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ON RECONSTRUCTION OF COEFFICIENTS OF WALSH SERIES WITH GAPS

SHAKRO TETUNASHVILI}2 AND TENGIZ TETUNASHVILI!3

Abstract. In the present paper, theorems concerning the Walsh series with gaps are formulated.
Rademacher series are particular cases of considered Walsh series.

Formulas to calculate coefficients of such a Walsh series by means of values of the sum of this
series at certain two points are presented. These two points vary depending on the index of the
coefficient being calculated.

1. NOTATION, DEFINITIONS AND KNOWN RESULTS
The Rademacher function rj(t), where k = 0,1,2,..., can be defined as follows (see [2]):
RS
We extend the function ro(t) over the whole real line under the condition that
ro(t) = ro(t + 1),

for any real number t.
To define r(t) for every integer k£ > 1 and any real number ¢, we set

Ti(t) = 7o (27¢) .
A system of functions {ry(t)},—,, where t € [0,1), is called the Rademacher system.
The Walsh system {W,,(¢)}22,, where t € [0,1) can be defined as follows (see [3]): Wy(t) = 1 for
any t € [0,1).
Let Q) = {n 2P <n < 2l &ne N} for every nonnegative integer k, where N stands for the
set of all positive integers. So, for every positive integer n, there exists a number k such that n € Q.

Let
k
n= Z g;2*
i=0

be a dyadic expansion of n, thus e, = 1 and ¢; € {0,1} if 0 < i < k — 1. To define W, (t) for n > 1,
we set

k k—1
W) = [T (i)™ = () T trae)®
i=0 i=0

So, War (t) = ri(t) for every nonnegative integer k.

Bellow, pE stands for the Lebesgue linear measure of the set £ C [0,1). The symbol + denotes
the summation defined in [2] (see [2, Chs. I and II]).

Let o be any rearrangment of nonnegative integers.

Consider the series

Z akTo(k)(t) (1)
k=0

with respect to the rearranged Rademacher system.
Theorems concerning the reconstruction of coefficients of the series (1) by values of the sum of this
series are presented in [3], [1] and [4].
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According to S. Stechkin and P. Ul’yanov’s theorem proved in [3], the following statement holds:

Theorem A. Let the series (1) converge to some constant C on the set E C [0,1). Then:

1) if uE > %, then ay, = 0 for every integer k > 0 and, as a consequence, C = 0;

2) if uE > 0, then there exists an integer kg > 0 such that ai, = 0 for every k > ko, i.e., the series
(1) is a polynomial.

The following generalization of Theorem A is proved in [1]:

Theorem B. Let E C [0,1). Then:

1) if uE > %, then there exists a countable set P C E such that the convergence of the series (1)
on the set P to an arbitrary constant C implies that ax = 0 for any integer k > 0 and C = 0;

2) if uE > 0, then there exists a countable set Py C E such that the convergence of the series (1)
to zero on the set Py implies that a, = 0 for every integer k > ko, for some kqo. So, the series (1) is
a polynomial.

Further generalization of the above mentioned results is presented in [4]. Namely, the following
statement holds:

Theorem C. Let
Zakro(k) (t) - f(t)a te k.
k=0

Then:
1) if uE > %, then for any integer k > 0, there exists a point ti, € E such that tk—i—m € FE and
1 o1
ap = §To(k) (tk) [f (tk) - f(tlﬁ'm)}; (2)
2) if uE > 0, then there exists the number ko such that for any integer k > ko, there exists the
point ty, € E such that ty+5:05m € E and equalities (2) are fulfilled.
2. NEw RESULTS

Let {nk}iozo be a sequence of natural numbers such that ny € Qj for every integer k > 0.
Consider a series

o0
Z ax W, () (3)
k=0
with respect to the system {an(k) (t)}:;o.
The following statements are valid:

Theorem 1. Let {n;};—, be a sequence such that nj, € Qy, for every integer k > 0 and E C [0,1).
Then:
1) if uE > %, then there exists a sequence {tn,},-_, such that t,, € E for every integer m >0 and

if
> arW, o, (tm) = f(tm)
k=0

for every integer m > 0, then

ay = %Wna(k)(tmc) [f(tar) — f(tar41)]

for every integer k > 0;
2) if pE > 0, then there exist an integer kg > 0 and a sequence {t,,}
every integer m > 0 and if

o0
m=

o such that t,, € E for

> asWa, o, () = £(t,)
k=0
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for every integer m > 0, then

1
ay, = §Wna(k) (thy) [f(the) — f ()]

for every integer k > k.
The following statement is a corollary of Theorem 1:

Theorem 2. Let {n;};—, be a sequence such that ny, € Qy, for every integer k > 0 and E C [0,1).
Then:
1) if uE > %, then there exists a sequence {tm}re, such that t,, € E for every integer m > 0 and

if
Z akWna(k) (tm) = f(tm)7
k=0

for every integer m > 0, and A is a nonempty subset of the set of all nonnegative integer numbers,

then
> lax[ =0

keA
if and only if f(tarx) = f(taky1) for every k € A. In a particular case, if f(tar) = f(tar+1) for every

integer k > 0, then
o0
D> lax| =0;
k=0

2) if puE > 0, then there exist an integer ko > 0 and a sequence {t,,}>_, such that t,, € E for
every m > 0 and if

Z akWna(k) (t%) = f(t;n)v
k=0

for every integer m > 0, and B is a nonempty subset of the set {ko, ko + 1, ko + 2,...}, then

> lal =0

keB

if and only if f(ty;,) = f(ty, ) for every k € B. In a particular case, if f(ty,) = f(t5, ) for every
integer k > ko, then
> laxl =0.

k=ko

Note that if a sequence {n},-, is such that nj = 2% for every integer k > 0, then Wax (t) = ry(t)
and the series (3) coincides with the series (1). So, Theorem 1 generalizes Theorem C and Theorem 2
generalizes both Theorem A and Theorem B.
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