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MULTILINEAR FEFFERMAN-STEIN INEQUALITY AND ITS
GENERALIZATIONS

GIORGI IMERLISHVILI', ALEXANDER MESKHI»2, AND QINGYING XUE?

Abstract. The Fefferman-Stein type inequalities are established for multilinear fractional maximal
operators with a variable parameter defined with respect to the basis B on R™ which may be both
either Q or R, where Q (resp., R) consists of all cubes (resp., of n-dimensional intervals) with sides
parallel to the coordinate axes. Some related two-weight boundedness problems are also investigated.

1. INTRODUCTION

Let B in R™ be a basis which may be both either Q or R, where Q (resp., R) is a basis consisting
of all cubes (resp., of n—dimensional intervals) with sides parallel to the coordinate axes. Further, let

?::(fl,"wfm)a ?::(pla"'apm)a E?:(wla"'awm)a

where p; are the constants (0 < p; < 00) and w; are a.e. positive functions defined on the Euclidean
space. It will also be assumed that

Z (1)

1
1 Pi
For a given function «(-) on R™, let
a_ =infa(), oy :=supal).

In this paper we establish the following inequalities: 1 < p;, ¢ < oo,i=1,...,m,and 1 <p < g <
00, where p is defined by (1). Then

(i)

L) ) (2)

(7 )], < e TT 0

where v(z) = [[", v"/7 (x), M;?) is a strong fractional maximal operator defined with respect to

)
LPi

the basis B given by the formula

1
MB) ? = sup —/flyl dy;, 0<a_ <ayp <mn, 3
a(z)( )( ) Boe, BEBH |B|1 a(x)/(nm) | | + ( )
and Mg(g)) - it =1,...,m, are the appropriate fractional maximal operators (see the definition in

Theorem 2.1).
(i)

HM M>1/(mq)

<CH‘

i 0<a_- <ap <mn,
"

fZ Oz( ),p,q,
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with du(x) = w(x)dx, where w is a weight function satisfying the doubling condition, the maximal
function MSZ) L8 defined by

pla(@)/(m)
Mff”m) (D)= s HHi/Ifzyz Ndp, 0 < a- <ap <mn, 1 <p<g<oo,
s Baac BEB :u(
and M5 is appropriate fractional maximal operator (see the definition in Theorem 2.2).

a(-),pq;p
We claim that the these results are new even for the linear case (m = 1).

For two-weight inequalities and for strong fractional maximal operators with variable parameters
we refer to the monograph [19], Chapter 6.

Recall that inequality (2) was derived in [14] for v1 = -+ = v, = v and «(:) = const.

Operator (3) for a(z) = 0 and B = R was introduced in [10]. In this case we have multi(sub)linear
strong maximal operator denoted by M) and defined with respect to rectangles in R¥ with sides
parallel to the coordinate axes. In that paper the authors studied one— and twofweight problems for

M) In particular, they proved that the one-weight boundedness M9 : LEL x -+ x LBm s LP .

v = H;n:1 wf/ Pi holds if and only if W weight satisfies the strong A+ condition

1 1/p m 1 1—p! 1/p;
sup /I/ﬁxdﬁf) (/wi ixdw) < 0.
ReR<|R|R (@) };[1 5l (@)

Historically, multilinear fractional integrals were introduced in their papers by L. Grafakos [§], C.
Kenig and E. Stein [11], L. Grafakos and N. Kalton [9]. In particular, these works deal with the

operator
gz —t
/f x+t)g(x )dt,
|t|" 7

where + is a constant parameter satisfying the condition 0 < v < n

In the above-mentioned papers it was proved that if % = 1% — 1 where % = p% + p%, then B, is
bounded from LP* x LP? to L9.

