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INVERTIBILITY OF FOURIER CONVOLUTION OPERATORS WITH
PIECEWISE CONTINUOUS SYMBOLS ON BANACH FUNCTION SPACES

CLAUDIO FERNANDES!, ALEXEI KARLOVICH! AND MARCIO VALENTE?

Dedicated to Professor Roland Duduchava on the occasion of his 75th birthday

Abstract. We extend results on the invertibility of Fourier convolution operators with piecewise
continuous symbols on the Lebesgue space LP(R), p € (1, 00), obtained by Roland Duduchava in the
late 1970s, to the setting of a separable Banach function space X (R) such that the Hardy—Littlewood
maximal operator is bounded on X (R) and on its associate space X’(R). We specify our results in
the case of rearrangement-invariant spaces with suitable Muckenhoupt weights.

1. INTRODUCTION

Let PC be the C*—algebra.u of all bounded piecewise continuous functions on the one-point com-
pactification of the real line R = RU {co}. By definition, a € PC if and only if ¢ € L>®(R) and the
finite one-sided limits

a(xzg—0):= lim a(x), a(rg+0):= lm a(x)
r—1x0—0 z—xo+0
exist for each 2o € R. The set of all discontinuities (i.e., jumps) of a function a € PC is at most
countable (see, e.g., [5, Chap. II. Section 3, Theorem 3]).

We denote by S(R) the Schwartz class of all infinitely differentiable and rapidly decaying functions

(see, e.g., [16, Section 2.2.1]). Let F denote the Fourier transform defined on S(R) by

(Ff(z) := /f(t)e“m dt, x€eR,
R
and let ! be the inverse of F defined on S(R) by

1 ,
(Flg)(t) = o /g(x)e*’m dr, teR.
7
R
It is well known that these operators extend uniquely to the space L?(R). As usual, we will use the
symbols F and F~! for the direct and inverse Fourier transform on L2(R). It is well known (see,
e.g., [16, Theorem 2.5.10]) that the Fourier convolution operator

Woa) := F laF (1.1)

is bounded on the space L?(R) for every a € L*°(R). The function a is called the symbol of the
operator W0(a).

Let X (R) be a Banach function space and X'(R) be its associate space. Their technical definitions
are postponed to Section 2.1. The class of Banach function spaces is very large. It includes Lebesgue,
Orlicz, Lorentz spaces, variable Lebesgue spaces and their weighted analogues (see, e.g., [1,7]). Let
B(X(R)) denote the Banach algebra of all bounded linear operators acting on X (R).
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Recall that the (non-centered) Hardy-Littlewood maximal function M f of a function f € L{ (R)
is defined by

1
(M)(e) = sup / £ @)l dy,

where the supremum is taken over all intervals I C R of finite length containing x. The Hardy-
Littlewood maximal operator M defined by the rule f — Mf is a sublinear operator.

If X(R) is separable, then L*(R) N X (R) is dense in X (R) (see, e.g., [12, Lemma 2.2]). A function
a € L (R) is called a Fourier multiplier on X (R) if the convolution operator W°(a) defined by (1.1)
maps L%(R) N X (R) into X (R) and extends to a bounded linear operator on X (R). The function a is
called the symbol of the Fourier convolution operator W°(a). The set M x(g) of all Fourier multipliers
on X (R) is a unital normed algebra under pointwise operations and the norm

o 0
||a||./\/lx(ue) = [|w (a)HB(X(R))'
If, in addition, the Hardy—Littlewood maximal operator M is bounded on the space X (R), or on its
associate space X'(R), then for all a € Mx ),
lall Lo ) < llallax - (1.2)

The constant 1 on the right-hand side of (1.2) is best possible (see [19, Corollary 4.2] and [20, The-
orem 2.3]). Once (1.2) is available, one can show that Mx ) is a Banach algebra (see [20, Corol-
lary 2.4]).

Suppose that a : R — C is a function of the finite total variation V(a) given by

V(a) := supz la(xr) — a(zk—1)],

k=1
where the supremum is taken over all partitions of R of the form
—0 << < <y <400
with n € N. The set V(R) of all functions of finite total variation on R with the norm

lallv ) := llallLe @) + V(a)

is a unital Banach algebra. By [13, Theorem 3.27], V(R) C PC.

