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ON THE VECTOR FIBER SURFACE OF THE SPACE Lm(V n) OF TRIPLET

CONNECTEDNESS

GOCHA TODUA

Abstract. In this paper, we consider the theory of the surface of metric vector fibers for the space
Lm(V n) with triplet connectedness. It is proved that in metric vector fibers there always exists

an internal triplet connectedness. Analogues of Gauss–Weingarten derivation formulas and also

analogues of generalized Gauss, Peterson–Codazzi–Mainardi equations are found.

Let us consider the vector fiber space Lm(V n), where the local coordinates of a point transform
by the law [2]

xi = xl(xk); yα = Aαβ(x)yβ ;

det

∥∥∥∥ ∂xi
∂xk

∥∥∥∥ 6= 0; det ‖Aαβ‖ 6= 0; i, j, k = 1, . . . , n; α, β, γ = 1, . . . ,m. (1)

Assume that the tensor field GAB(A,B,C = 1, 2, . . . , n+m) is given on the space Lm(V n), i.e.

GAB =
∗
XCA
∗
XDBGCD,

where

XAB =

∥∥∥∥∂XA
∂X

B

∥∥∥∥ =

∥∥∥∥∥∥∥∥∥
∂xi

∂xj
∂xi

∂xα

∂xα

∂xi
∂xα

∂xβ

∥∥∥∥∥∥∥∥∥ =

∥∥∥∥∥ xij 0

Aαβky
β Aαβ

∥∥∥∥∥ .
An inverse matrix of the matrix has the form

∗
XAB =

∥∥∥∥∂XA
∂X

B

∥∥∥∥ =

∥∥∥∥∥∥∥∥∥
∂xi

∂xk
∂xi

∂xα

∂xα

∂xi
∂xα

∂xβ

∥∥∥∥∥∥∥∥∥ =

∥∥∥∥∥∥
∗
xij 0

∗
AαβkA

β
γy

γ
∗
Aαβ

∥∥∥∥∥∥ .
Since Gαβ = AαγA

β
δG

γδ, where GβγG
αβ = δαγ and Gβi =

∗
Aγβ
∗
xkiGγk+

∗
Aγβ
∗
AαεiA

ε
ρy
ρGγα, we can use them

to construct the values Γαi as follows: Γαi = GαβGβi.
Furthermore,

GαβGβi = AαγA
β
δG

γδ
∗
Aρβ
∗
xkiGρk +AβγG

γδ
∗
Aωβ
∗
AσεiA

ε
ρy
ρGωσ.

Since Aαγ
∗
Aαβ = δαβ , Aγk

α
∗
Aγε + Aαγ

∗
Aγεix

i
k = 0, −∗xkiAkγkAαγk

∗
Aγε = Aαγ

∗
Aγεi, we observe that the values

Γαi form an object of linear connectedness with the following transformation law

∗
Γαi = Aαγ

∗
xki Γγk −

∗
xkiA

α
γky

γ ,

and the values

gij = Gij − Γαi Gαj − ΓβjGβi + Γαi ΓβjGαβ
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are a double covariant symmetric tensor so that we can construct an object of affine connectedness
Γijk in the following manner

Γijk −
1

2
gip(∇kgpj +∇jgkp −∇pgjk).

Note that the linear connectedness Γαi induces the vertical affine connectedness defined by the
object ∇βΓαi ≡ Γαβi with the following transformation law

Γαβi =
∗
xki
∗
AγβA

α
δ Γδγk −Aαβi.

Structural equations of the space Lm(V n) with triplet connectedness have the form [3,4]:

Dωi = ωk ∧ ω̃ik,

Dθ̃α = θ̃β ∧ ω̃αβ +Rαikω
i ∧ ωk,

Dω̃αβ = ω̃γβ ∧ ω̃αγ +Rαβikω
i ∧ ωk +Rαβiγω

i ∧ θ̃γ ,

Dω̃ij = ω̃kj ∧ ω̃ik +Rijpqω
p ∧ ωq +Rijpγω

p ∧ θ̃γ .