As a tool to understand B, the operator

ZZA?)(Z‘) _ / ( Ji(yn) - fn(ym) —'ydﬁ’

|z —y1| + -+ |2 — ym])™"
(Rn)m

where x € R™, ~ is constant satisfying the condition 0 < v < mnm, ? = (f1,-- fm)s
Y = (y1,...,ym), was studied as well. The corresponding maximal operator is given by (see [22])
the formula

My ()0 = s 1T

| fi(ys)|dys,
QBCEZ' 1 ‘Q|1 /

and the supremum is taken over all cubes () containing x.
For a variable parameter «f(-), let

_ fiyn) - fm(Ym)

Moz(-)(? = Sup H () |fz Yi |dy“
QBT@' 1 \Q|1 mn

where 0 < a_ < ay < nm. The operator M.y for a = 0 was 1ntroduced and studied in [21].
It can be immediately checked that

Ia(x)(7)(ﬂ;‘) > Cnﬁa(.)/\/la(z)(?)(w), fi>0, i=1,...,m.
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Throughout the paper, we use the notation Q to denote the family of all cubes in R™ with sides
parallel to the coordinate axes.

Let 0 < r < oo and let p be a o- finite measure on R". We denote by L], (R™) the class of all u—
measurable functions f on R™ such that

1/r
e = ([l dn@) " <o,
Rn
If du(z) = w(z)dr with a weight function w, then we also use the symbol Ly, (R") for Lj,(R").

Definition 1.1 (Vector Muckenhoupt condition, [21]). Let 1 < p; < oo for ¢ = 1,...,m. Let w; be
weights on R™, i = 1,...,m. We say that € A (R™) (or simply 7 e Ap) if

1 m o/ (g >1/P m (1 12l )1/102
S‘é%(wdinlwl W) T (g [ o o) <o

i=1 Q

Remark 1.1. In the linear case (m = 1) the class A3 coincides with the well-known Muckenhoupt
class A,.

Definition 1.2 (Vector Muckenhoupt-Wheeden condition, [22]). Let 1 < p; < oo for i = 1,...,m.
Suppose that p < ¢ < co. We say that @ = (wy, .. .,w,) satisfies A ,(R™) condition (W e Ap ) if

1 m . l/qm(l L )1/17:',
— (y)d — i (y)d .
S‘é%<|c2|Q/iUlwl(y> o) I |Q|!““ Wiy ) <o

1=1

Theorem A ([21]). Let 1 < p; < 00, i = 1,...,m. Suppose that w; are weights on R™. Then the
operator My is bounded from LE} (R™) x---x LEm (R™) to L’l’_[m (R™) if and only if & € A5 (R™).

=1

P/ P4
w?/Pi

Theorem B ([22]). Let 1 < p1,...,pm < 00, 0 <y < mn, % <p< % Assume that q is an exponent
satisfying the condition % = % — L. Suppose that w; are a.e. positive functions on R™ such that w!
are weights. Then the inequality

m q 1/q m _ 1/p:
([(D@Tuw)'a) <c T1( [ (nehoe)a)
i=1 i=1

R = =1 "gn
holds, where N is either I, or M., if and only if W e Ap (R?).

Remark 1.2. The two-weight problem for linear fractional integral operators has been already solved.
We mention the papers due to E. Sawyer [26] for the conditions involving the operator itself, due to
M. Gabidzashvili and V. Kokilashvili [6] (see also [13]) and R. L. Wheeden [32] for integral type

conditions.

Finally, we mention that the weighted inequalities for multilinear fractional integrals were also
studied in [25], [4], [14], [15]. The study of the boundedness of multi(sub)linear fractional strong
maximal operators was initiated in [10] and continued in [15], [2], [3], etc.

1.1. Preliminaries. By the symbol DQ(R") (or shortly, DQ) is denoted a countable collection of
dyadic cubes that enjoy the following properties:

(i) Q € DQ = 1(Q) = 2F for some k € Z;

(i) Q,PeDA=QNPec{lPQ}

(iii) for each k € Z the set DQy, = {Q € DQ : I(Q) = 2*} forms a partition of R™.

Definition 1.3. We say that a weight function p satisfies the dyadic reverse doubling condition with
respect to the cubes (p € RDQ@(R)) if there exists a constant d > 1 such that

dp(Q/) < p(Q>7
for all Q',Q € DQ, where @' is a child interval of Q, i.e., @' C Q and |Q| = 2"|Q’|.
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We shall also need the following Carleson-Hormander type embedding theorem regarding the dyadic
intervals.

