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SOLUTION FOR SYSTEM OF IMPLICIT ORDERED VARIATIONAL
INCLUSIONS

I. K. ARGYROS! AND SALAHUDDIN?2*

Abstract. The purpose of this paper is to present an existence theorem for a new class of system of
implicit ordered variational inclusions in real ordered Banach spaces. Using the concept of resolvent
operator, we prove the convergence of sequences generated by an algorithm.

1. BRIEF PREHISTORY

Generalized nonlinear ordered variational inclusions have wide applications in many fields includ-
ing, for example, mathematical physics, optimization and control theory, mathematical programming,
economics and engineering sciences. Recently, nonlinear mappings, fixed point theory and their ap-
plications have been extensively studied in ordered Banach spaces. In 2008, H.G. Li [6] introduced
the generalized nonlinear ordered variational inequalities, studied an approximation algorithm and an
approximate solution for a class of generalized nonlinear ordered variational inequalities in ordered
Banach spaces. In 2009, by using the B-restricted accretive method of the mapping A with constants
a1, ag, Li [7] studied a new class of general nonlinear ordered variational equations and established an
existence theorem and an approximation algorithm of solutions for this kind of generalized nonlinear
ordered variational equations in ordered Banach spaces.

Motivated and inspired by the recent research works [1-5,9,13], in this paper, we consider a system of
implicit ordered variational inclusions in real ordered Banach spaces. We design an iterative algorithm
based on the resolvent operator for solving a system of implicit ordered variational inclusions. We
prove an existence, as well as a convergence theorem for our problem.

2. PRELUDE

Definition 2.1. Let C'(# () be a closed, convex subset of X. C is said to be a pointed cone if
(i) forz € C and A > 0, Az € C;
(ii) if z and —z € C, then z = 6,

where 0 is a zero vector in X.

Definition 2.2 ([4]). C is called a normal cone if and only if there exists a constant Ac > 0 such
that 6 < a <y implies ||z|| < A¢|ly||, where A¢ is called the normal constant of C.

Definition 2.3 ([12]). For arbitrary elements z,y € X, « < y if and only if z — y € C, then the
relation < is a partial ordered relation in X. The real Banach space X with the ordered relation <
defined by C' is called a real ordered Banach space.

Throughout this paper, we assume X to be a real ordered Banach space with norm || - ||, an order
pair (-,-) and partial ordered relation < defined by the normal cone C with a normal constant Ac.
Let CB(X) be the family of all nonempty closed and bounded subsets of X, and © be the Hausdorff
metric defined on CB(X) by

D(A, B) = max{supd(x, B),sup d(A,y)},
r€A yeB
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where A, B € CB(X),d(z, B) = inf,cp d(z,y).

Definition 2.4 ([13]). For arbitrary elements z,y € X, if x < y or y < z, then x and y are called
comparable and this is denoted by x x y.

Lemma 2.5 ([13]). Let X be an ordered Banach space. For arbitrary x,y € X, lub{x,y} and glb{x, y}
express the least upper bound of the set {z,y} and the greatest lower bound of the set {z,y} on the
partial ordered relation <, respectively. Suppose glb{z,y} and lub{z,y} exist. Some binary operators
can be defined as follows:
o zVy=Ilub{z,y};
o z ANy = glb{z,y};
cx®y=(r-y)V(y—a.
V, A and @ are called OR, AND and XOR operation, respectively. For arbitrary x,y,w € X, the
following relations hold:
(i) ife <y, thenzVy=y, zAy=ux;
i) if  and y are comparable, then 6 < z & y;
) (z4+w)V (y +w) exists and (x +w) V (y + w) = (x Vy) + w;
) (z+w) A (y+w) exists and (z +w) A (y +w) = (x Ay) + w;
) (@Ay) = (z+y) - (zVy)
) if A >0, then Az Vy) = Az V Ay;
(vil) if A <0, then A(z Ay) = Az V Ay;
) zAy=—(—zV—y)and (—2) A (z) <0 < (—z) Va;
)ifx <yands<tthenz+s<y+i;
) if 0 <xand z # 6, and o > 0 then § < ax and ax # 6;
) if X is an ordered Banach space, and if for any x,y € X, either z V y and x A y exist, then X
is a Banach lattice.

Definition 2.6 ([8]). Let A: X — X be a single-valued mapping.
(i) A is said to be comparison mapping if for each z,y € X, x « y, then A(z) x A(y),z x A(x)
and y oc A(y);
(ii) A is said to be strongly comparison mapping if A is a comparison mapping and A(x) < A(y),
if and only if x o y;
(iii) A is said to be S-ordered compression mapping if it is a comparison mapping and there exists
a constant 0 < 8 < 1 such that

Alz) @ Ay) < Bz @ y);

(iv) A is said to be y-order non-extended mapping if there exists a constant v > 0 such that
vz dy) < Alx) ® Ay),Vz,y € X.
Lemma 2.7 ([4]). If  and y are comparable, then lub{z,y} and glb{x,y} exist,
r—yxy—x, and 0 < (x—y)V (y—x).
Lemma 2.8 ([4]). If for any natural number n,z « y,, and y, — y(n — o0), then z « y.