Let X(R) be a separable Banach function space such that the Hardy—-Littlewood maximal operator
M is bounded on X (R) and on its associate space X’(R). It follows from [17, Theorem 4.3] that if
a € V(R), then the convolution operator W°(a) is bounded on the space X (R), and

IW(a)|lsx ) < exllallv) (1.3)

where cy is a positive constant depending only on X (R).

For the Lebesgue spaces LP(R), 1 < p < oo, inequality (1.3) is usually called Stechkin’s inequality.
Its proofs can be found, e.g., in [3, Theorem 17.1], [9, Theorem 2.11], [10, Theorem 6.2.5].

For a subset S of a Banach space F, let closg(S) denote the closure of S with respect to the norm
of E. Let PCP denote the set of all piecewise constant functions with finitely many jumps. It is clear
that PC° C V(R) C PC. It follows from [9, Lemma 2.10] that PC' = closp ) (PC°). Hence

PC = clospe(r) (PCO) = clos () (V(R)) (1.4)

For a separable Banach function space X (R) such that the Hardy-Littlewood maximal operator
M is bounded on X (R) and on its associate space X'(R), consider the following Banach algebras of
Fourier multipliers:

PC%(R) 1= clos My (P(CO)7 PCx(r) := closay g, (V(R))
It follows from (1.2) and (1.4) that
PC% &) C PCx(®) C PC.
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Therefore, it is natural to refer to PCE)((R) and PCx gy as algebras of piecewise continuous Fourier
multipliers. For 1 < p < oo, the algebras PCgp(R) and PCp»rg) were introduced by Duduchava
(see [9, Chap. 1, Section 2]).

The aim of this paper is to study the invertibility of convolution operators W°(a) with piecewise
continuous symbols a € PCg’( (r) O the Banach function spaces. Our main result is the following

Theorem 1.1. Let X(R) be a separable Banach function space such that the Hardy-Littlewood max-
imal operator M is bounded on the space X(R) and on its associate space X'(R). Suppose that
a€ PC%(R). For the operator W°(a) to be invertible on the space X (R), it is necessary and sufficient
that

essinf,cg |a(t)] > 0.

For the Lebesgue spaces LP(R), 1 < p < oo, the above result was obtained by Roland Duduchava
in [9, Theorem 2.18].

Question 1.2. Let X(R) be a separable Banach function space such that the Hardy-Littlewood
maximal operator M is bounded on the space X (R) and on its associate space X'(R). Is it true that
PC";{(R) = PCx®)?

Note that for the Lebesgue spaces LP(R), the positive answer follows from [9, Remark 2.12]:
PC?J’(R) == PCLP(R)a 1 < p < Q. (15)
Let P(R) denote the set of all measurable a.e. finite functions p(-) : R — [1, o] such that

1< p_:=essinfp(z), esssupp(z)=:ps < oco.
z€R zeR

By LPO)(R) we denote the set of all complex-valued measurable functions f on R such that
Lo/ = [ 1#@)/APds < o0
R

for some A > 0. This set becomes a separable and reflexive Banach function space when equipped
with the norm

11l gy := inf {A >0 Ty (f/A) < 1},
and its associate space is isomorphic to the space L? ()(R), where
1/p(z)+1/p'(x) =1 forae. x€R

(see, e.g., [7, Chap. 2] or [8, Chap. 3]). It is easy to see that if p is constant, then LP()(R) is nothing
but the standard Lebesgue space LP(R). The space LPO)(R) is referred to as a variable Lebesgue
space. By [8, Theorem 5.7.2], the Hardy Littlewood maximal operator M is bounded on LP()(R) if
and only if it is bounded on Lp/(')(R). As it is shown in [18, Theorem 4.2], in this case

P02p<->(R) = PCLoo)(r)-

The proof of this equality is based on an analogue of the Riesz-Thorin interpolation theorem for
variable Lebesgue spaces. In Section 3, we show that the answer to Question 1.2 is positive also for
rearrangement-invariant Banach function spaces with suitable Muckenhoupt weights. Our proof is
based on the Boyd interpolation theorem [6].

For general Banach function spaces, interpolation tools are not available. Hence one cannot prevent
that the answer to Question 1.2 might be negative. In this situation it would be interesting to answer
the following.

Question 1.3. Does Theorem 1.1 remain true for the algebra PCx ) in the place of PC%(R)?