Theorem C (see, e.g., [29], [31]). Let 1 < r < g < co and let p be a weight function on R™ such that

plﬂ”' satisfies the dyadic reverse doubling condition. Then the Carleson—-Hormander type inequality

_Tlxx_q/w a:xq c "z a:xw
Z<Q/p <)d) (Cg/f()d)§<¥f()p()d)

QEDQ
holds for all non-negative f € Ly(R").
We denote by DR the family of all dyadic rectangles in R™ given by the formula
DR :={27%(m +[0,1)) : k,m € Z}".

Definition 1.4. We say that a weight function p satisfies the dyadic reverse doubling condition with
respect to the rectangles (p € RDR@ (R™)) if there exists a constant d > 1 such that

dp(R') < p(R),
for all R', R € DR, where R’ C R and |R| = 2|R/|.

We denote by DB(R™) (or simply, DB) the dyadic grid which is DQ for B = Q and DR for B =R.

In the sequel, under the symbol DRB® (R™) (or simply, DRB(d)) we mean the class of weights
satisfying the dyadic reverse doubling condition in the sense of cubes if B = Q, and in the sense of
rectangles if B = R. Further, for B € B and ¢ > 0 we denote by ¢B the set in R” with the same center
but with ¢ times the side-length of B. We say that a measure u defined on R"™ satisfies the doubling
condition with respect to @ (u € DCQ) if there is a positive constant b, such that for all B € Q the
inequality

1(2B) < byp(B) (4)

holds; further, we say that u satisfies the doubling condition with respect to R (u € DCR) if (4) holds
for all B € R. We write p € DCB if p € DCQ for a basis Q, and u € DCR for the basis R.

Definition 1.5. We say that a measure p satisfies the reverse doubling condition with respect to
R (1 € RDR) if there is a constant f > 1 such that Su(R') < p(R) for any R, R’ € R, where R’
is the two-equal division of R. Further, p satisfies the reverse doubling condition with respect to Q
(1 € RDQ) if there is a constant § > 1 such that Su(Q’) < u(Q) for any Q,Q’ € Q, where R’ is the
2"-equal division of ). We say that u € RDB if u € RDR for B=DR, and u € RDQ for B=DQ.

The following fact was noticed in [28]:
Remark 1.3 ([28]). The condition p € DCB is equivalent to the condition yu € RDB.

Proposition 1.1 ([2]). Let 1 < 7 < q < oo and let p be a weight function on R™ such that p'~" €
RDR(R™). Then there is a positive constant C' such that the inequality

> (/ pl—’“u)dm)_w( [rwae) ze( Fape)

REDR
holds for all non-negative f € L;(R").

Proposition 1.1 for the weight p(™ having the form p(™ (z1,...,pn) = p1(x1) X -+ X pp(z,) can
also be derived by a simple proof based on the mathematical induction. Indeed, the statement is
true owing to Theorem C for n = 1. Suppose that it is true for n — 1-dimensional dyadic rectangles
and a weight of the form p("_l)(acl, ceisPn—1) = p1(z1) X - X pp(Tp—1). Weset R:=1; X -+ X I,
Ry, 1:=1I x---x1I,_1.
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We have

q
|R|*" </f T1,...,T Hpi(xi)dzl...dxn>
i=1

—a
7

p<")(R)€DR R™)

< ¥ Pn(lt)i' > (Hpi(“)>

I,eDR(R Rn_1€DR(R"—1)

< / </f (z1,...,x (xn)dxn)dxl...dmnlpl(ml) ‘o Pn(xnl))q
- Z unf/( / <IZf(zl""vxn—l)pxnd:sl)

I,eDR(R"—1) Ro_,

P a/r
x p1(z1) ... pn(Tp_1)dxy ... d:vn1> dazn>

< > |In_(/(fr(xl,...,xn_l)pl(a:l)...pn(ajn)dajl...dacn_1)

I,eDR(R"—1) i

< C’< /fr(xl, e Zp)p(@e, . Tp)day ..dxn>
RTL

2. MAIN RESULTS

5=

g
T

Now we formulate our main results.