(2)

Assume that a hypersurface N is given on the space Lm(V n)

ωi = M i
aψ

a (3)

and the 1-forms ψa re such that {
Dψa = ψb ∧ ψab ,

Dψab = ψcb ∧ ψac + ψc ∧ ψabc.

Note that

Dθ̃α = θ̃β ∧ ω̃αβ +Rαik ∧ ωk = θ̃β ∧ ω̃αβ +RαikM
i
aψ

a ∧Mk
aψ

a = Rαabψ
a ∧ ψb,

where Rαab = RαikM
i
aM

k
b .

The extension of system (3) is given by{
∇M i

a = M i
abψ

b, ∇M i
ab +M i

cψ
c
ab = M i

abcψ
c,

∇M i
abc + 2M i

(a|d|ψ
d
b)c −M

i
dψ

d
bc = M i

abdψ
d,

where {
M i

[ab] = 0, M i
a[bc] = −RijpqMp

aM
q
bM

j
c ,

M i
ab[cd] = −RipqjM

p
abM

q
cM

j
d .

The values M i
a, M i

ab and M i
abc form a fundamental third-order difference-geometric object of the

surface N.
The normal vector of the hypersurface N at the point T satisfies the equations

gijn
iM i

a = 0, gijn
inj = 1.

A metric tensor of the hypersurface N is written in the form

gab = gijM
i
aM

j
b

and ∇gab = gabcψ
c, where gabc = gijM

i
aM

j
bc + gijM

i
acM

j
b .

The vectors M i
abei and niaei admit representations in the form of a linear combination of vectors of

the reference point {T,Ma, n}:

M i
abei = QabcMc + Labn, (4)

niaei = LbaMb + nan, (5)

where

Qcab = gcdgikM
i
abM

k
d , Lab = gkin

kM i
ab, Lba = −gcbLca, na = gkin

knia. (6)
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We call equations (4) and (5) the Gauss-Weingarten formulas of the hypersurface N. From (6) we
obtain

∇Qcab +M c
ab = Qcabdψd, (7)

∇Lab = Labcψc, (8)

where 
Qcabd = gec...,dgikM

i
abM

k
e + geigikM

i
abdM

k
e + gecgikM

i
abM

k
ed,

Labc = gkin
k
cM

i
ab + gkin

kM i
abc,

gec...,d = −geagbcgabd.
From (7) and (8) it follows that Qcab is the object of affine connectedness and Lab is the tensor.
We call the object Qcab the object of induced affine connectedness of the hypersurface N. It is easy

to prove that the induced affine connectedness and the internal affine connectedness coincide. The
1-forms of this connectedness have the form

ψ̃ab = ψab + Qabcψc.
It is obvious that

Dψa = ψb ∧ ψ̃ab , Dψ̃ab = ψ̃cb ∧ ψ̃ac +Ma
bcdψ

c ∧ ψd,
where

Ma
bcd = Qab[cd] −Qae[cQ

e
|b|d].

The values Ma
bcd form the tensor which we call the curvature tensor of the hypersurface N. By

extending equation (4) we obtain

RijpqM
k
aM

p
bM

q
c =

(
Md
abc − La[bLdc]

)
M i
d −

( k
∇[cL|a|b] −Md

bcLad + La[bnc]
)
ni,

where
k

∇c is the symbol of nonholomorphic covariant differentiation.
From the above equalities we obtain the generalized Gauss equations

RipqM
j
aM

p
bM

q
cM

i
e = M i

abce + La[bLc]d (9)

and the generalized Peterson–Codazzi–Mainardi equations

RkpqrM
k
aM

q
bM

r
c n

p = Md
bcLad −

k

∇[cL|a|b] − La[bnc], (10)

where
Ripqr = qijR

j
pqr, Mabce = gdeM

d
abc.

Equations (9) and (10) establish the connection between the curvature tensor of the space Lm(V n)
and the curvature tensor of the hypersurface N in Lm(V n) [1, 5].
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