The paper is organized as follows. Section 2 contains definitions and properties of a Banach function
space and its associate space (see, e.g., [23] and [1, Chap. 1]), of a rearrangement-invariant Banach
function space (see, e.g., [1, Chap. 3]) and its Boyd indices [6], and of a weighted rearrangement-
invariant Banach function space with a suitable Muckenhoupt weight (see, e.g., [2, Chap. 2]). In
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Section 3, we first prove that the answer to Question 1.2 is positive for the Lebesgue spaces LP(R, w),
1 < p < oo, with Muckenhoupt weights w € A,(R) using the stability of Muckenhoupt weights and
the Stein-Weiss interpolation theorem. Further, we extend this result to the case of a weighted Banach
function space X (R, w) built upon a separable rearrangement-invariant space X (R) with the Boyd
indices ax, Bx € (0,1) and a suitable Muckenhoupt weight w € Ay /4, (R) N Ay /5, (R). In Section 4,
we recall the definition of M-equivalence of elements of a Banach algebra and formulate the Gohberg-
Krupnik local principle [14,15]. We apply it two times. First, we show that the algebra PCE((R) is
inverse closed in the algebra L>°(R). Finally, we prove Theorem 1.1 employing the local principle.
We would like to dedicate this work to Roland Duduchava, whose ideas penetrate the entire paper.
This work was started as the Undergraduate Research Opportunity Project of the third author at the
NOVA University of Lisbon in January-February of 2020 under the supervision of the second author.

2. PRELIMINARIES

2.1. Banach function spaces. Let R} := (0,00) and S € {R;,R}. The set of all Lebesgue mea-
surable complex-valued functions on S is denoted by 9(S). Let 9 (S) be the subset of functions in
M(S) whose values lie in [0, 00]. The Lebesgue measure of a measurable set E C S is denoted by |E|
and its characteristic function is denoted by xg. Following [23, p. 3] and [1, Chap. 1, Definition 1.1],
a mapping p : MT(S) — [0, o0] is called a Banach function norm if, for all functions f, g, f, (n € N) in
IMT(S), for all constants a > 0, and for all measurable subsets E of S, the following properties hold:

(A1) p(f) =0 f=0ae, plaf)=ap(f), p(f+g)<p(f)+p(9)
(A2) 0<g<f ae = p(g9) <p(f) (the lattice property),

(A3) 0< futf ae = p(fn)Tp(f) (the Fatou property),

(A4) E is bounded = p(xg) < oo,

(A5) E is bounded = [, f(z)dx < Cgp(f)
with Cg € (0,00) which may depend on E and p, but is independent of f. When functions differing
only on a set of measure zero are identified, the set X (S) of all functions f € M(S) for which p(|f]) < oo
is called a Banach function space. For each f € X(S), the norm of f is defined by

1l x ) = p(FD-

Under the natural linear space operations and under this norm, the set X (S) becomes a Banach space
(see [23, Chap. 1, §1, Theorem 1] or [1, Chap. 1, Theorems 1.4 and 1.6]). If p is a Banach function
norm, its associate norm p’ is defined on 9™ (S) by

J(g) = sup{ [ t@@ds < rem). p(f)gl}, g€ MH(S).
S

It is a Banach function norm itself [23, Chap. 1, §1] or [1, Chap. 1, Theorem 2.2]. The Banach function
space X'(S) determined by the Banach function norm p’ is called the associate space (Kothe dual) of

X(S). The associate space X'(S) is naturally identified with a subspace of the (Banach) dual space
[(X(S)]".

Remark 2.1. We note that our definition of a Banach function space is slightly different from that
found in [1, Chap. 1, Definition 1.1]. In particular, in Axioms (A4) and (A5) we assume that the set F
is a bounded set, whereas it is sometimes assumed that E merely satisfies |E| < co. We do this so that
the weighted Lebesgue spaces with Muckenhoupt weights satisfy Axioms (A4) and (A5). Moreover, it
is well known that all main elements of the general theory of Banach function spaces work with (A4)
and (A5) stated for bounded sets [23] (see also the discussion at the beginning of Chapter 1 on page 2
of [1]). Unfortunately, we overlooked that the definition of a Banach function space in our previous
works [11,12,17,19,21] had to be changed by replacing in Axioms (A4) and (A5) the requirement
of |E| < oo by the requirement that F is a bounded set to include weighted Lebesgue spaces in our
considerations. However, the results proved in the above papers remain true.
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2.2. Rearrangement-invariant Banach function spaces. Suppose that S € {R,R;}. Let M(S)
and 9 (S) be the classes of a.e. finite functions in M(S) and M+ (S), respectively. The distribution
function py of f € M(S) is given by

i) = |{z €81 [f(@)] > A}
Two functions f,g € My(S) are said to be equimeasurable if pg(A) = pg(A) for all A > 0. The
non-increasing rearrangement of f € My (S) is the function defined by

@) =inf{A>0:pur(\) <t}, t>0.