Theorem 2.1. Let1 <p; <oo,i=1,...,m. Suppose that p < g < 0o and 0 < a_ < ay < mn.

q
pn(xn)dxn>

v;’s be weights on R™, i =1,--- ,m. We set v(z) =[]/~ oP/Pi (x). Then the inequality

=1 "1

1ME, (7))

s B 1/
LI®n) < CH ||fZ MO(‘()) s qu) qHLm(Rn)
=1

holds, where

. a(y q p/pl
MY, i) = /\ a b
a(z),pi.q BB:E BeB |B|q/p

The next two corollaries were proved in [15] for a(-) = o = const.

87

Let

Corollary 2.1. Let 1 < p; < 00, i =1,...,m. Suppose that p < g < 00 and 0 < a_ < ay < mn.

Let v be a weight on R™. Then the following inequality

B B) 1
1ME (D)l < canl () ) g0y,

holds, where

M(B) v(zx) = su /B a(y)q
al@).p.a (@) BSw,EGB |B|q/p 1Bl

Corollary 2.2. Let the conditions of Corollary 2.1 be satisfied. Then the inequality

m
B
IME (Folzzceny < CTL il ey

i=1
|B|q/p /‘

holds if and only if

y)dy < oo.
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Theorem 2.2. Let 1 < p; < 0o, i =1,...,m. Suppose that p < g < o0 and 0 < a_ < ap < mn.
Suppose that a measure y is doubling, du(x) = v(zx)dzx, where v is a weight on R™. Then the inequality
1/(mq)
1ML (Dllzgen) < cH AT NC) Ry
holds, where
~(B) B a(znq
W) @) = sup i / B . (6)

Corollary 2.3. Let the conditions of Theorem 2.2 hold. Then the inequality

IME (Fllgen < cH 1 ill e oy

i=1

1 a(y)q
sup ———— B|7»d < 00.

Let us introduce the following strong fractional maximal operator defined with respect to a measure
IR

holds if and only if

NE

B = sup H M/m/m )lduly

B3z, BGB

where « is a constant such that 0 < a < nm.
We have also proved the following statement.

Theorem 2.3. Let i be an infinite measure on R™ without atoms such that u € DCB, 1 < p; < 00,
i=1,...,m. Let a be a constant such that 0 < o < n/p. Then the inequality

IVE (P)llzgen < O T IHillzz: e

i=1

holds if and only if ¢ =

nap

It should be mentiond that the necessary and sufficient condition governing the boundedness of the
multilinear fractional integral operator

foy fi(n) - F ()
T’Yaﬂf( ) / (d(x’y1)++d(x’ym))m

X‘m
defined with respect to a measure u on a o-algebra of Borel sets of quasi-metric space (X, d, u) from
the product LP'(X, p) x --- x LPm (X, 1) to L4(X, p) has been established recently in [16].

= du(y), dp(y) = dpu(yr) - . dp(ym)

3. PROOFS OF THE MAIN RESULTS

In this section we give the proofs of the main results of this paper.
First of all, we will need the following statement.

Lemma 3.1 ([20]). There exist 2™ shifted dyadic grids
DF = 2780, )" + m + (-1)*B) : k € Z,m € Z"}, B € {0,1/3}",
such that for any given cube Q there are a B and a Qg € D® with Q C Qp and 1(Qs) < 61(Q).
As a consequence of this lemma, one has the following pointwise estimate

Moy(H@y<c 3 MDP (F)a), (7)

pe{0,1/3}n
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s
where /\/l((;l()_’)D is the dyadic multi(sub)linear fractional maximal operator corresponding to the dyadic
grid D defined by

m

8 1
MDP @)= sup

|fi(ys)ldyi, 0<a_ <ap <mn,
D#5Q,03s i |Q' 0/ () / G

and the constant C' depending only on n, m and a.
Remark 3.1. It can be checked that estimates similar to (7) are also true for the operators ./\/l((ﬁ)),

Mgf )., and N;( ). Provided that p € DCB.

Proof of Theorem 2.1. First we show that the two-weight inequality

(d),B d),(B 1/
IMEDE T o <0H||f1 (MO v

| e ()

holds, where /\/l((j()_’)(lg) is an appropriate to Mg(.) dyadic maximal operator and

M) vi(x) = sup (1/|B|a<y)qv»(y)dy>p/pl i=1 m
a(),pi,q 0t Bos.Be(B) |B|q/pB i 5 s, M.

