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A NOTE ON THE MULTIPLE FRACTIONAL INTEGRALS DEFINED ON THE
PRODUCT OF NONHOMOGENEOUS MEASURE SPACES

VAKHTANG KOKILASHVILI! AND TSIRA TSANAVA!:2

Abstract. In this note we present a trace type inequality in the mixed-norm Lebesgue spaces for
multiple fractional integrals defined on an arbitrary measure quasi-metric space.

1. INTRODUCTION

Let (X,d, ) be of nonhomogeneous type, i.e., a topological space endowed with a locally finite
complete measure p and quasi-metric d : X — R satisfying the following conditions:

(i) d(z,z) =0, for all z € X;

(ii) d(z,y) > 0, for all z £ y, =,y € X

(iii) there exists a positive constant ag such that d(x,y) < apd(y,x) for every z,y € X;

(iv) there exists a positive constant ag such that

d(z,y) < ay (d(x, 2) +d(z,y)) for every x,y,z € X;

(v) for every neighbourhood V' of the point € X there exists > 0 such that the ball B(x,r) =
{y € X : d(x,y) < r} is contained in V;

(vi) the ball B(z,r) is measurable for every x € X and for arbitrary r > 0.

Let
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In [3] (see also [2, Chapter 6]), the following statement is proved.

Theorem A. Let 1 <p < q < oo and 0 <y < 1. The operator 17 acts boundedly from L% (X) to
L#(X) if and only if there exists a constant ¢ > 0 such that
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for an arbitrary ball B(x,r).
Let now X;,d;,p; (j = 1,2,...,n) be the measure quasi-metric spaces. Assume that ? =
n
(P1s.--,Pn), 1 <pj <oo (j=1,2,...,n) and = (t1, p2, ft - . ., fn). For the measure f: [[ X; —

n n
R! we set the mixed-norm Lebesgue spaces Lg( IT X5, 11 uj> with the norm
j=1 = j=1
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The mixed-norm Lebesgue spaces were introduced and studied in [1].
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Consider the multiple fractional integral defined on the product space X = X7 x -+ x X;:

e y)dpn - dp,
If(x PO oY) v Y= m)-

H (d; (x],yj))l "

Jj=1

The following statement is true.

Theorem 1. Let 1 < p; < g; < oo (j =1,2,...,n). The operator I7 is bounded from L7 to Lg if
and only if there exists a positive constant ¢ such that
P;jqj(1=";5)
i Bj (:c]7rj)<cr]p’q7+p7 Yo i=1,2,...,n (1)
for arbitrary balls B; from X;.

Theorem 1 says that if the condition (1) fails, then I7 is unbounded from Lg to Lg. Nevertheless,

there exists a weight ¥’ : X — R" such that I7 is bounded from L% to Lg(?)
Let us introduce the functions

Bz T
Q(zy) = sup T (?’m,
r; >0 7"]-]
where
P (1 —;5)
fy= DU 2)
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The following statement holds.

Theorem 2. Let1 <p; < gj <oo (j =1,2,...,n). Then there exists a positive constant ¢ > 0 such
that for an arbitrary f € LE(X) we have

‘ﬂf B, HQ ()| < el
o 7
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Let now I'; = {t e C: ¢t =1(s),0 < s <} be arbitrary rectifiable simple curves with arc-length
measures v; (i =1,2,...,n).

Suppose

Dj(t;,rj) =T () Bilts,r)),

where

Bi(ti,Ti):{ZiE(Cl |Zj—tj|<rj}a tj GF]'.
Let
v; D(t;,75)
Bj ’
J
where 3; are defined by (2).
Then for the operator

dvi...d
I;f(tl,tmn-,tn)Z/f(Tl’Ti’ 2 Tn) A Un o P =Ty x-xT,
P I1 [t; — 7|t
j=1

we have the following assertion.

Theorem 3. Let 1 < p; < g; < oo. Then there exists a positive constant ¢ such that for an arbitrary
fe LE(I‘) we have

v —1
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