, A>0.

We here use the standard convention that inf () = +oo.

A Banach function norm p : M*(S) — [0, 00] is called rearrangement-invariant if for every pair
of equimeasurable functions f,g € M (S) the equality p(f) = p(g) holds. In that case, the Banach
function space X(S) generated by p is said to be a rearrangement-invariant Banach function space
(or simply, rearrangement-invariant space). The Lebesgue, Orlicz, and Lorentz spaces are classical
examples of rearrangement-invariant Banach function spaces (see, e.g., [1] and references therein).
By [1, Chap. 2, Proposition 4.2], if a Banach function space X (S) is rearrangement-invariant, then its
associate space X'(S) is rearrangement-invariant, too.

2.3. Boyd indices. Suppose X (R) is a rearrangement-invariant Banach function space generated
by a rearrangement-invariant Banach function norm p. In this case, the Luxemburg representation
theorem [1, Chap. 2, Theorem 4.10] provides a unique rearrangement-invariant Banach function norm
p over the half-line R equipped with the Lebesgue measure, defined by

Alh) = sup{ [omwa: o) < 1},

and such that p(f) = p(f*) for all f € M (R). The rearrangement-invariant Banach function space

generated by p is denoted by X (Ry).
For each t > 0, let E; denote the dilation operator defined on (R ) by

(Eef)(s) = f(st), 0<s<oo.

With X (R) and X(Ry) as above, let hx(t) denote the operator norm of Ej;; as an operator on
X(R.). By [1, Chap. 3, Proposition 5.11], for each ¢t > 0, the operator E; is bounded on X (R;)
and the function hx is increasing and submultiplicative on (0,00). The Boyd indices of X (R) are the
numbers ax and Bx defined by
ax = sup 710{% hX(t), Bx = inf 710g hx(t).
te(0,1) logt te(l,00) logt

By [1, Chap. 3, Proposition 5.13], 0 < ax < 8x < 1. The Boyd indices are said to be nontrivial
if ax,Bx € (0,1). The Boyd indices of the Lebesgue space LP(R), 1 < p < oo, are both equal to
1/p. Note that the Boyd indices of a rearrangement-invariant space may be different [1, Chap. 3,
Exercises 6, 13].

The next theorem follows from the Boyd interpolation theorem [6, Theorem 1] for quasi-linear
operators of weak types (p,p) and (g,q). Its proof can also be found in [1, Chap. 3, Theorem 5.16]
and [22, Theorem 2.b.11].

Theorem 2.2. Let 1 < ¢ < p < oo and X(R) be a rearrangement-invariant Banach function space
with the Boyd indices ax, Bx satisfying

1/p<ax <Bx <1/q.

Then there exists a constant Cp, € (0,00) with the following property. If a linear operator
T : MR) — M(R) is bounded on the Lebesgue spaces LP(R) and LI(R), then it is also bounded
on the rearrangement-invariant Banach function space X (R) and

1Tl 8x(®)) < Cp,qmax {{| T 5cLr ) | TlB(LaR)) }- (2.1)
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Notice that estimate (2.1) is not stated explicitly in [1,6,22]. However, it can be extracted from
the proof of the Boyd interpolation theorem.

2.4. Lebesgue spaces with Muckenhoupt weights. A measurable function w : R — [0, 0] is
called a weight if the set w™1({0,00}) has measure zero. For 1 < p < oo, the Muckenhoupt class

A,(R) is defined as the class of all weights w : R — [0, 00| such that w € LY (R), w™! € ¥ (R) and

loc loc

o i frins) (i o) <

T T
where 1/p + 1/p’ = 1 and the supremum is taken over all intervals I C R of finite length |I|. Since
we L (R) and w™t € LY

loc loc

(R), the weighted Lebesgue space
LP(R,w) :=={f € MR) : fwe LP(R)}

is a separable Banach function space (see, e.g., [21, Lemma 2.4]) with the norm
1/p
o= ([ 15w )
R

2.5. Rearrangement-invariant Banach function spaces with suitable Muckenhupt weights.
Let X (R) be a Banach function space generated by a Banach function norm p. We say that f € Xj.(R)
if fxp € X(R) for every bounded measurable set E C R.