For every x € R", let us take B, € DB such that B, > = and

(M‘(ld(),)(lg)7)( ) ‘B |m a(gc)/n H/|fz Yi ‘dy7 (8)

= 1B$

Without loss of generality, we can assume, for example, that f;, i = 1,...,m are non—negative,
bounded and have compact supports.
Let us introduce a set

Fp={xeR":2 € Band (8) holds for B}.

It is obvious that Fp C B and R" = UgeppFBi.
Now, applying Holder’s inequality, we have

I:/ MDD () (va/pz )dx< 3 / (MDD F <va/p7 )

R BEDB
< 21 Z |B|—mq</|B|a m)q/n(H,Up/:m >d$>(H/fz (i) dyz>
BeDB B
< 24 Z |B|~ qu</|B|az)q/n ) (H/fz Yi dm)
BeDB i=lp
P
—a/p} B|@a/ny, "
< 5= o (g [ matoyie)” ( [ stoaan)
BeDBi=1
q a/p; a2 Ha !
<20 ) H\BI i /fz (y:) Ma()’pl (yi)) dyi |
BeDBi=1

Further, by using Holder’s inequality in the form

(1) 1 oo )"
S < TT (S p)
k j=1 k
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for positive sequences {a )} 7=1,...,m, we have
) ap1/pqp/P1
]<2q[ Z |B|~(apr)/ (pp1) </f1 y1)( a(yl),pl,qvl(x))l/‘]dw) }
BeDB

’ ~—(B) . aPm /P P/Pm
X oo X { > |B|(qpm)/(ppm)</fm(ym)(Ma(ym)’pm’qvm(x)) /qdym> } '
B

BeDB

Finally, Theorem C (for B = Q) and Proposition 1.1 (for B = R) for the exponents (p;, qp;/p),
i=1,...,m, and weight p = 1, yield that

MB 1/4q
I<CH”fz a(z),piqVt vi (@ )) ”Lpz(]R"

At last, taking into account Remark 3.1, we can pass from ./\/lgl()j to MP) d

a(z)’

Proof of Corollary 2.2. The proof of the sufficiency is a direct consequence of Theorem 2.1. For the
necessity we take test functions: f; = xp, with B € B. By applying inequality (5) for these functions,
we get the desired condition. O

Proof of Theorem 2.2. Following the proof of Theorem 2.1 we get the inequality
(d),(B)
HM‘J‘(')W (7 ‘LZ(Rn s¢ H’

where /\/l( ))(B is the dyadic analogue of M( ., and Mg(;)) pg.ud) () is defined by (6).
Indeed, observe that

)1/(qm)’

1 (M) g (i)

LPi (Rn)

= [MEET) @) auw) < 3 [ (MDPT @) duto)

Bn Be(’DB) Py

<xy (f |B|<a<$>q>/”du<x>) I (i / o)
5 i= B

BeDB

=20 5 [Ttz B/ £5005) ()~ Z B dul)

BeDBj=1

p/p1

<C

S (B~ @) { / Al ( é()mqM(du)(yl))1/<mq>dﬂ(y1)]qpl/p]

BeDB

— 1/(mq) qpm /| P/Pm
Sy e ons| / 5m) (T8, )0 ) )| ~

BeDB

X oo X

Now, applying Theorem C (for B = Q) and Proposition 1.1 (for B = R) for the weight p = v and
exponents (p;, qpi/p), t = 1,...,m, we can conclude that

) 1/(maq)
1< CH Hf](M ) pan(d u))

Proof of Theorem 2.3. The sufﬁciency follows in the same manner as in the previous theorems by

q
]

Ly ®n)

considering dyadic version of the operator NO(CBM) and Remark 3.1; that is why we are focused on the
necessity. Let f;(z) = xp(z). Then the following inequality

INE) Tl gy > p(B)M+o/m
holds.
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On the other hand, we notice that

H HszLﬁ (R7) = M(B)l/pa
i=1

therefore,

N(B)l/qua/n—l/p <C.

Since p(R™) = oo and p is a measure without atoms, we conclude that

R

pn

—_— O
n—ap

q:

emark 3.2. Thus from the above proof we can conclude that in the necessity part of Theorem 2.3

no doubling condition is needed.

of
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