded, integral (5.1) may exist, as well.
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The following theorem is related to a function in this situation:

Theorem 5.1. Let h(x,y) be a function given in D = {(z,y) e R*:0< z < a,0<y < a}. Assume
that for all (z,y) € (0,a] x (0,a], 0 <a<1,0< <1, there is a positive M such that

P h(a,y) < M. (52)
Then the series (5.1) is convergent for all (z,y) € (0,a] x (0, al.

Proof. From (5.2), for x > 0, y > 0, we have

h(z,y)| < Ma=y " (5.3)
In (5.3), if we replace x with pq%x and y with p,‘CI%y? we get
- -8
" g q" Ny
(e ) | < () ()
Thus
" ¢ n.. k am1, g1 ()T g U=k g
WWWQ z,q"y)| < Mp*~'p (];) (];) =y

j e 1-3
For 0 < g <p <1, we have 0 < (%) <1,0< (%) < 1. The geometric series

oo 00 o _ . /q (1—a)n q (1-P)k M.’E_O‘y_ﬂ
M=y~ Pp*~tp’ 1(’) (7) -
r;)kzzo p p (pl=a — gl=o)(pl=B — q1=h)

is pointwise convergent. Hence, for all (z,y) € (0,a] x (0, a], we have

© 0 otk T—a, 1=B(p _ \2

2 q Mz'=%y =F(p —q)
p—q)Ty ——|h(z,y)| < — — — —.
( ) nZ:O’;)pn+k+2| (z,y)] (pl= — gl=)(pl—F — q1=B)

Finally, the series in (5.1) is absolutely convergent, therefore it is convergent. O

Remark 5.2. The condition (5.2) is sufficient but not necessary for the convergence of the series in
(5.1).

Remark 5.3. For all (z,y) € D, if we take h(z,y) = 1, then

//dp,qxdpyqy =a® = Area(D).
00

Remark 5.4. We note that

Z%iﬁni//h(aj,y) dnqxdp?qy://h(x,y)dqxdqy
0 0 0 0

Definition 5.5. Let h(z,y) be a function on a (p, ¢)-geometrical set D = {(x,y) €ER?:0<z<a,
Ogyga} with 0 < ¢ <p< 1. Forall (z,y) € Dand z #0, y #0, if

(see [15]).

n k
, q _ . ¢\
nl;rr;oh (pnx,y> =h(0,y) and klgx;oh <a:, o y> = h(z,0)
hold, then h(x,y) is called (p, q)-regular on line segments Dy = {(0, y)ER?:0<y < a} and Dy =
{(z,0) e R?: 0 < = < a}, respectively.
Remark 5.6. Since 4 < 1, the definition of the (p, g)-regularity is the same as that of the g-regularity
p
n [15]. Also, we note that (5.1) is always true if h(z,y) is (p, ¢)-regular on Dy, Dy and at (0, 0).
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Lemma 5.7. Let h(z,y) be (p,q)-reqgular on Dy = {(0,y) e R*: 0 <y <a}, Dy = {(x,0) € R? :
0 <z <a} and at the point (0,0). If h(0,y) = h(z,0) = h(0,0) = 0, then

T Yy

z Y
D(p,q),m D(p7q)7y//h(8’t) dp7qt dp7q3 = //D(p,q),s D(p)q))th(s7t) dp,qt dp,qS. (54)
0 0

0 0

Proof. For x # 0 and y # 0, using the definition of the multiple (p, ¢)-integral, we get

z oy
D9 D(pyq)ny(x’y) = Do) D(pyq)-,y//h(s’t) dp,qt dp,q$

> > n+k n k n k+1
_ q 2 q q q
-3y s [ (G o) o (o )

r1 Y
pk+1

q7L+1 qk ) qn+1 qk-i-l
—pqh <pn+1$’ pky) +q°h (p"“x’ WQ)} = h(z,y).

On the other hand, for the right-hand side of (5.4), we get

t t
//qu (5,8) dp gt d,, qsf// SP Sq)dpyqtdpyqs

j(pq)yiqu h(7pky) h<s%y> d
0

p,q5
k=0 (p— Q) k+1y

T o k k+1
B q q
- /Z [h (S p’“y> . (S pk“yﬂ o

0
k k+1 N+1

Z q q q

|:h <S, ky> —h (Sa pk+1 y):| = h(S,y) —h (81 pN+1 y) ’
k=0

p
N ¢ g1
ngnoo Z [h (s, pky> —h (s, pkﬂy)} = h(s,y) — h(s,0).