Lemma 2.3 ([21, Lemma 2.4]). Let X (R) be a Banach function space generated by a Banach function
norm p, let X'(R) be its associate space, and let w : R — [0, 00] be a weight. Suppose that w € Xjoc(R)
and 1/w € X[ .(R). Then

pw(f) = p(fw)7 f€m+(R)v
is a Banach function norm and

X(R,w) = {f € MR) : fw e X(R)}

is a Banach function space generated by the Banach function norm p,. The space X'(R,w™1!) is the
associate space of X (R, w).

Lemma 2.4 ([11, Lemma 2.3]). Let X(R) be a separable rearrangement-invariant Banach function
space and X'(R) be its associate space. Suppose that the Boyd indices of X (R) satisfy 0 < ax, Bx <1
and let
w € Ar/ax (R) N Ay/p, (R). (2.2)

Then

(a) w € Xioc(R) and 1/w € X| . (R);

(b) the Banach function space X (R,w) is separable;

(c) the Hardy-Littlewood mazimal operator M is bounded on the Banach function space X (R, w)
and on its associate space X' (R,w™1).

We say that a weight w is suitable for a rearrangement-invariant Banach function space X (R) with
the Boyd indices ax, Bx satisfying ax,Bx € (0,1) if (2.2) is fulfilled.

3. PCx(r,w) AS THE CLOSURE OF THE SET OF PIECEWISE CONSTANT FUNCTIONS

3.1. The case of Lebesgue spaces with Muckenhoupt weights. Let us start with an important
lemma due to Duduchava.

Lemma 3.1 ([9, Lemma 2.10]). For every function a € V(R), there exists a sequence {an}nen in
PC° such that

lim |la, —a| =@ =0, supV(a,) <V(a).

n—oo neN

We now extend equality (1.5) to the case of Lebesgue spaces with Muckenhoupt weights.
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Theorem 3.2. Let 1 <p < oo and w € Ap(R). Then
PC([)/P(R,UJ) = PCLp(]R,w). (31)

Proof. The proof is analogous to that of [18, Theorem 4.2] (see also [11, Lemma 3.1]). First of
all, we observe that if w € A,(R), then the Stechkin-type inequality (1.3) is fulfilled in LP(R,w)
(see [3, Theorem 17.1] and also Lemma 2.4).

Since PC° C V(R), we, obviously, have

PCEP(R,'LU) C PCLP(]R,w)' (32)

If w € Ay(R), then w' ™22 € A, 5, (R) whenever |§;| and |d2| are sufficiently small (see, e.g., [2,
Theorem 2.31]). If p > 2, then one can find sufficiently small 61,2 > 0 and a small number 6 € (0,1)
such that

1 1-9 o

== = 1170 F92)0  qptH02 ¢ 4 R). 3.3
If 1 < p < 2, then one can find a sufficiently small number d5 > 0, a number §; < 0 with sufficiently
small |d1|, and a number 6 € (0,1) such that all conditions in (3.3) are fulfilled. Let us use the
following abbreviations:

Mp = Mpp@uw),  Mpy := Mpparsn @ wi+o2)
B, := B(LP(R,w)), B, := B(LPUT0) (R, w!to%2)).
Let a € PCprp(r,w) and € > 0. Then there exists b € V/(R) such that
o= bllag, < /2. (3.4)
By Lemma 3.1, there exists a sequence {b,, }nen in PC? such that

lim [[by — b e =0, supV(by) < V(b). (3.5)
n—oo neN

Then there exists NV € N such that

sup [|bnllvw) < 2[|bllv(w)- (3.6)
n>N

It follows from the Stechkin-type inequality (1.3) and inequality (3.6) that for all n > N,
[br = bl A,y < 0nllrg, +11blA, < 3collbllvw), (3.7)

where ¢p := Crpato) (R w1+02)-
Taking into account (3.3), we obtain from the Stein-Weiss interpolation theorem (see, e.g.,
[1, Chap. 3, Theorem 3.6]) that for all n € N,

o = bllag, = [0 (bn = b)][5,
< IWOBn = B) 52y W0 (B = D),

— o — B g I — bl - (3.8)
Combining (3.5), (3.7) and (3.8), we see that there exists ng € N such that
1bng = bllnm, <e/2. (3.9)

Inequalities (3.4) and (3.9) imply that for every ¢ > 0, there exists ¢ = b,, € PC° such that
la — cllm, < e, whence a € closy, (PCY) = PC&D(]R w)- Then

PCromw) C POLo(g u)- (3.10)

Gathering embeddings (3.2) and (3.10), we arrive at equality (3.1). O
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3.2. The case of separable rearrangement-invariant spaces with suitable Muckenhoupt
weights. We are now in a position to prove the main result of this section and to answer Ques-
tion 1.2 for separable rearrangement-invariant spaces Banach function spaces with suitable Mucken-
houpt weights.

Theorem 3.3. Let X (R) be a separable rearrangement-invariant Banach function space with the Boyd
indices satisfying 0 < ax, fx < 1. Suppose that a weight w belongs to Ay, (R) N Ay/p, (R). Then

PCY (k) = PCx(mw)- (3.11)

Proof. Since PC® C V(R), we, obviously, have
PCR&w) € PCx(mw)- (3.12)
To prove the reverse inclusion, let a € PCx (g ) and € > 0. Then there exists b € V(R) such that
la = bl Mx g,y < E/2- (3.13)

Since ax,Bx € (0,1) and w € Ay, (R) N Ay/5, (R), it follows from [2, Theorem 2.31] that there
exist p and ¢ such that

1<g¢g<1/Bx <l/lax <p<oo, we A, (R)NAR). (3.14)

Let Cp 4 be the constant from estimate (2.1). As in the proof of inequality (3.9) (see the proof of the
previous theorem), it can be shown that there exists b,, € PC° for some ng € N such that

g g
16 = bng | Mpp g < 2C, . 16— bl Mpagw < 20, (3.15)

It follows from (3.14), (3.15) and Theorem 2.2 that
16 = b Mo,y = WO (b = big) 133 ()

= wW(b = byg)w™ || 5(x )

< Cpgq maX{HU)WO(b - bno)wﬂIHB(LP(R)), ||1UW0(b - bno)wﬂIHB(Lq(R))}

= Cpgmax { WO (b — bno)ll5(LrR,w))s [WO (B = bo) | B(La(R,w)) }

= Cpqmax {{|b— g | Mo 10— o Mpa e } < €/2 (3.16)
Inequalities (3.13) and (3.16) imply that for every ¢ > 0, there exists ¢ = b,, € PC° such that
la = cll My s,y <& whence a € closyiy ) (PC?) = PO g - Then

PCx @ w) C POX (g u)- (3.17)
The desired equality (3.11) follows now from the embeddings (3.12) and (3.17). O
Combining Theorem 3.3 with Theorem 1.1, we arrive at the following

Corollary 3.4. Let X(R) be a separable rearrangement-invariant Banach function space with the
Boyd indices satisfying 0 < ax, fx < 1. Suppose that a weight w belongs to Ay /o, (R) N Ay 5, (R).
Suppose that a € PCx g ). For the operator W9 (a) to be invertible on the Banach function space
X (R, w), it is necessary and sufficient that

essinfieg |a(t)] > 0.

4. THE GOHBERG-KRUPNIK LOCAL PRINCIPLE IN ACTION

4.1. M-equivalence. Let A be a unital Banach algebra. A subset M C A is called a localizing class
if 0 ¢ M and for any fi, fo € M there exists a third element f € M such that f;f = ff; = f for
ji=12.

Two elements a,b € A are said to be M-equivalent from the left (resp., from the right) if

nf la=0)f[ =0 (resp. inf [ f(@=b) =0).
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If @ and b are both M-equivalent from the left and from the right, then they are said to be M-

. ) . M
equivalent. In this case we write a ~ b.

Because of the completeness, let us give a simple proof of the continuity of M-equivalence, which
was mentioned implicitly in [9, p. 21].

Proposition 4.1. Let A be a unital Banach algebra, M a localizing class of A and {x,}nen, and
{Yn}nen be the sequences of elements of A, convergent to x and y, respectively. Suppose that

sup |la| < oo.
a€eM

If x, d Yn for allm € N, then z X Y.
Proof. Fix € > 0. Let a € M and L := sup,¢;, ||al|. Then, for all n € N, we have
[z —y)all = [[(x = zn)a+ (yn — y)a + (2 — ya)all
< @ = zn)all + l(yn — y)all + [(zn — yn)all
<l =zl lall + lyn =yl lall + [[(zn — yn)al

< L[|z = wull + Iy — yull) + [[(zn — yn)all. (4.1)
Since xz,, — x and y, — y, there exists N € N such that for all n > N,
€ €
||£ZZ - an < E and Hy - yn” < E (42)