Hence we have

xT

z oy
//D(zuq),th(s’ t) dp,qt dpgs = /[h(say) — h(s,0)]d, ¢s.

0 0 0
Finally, we get

Ty x
[ [ Do Do lss ) tngs = [ D3 s.0) = 15, 0) dy
0

0 0
= h(z,y) — h(z,0) — h(0,y) + h(0,0).
h(0,0) = 0, the lemma is proved. O

Theorem 5.8. Let the real-valued functions u(x,y), v(z,y) be given on the set D = [0,a] x [0,a],

and let the functions u, v, D(p ) D(p 0y be (p, q)-integrable on D with respect to both x and y.
Then the (p, q)-Green’s formula

With our assumptions h(0,y) = h(z,0) =

[ ey + vy = [[ (Do) = Dy o) dpaadoay 65)
oD D

is valid. Here, OD is oriented positively.
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Proof. Let 0D = v U~ U~v3 U~y v is given by v1 : ¢ = ¢,0 < t < a, y = 0, so we have
dp qx(t) = dpqt, dpqy(t) =0. Then, calculating the left-hand side of (5.5) on 1, we arrive at

/ (2, y)dp g + 02, Y)dp gy = / ult, 0)d, ot
Y1 0

For the curve v, y2 : x = a,y =t, 0 < t < qa, so we have d;, ;x(t) =0, dp y(t) = dp 4t, and

/ (2, y)dp g + 0(@, y)dp gy = / ola, )y gt.
Y2 0

On the other hand, the curve 73 is the curve 43 : x = t, y = a, 0 <t < a oriented oppositely. Hence
on 73, dp gy = 0 and d, gz = d, 4t, we have

a
/u(m,y)dpyqx +o(z, y)dp,qy = — /u(m,y)dpyqx +o(z,y)dp,qy = — /u(t,a)d,hqt.
V3 73 0
Similarly, the curve 74 is the curve 74 : x =0, y = ¢, 0 < t < a oriented oppositely. Thus

/u(a:,y)dpﬂx +v(z,y)dp,qy = — /u(x,y)dp,qx +v(z,y)dp,qy = — /U(O,t)dpvqt.
Ya a1 0

Hence we have

/u(m, Y)dp qx + v(x,y)dp gy = / [u(t,0) 4+ v(a,t) — u(t,a) — v(0,t)]dp 4t. (5.6)
oD 0
On the other hand, by (5.1), we can write

a a

a
/ D(p7q)7$v(x,y)dp7qzdp,qy://D(p,q),xv(x,y)dpvqxdp,qy:/[v(a,t)—v(O,t)]dp,qt, (5.7)
D 0 0 0

and

a

/ D(p)q))yu(x,y)dnqmdp,qy://D(p,q)’yu(x,y)dnqxd ,qyz/[u(t,a)—u(t,O)]dnqt. (5.8)
D 0 0 0

Using (5.7) and (5.8), we have

a

// [D(p)q))xv(x,y) = D)0, Y)|dp,qv dp gy = / [v(a,t) — v(0,t) — u(t,a) + u(t,0)]dpqt. (5.9)
D 0

If we compare (5.6) and (5.9), it is seen that the (p, ¢)-Green’s formula (5.5) holds. O
Remark 5.9. If the complex-valued function f(z) = f(z,y) is g-periodic in z, i.e., f(z,y) = f(qz,y),

and p-periodic in y, i.e., f(z,y) = f(z,py), then using (p, ¢)-Green’s formula (5.5), we get the following
(p, ¢)-Gauss formulas

/f(z) dp gz =21 // D(p7q)7gf(z)dp7qx dp.qY, (5.10)
oD D

/f(z)dp,qu —24 // D(p7q)7zf(z)dp7q1: dpqy- (5.11)
oD D
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Remark 5.10. It is not difficult to seen that the function

is

1

10.
11.
12.

13.
14.

15.

16.

17.

18.

19.

20.

fz)= f(z,y) = e2mi(m gl +k hﬁ,‘i‘), m,k €Z, (5.12)
g-periodic in x and p-periodic in y. It can be easily verified that (5.12) satisfies (5.10) and (5.11).
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