On the other hand, z,, X yn, for every n € N. In particular, zy41 i yn+1. Therefore, by the definition
of M-equivalence from the left, there is an a’ € M such that
€

- (4.3)

[Nt —yngr)d[| <
Combining inequalities (4.1)—(4.3), we get
Ve>0 dJd' €M : |(z—y)d| <e,

i.e., z and y are M-equivalent from the left. Similarly, we prove that  and y are M-equivalent from
the right. Thus z and y are M-equivalent. 0

4.2. The local principle. Let A be a unital Banach algebra and M be a localizing class in A. An
element a € A is called M-invertible from the left (resp., from the right) if there are the elements
be Aand f € M such that baf = f (resp., fab = f). Finally, a € A is said to be M-invertible if it
is M-invertible from the left and from the right.

Let T be an index set. A system {M,}.cr of localizing classes is said to be covering if from each
choice {f;}rer with f; € M, there can be selected a finite number of elements f,,..., fr, whose
sum is invertible in A.

Let M := Uyer M, and let Com M stand for the commutant of M, that is, the set of all a € A
which commute with every element in M.

The following theorem was obtained by Gohberg and Krupnik [15]. Its proof can be found in several
books (see, e.g., [4, Theorem 1.32], [14, Section 5.1], [24, Theorem 2.4.5]).

Theorem 4.2 (Gohberg, Krupnik). Let A be a unital Banach algebra, let T be an index set, let
{M;}rcr be a covering system of localizing classes, and let a € Com M. Suppose that, for each T € T,
the element a is M, -equivalent from the left (resp., from the right) to a, € A. Then the element a is
left-invertible (resp., right-invertible) in A if and only if a, is M, -invertible from the left (resp., from
the right) for all T € T.

4.3. The algebra PC’%(R) is inverse closed in the algebra L°°(R). The first step in the proof
of Theorem 1.1 consists in establishing the inverse closedness of the Banach algebra of piecewise
continuous Fourier multipliers PC’% ®) in the C*-algebra L>(R). Although the proof of the following
lemma is similar to that of [9, Lemma 2.17], because of the completeness of presentation, we give it
here.
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Lemma 4.3. Let X (R) be a separable Banach function space such that the Hardy—Littlewood mazimal
operator M is bounded on the space X (R) and on its associate space X'(R). If a € PC’%(R) and
essinfieg |a(t)] > 0, (4.4)

then a=! € PC)O((R).

Proof. For each x € R, consider the sets of characteristic functions of intervals of R given by
M, = {X[c,ac] ceRec< x} . M= {X[x,d] deRx < d} , T E€R, (4.5)
and
MZ = {X{OO}U(_()O@] id € R} , MZ = {X[c,+oo)u{oo} ic€ R} , X = 00. (4.6)
We claim that {M;,M;}z o constitutes a covering system of localizing classes of PCE)((R) (here

the index set 7' coincides with the union of two copies of R, one of which corresponds to the left
neighborhoods and the other corresponds to the right neighborhoods of € R). First note that every
element of M is a characteristic function that, obviously, belongs to PC°. Therefore ME PC())((R)

for all 2 € R. Moreover, by the definition of ME, we have 0 ¢ ME for all z € R.
Now fix z € R and x1,x2 € Mf By the definition, x; and x2 are characteristic functions of
intervals I; and I, respectively. Let x3 be the characteristic function of I3 := I} N I5. We find that
+
X3 € M and

X1X3 = X2X3 = X3 = X3X2 = X3X1-

Therefore, {M;, M} _; is a family of localizing classes of PO .-
Consider now an arbitrary choice of elements

{Xooxd Foer S AML M} s -

In view of the compactness of R, there exist a finite number of points 1, zs, ..., 2, in R such that
the functions X, Xz, -5 Xz, » X;fl s Xy e e 7x;“n satisfy the following property:

g(t) == z”: (X;j (t) + X:j (t))>1 forall te R. (4.7)

j=1

Since g is a linear combination of characteristic functions of intervals of R, we see that g: R — N and
g € PCY. Moreover, since g > 1, we have g~! = 1/g € PC°. Hence, by the definition of PC?((]R)7 we

conclude that g,g~! € PCg( (®)" Therefore, {M;, M:}r ciz 1S a covering system of localizing classes of
PCS ®)"
We have

+

a'm a(x£0) for zeR, aecPC (4.8)
since for each 2 € R, there exist the functions Y+ € M such that
[a(t) —a(z +£0)] xZ(t) =0 forae. tcR.

It is clear that if € R, then for each xyf € MZT, we have [XEllv@®) = 3. Therefore, by the
Stechkin-type inequality (1.3),

sup {[IX3 Iatx e X € Mz} < 3ex < oo, (4.9)
Ifac PC;J((R), then there exists a sequence {a, }nen in PC such that
la —anl|mye —+0 as n— oo (4.10)
Then, in view of inequality (1.2), we conclude that

la = anllpee®y =0 as n — oo. (4.11)
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Since a,a, € PC, for each z € R there exist finite one-sided limits a(z + 0) and a,(z + 0) and the
sets of discontinuities of a and a,, are at most countable. Hence (4.11) implies that for € R one has
an(x £0) = a(x £ 0), as n — co. Thus

lan(z £0) —a(x £0)||pmye — 0 as n— oo (4.12)
Combining (4.8)—(4.10) and (4.12) with Proposition 4.1, we conclude that
j: .
o'~ a(z+£0) for z€R, ac PC%(R). (4.13)
On the other hand, by the hypothesis (4.4), we get a(z £ 0) # 0 for 2 € R. Therefore the constant

functions a(x £ 0) are invertible in the Banach algebra PC%(R) and a(zx £0)7! € PC%(R) for z € R.

Hence a(z 4 0) is ME-invertible for every 2 € R. Finally, taking into account (4.13) and applying the
Gohberg-Krupnik Local Principle (Theorem 4.2), we get that a is invertible in the algebra PCE)((R),

ie,a e PC%(R). O

4.4. Proof of Theorem 1.1. The proof presented below follows that of [9, Theorem 2.18].
If (4.4) is fulfilled, then by Lemma 4.3, we have a~! € PCE)((]R)' From the general properties of the

Fourier convolution operators on X (R), we get
W)W a ™) = Woa "YW a) = 1.

Therefore, the operator W°(a) is invertible on X (R) and (W%a))~! = W9%a™1).

Suppose now that the operator W9(a) is invertible on the space X (R). For each x € R, let Mf be
defined by (4.5)—(4.6) and

MOE = {W0(g) € B(X(R)) : g M:}.

We claim that {MO B MO +} constitutes a covering system of localizing classes in the Banach

algebra of bounded linear operatorb B( (R)). Knowing that MZ is a localizing class in PCX(R), we

have 0 ¢ M. Therefore, 0 ¢ M2* for all z € R.
Consider now W°(g1), W(g2) € M%E. Then g1, 9o € ME. Since M is a localizing class of PC'%(R),

there exists g3 € M such that

9193 = 9293 = 93 = 9392 = g34g1-
Therefore, W°(g3) € M%* and
WO(g1)W(g3) = W°(g2)W°(g3) = W°(g3) = W°(g3)W°(g2) = W°(g3)W°(g0)-
Hence {M%‘,M%"‘}x cip is a family of localizing classes in the Banach algebra of bounded linear

operators B(X (R)).
Consider an arbitrary choice of elements

{(W0(9:), WO g} ep © {MIT MOTY s
Bearing in mind that {M,, M} } oz 18 a covering system of localizing classes of the Banach algebra

PC'%(R) (see the proof of Lemma 4.3), there exist the points x1,x2,...,x, € R such that 9z, € M,
and g € M fori € {1,2,...,n}, and the function

n
=> (92, +91)

i=1
is invertible in the algebra PC% ). It follows that the operator W(g) is invertible in the algebra
B(X(R)) and its inverse is equal to W°(g~!) € B(X(R)). Thus, {Mg M +} . forms a covering
system of localizing classes in the Banach algebra B(X (R)).

It follows from (4.13) that for all z € R,

0,+
Mz
~

WO (a) Woa(x +0)) = a(z +0)1.
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. MOy Mot
If there exists some z* € R such that a(z*—0) = 0 or a(z*+0) = 0, then W°(a) < 0or W°a) < 0.
Since W0(a) is invertible, applying Gohberg-Krupnik’s local principle (Theorem 4.2), we conclude that
0 is Mgf—invertible or Mg’f—invertible. Therefore, 0 € Mg’: U Mg’f which is a contradiction, since
0,— 0, L .
MY and M2t are localizing classes of B(X(R)). Thus, a(x = 0) # 0 for all z € R. Consequently,
(4.4) is fulfilled. O
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