Lemma 2.9 ([4]). Let C be a normal cone with a normal constant A¢ in X, then for each z,y € X,
we have the relations:

(i) |00l = 6] = o;

(i) [z Ayl < llzl Allyll < llzll + llyll;

(iil) lz @yl < llz —yll < Aelle @ yl|;

(iv) if z oc y, then [z & y[| = [z —y]|.

Lemma 2.10 ([8,9]). Let < be a partial order relation defined by the cone C' with a normal constant
A¢ in X in Definition 2.3. Then the following relations are satisfied:

(i) rey=ydr, xdx =0
(i) 0 <z 6;
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(i) (2 ©0) — (y @) < (- ) B0,
(iv) 1f:vo<0 then —zc® 0 <z <z db

(v) fz xy,then (z®0)® (y o) < (zdy) D6

(vi) allow A to be real, then (Az) @ (Ay) =| A | (z @ y);

(vil) if z,y and w are comparable, then (z @ y) < (x B w) + (w B y);
(viii) if z,y,r, w are comparable, then

Ay e rAw)<((zdr)Vydw)A((zdw)V(yer));
(ix) let (x +y) V (s +t) exist, and if x x s,¢, and y o s, ¢, then
(+y)@(s+t) < (zds+ydt)A(zdt+yds).

Definition 2.11 ([11]). Allow A: X — X and M : X — CB(X) to be the mappings.

(i) M is called a weak-comparison mapping, if given comparable x,y € X and t, € M(z), there
exists t, € M(y) such that ¢, and ¢, are comparable.

(ii) M is called an a-weak-non-ordinary difference mapping associated with A, if it is a weak
comparison and there exists a > 0, and ¢, € M(A(z)) and t, € M(A(y)) such that

(t: ®ty) ® a(A(z) © A(y)) =

(iii) M is called a A-order different weak-comparison mapping associated with A if for the given
comparable z,y € X, there exist A > 0, and t, € M(A(z)),t, € M(A(y)) such that

Atz —ty) oz —y.

(iv) M (a weak-comparison map) is called an ordered (a4, \)-weak-ANODM mapping, if it is
a-weak-non-ordinary difference mapping and A-order different weak-comparison mapping as-
sociated with A, and (A + AM)(X) = X, for a, A > 0.

Definition 2.12 ([11]). Let M : X — C'B(X) be y-order non-extended mapping and c-non-ordinary
difference mapping with respect to a mapping A : X — X. The resolvent operator R% i X — X
associated with both A and M is defined by

R%)\(x):(A—i—)\M)_l(x), for all z € X (2.1)
where v, a, A > 0 are the constants.

Definition 2.13 ([6]). A bi-mapping B : X x X — X is called (a1, ag)-restricted-accretive if it is
comparison and there exist constants 0 < ay,as < 1 such that

B(z1,y1) ® B(w2,y2) < ai1(B(z1) ® B(r2)) + ae(B(y1) © B(y2)), for all w1, 22,y1,%2 € X.

Lemma 2.14 ([11]). Let M : X — CB(X) be 7y-order non-extended and a-weak non-ordinary
difference mapping associated with a mapping A : X — X, and oy # 1, then My = {0 @z |z € M}
is a-weak non-ordinary difference mapping associated with A and the resolvent operator R%BA =

(A+ AMpg)~t of (A+ AMp) is a single valued for a, A > 0, i.e., RZX{‘S\ : X — X of My holds.

Lemma 2.15 ([11]). Let A : X — X be a mapping and M : X — CB(X) be (aa, A)-weak-
ANODD set-valued and strongly comparison mapping associated with R% y- Then the resolvent

operator R% y : X — X is a comparison mapping.

Lemma 2.16 ([11]). Let A : X — X be a mapping and M : X — CB(X) be ordered (a4, A)-

weak-ANODD and ~-ordered non-extended mapping associated with R% \, for aq > % Then the

following relation

1

——(x®y), forall z,y € X. 2.2
7(%/\71)( Y) y (2.2)

R\ (2) @ R \(y) <

holds.



12 I. K. ARGYROS AND SALAHUDDIN

3. FORMULATION OF THE PROBLEM

Let X be a real Banach space and C' be a normal cone having the normal constant A¢. Suppose
firgi: X — X (i =1,2) and Q; : X x X — X (i = 1,2) are single-valued mappings. Assume
that Th,Ts, F1,Fs : X — CB(X) and M, N : X x X — CB(X) are set-valued mappings. Now we
look at the problem: for some (wi,ws) € X x X and p1,p2 >0, find z,y € X, u € Ty (z), v € Ta(y),
p € Fi(z), g € F»(y) such that

w1 € Q1(f1(z),v) + p1M(g1(x), q),
w2 € Q2(u, f2(y)) + p2N(p, 92(y))- (3.1)

Problem (3.1) is called a system of implicit ordered variational inclusions.
Special Cases:

(1) If Th, s, Fy, Fs are single-valued mappings, then (3.1) reduces to the problem of finding some
(wi,wz) € X X X, p1,p2 >0, and z,y € X such that

wy € Q1(f1(x), Ta(y)) + prM(g1(z), F2(y)),
w2 € Q2(T1(2), f2(y)) + p2N(Fi1(2), 92(y)), (3:2)
called a system of generalized ordered variational inclusions.

(2) If Ty, Ts, Fy, Fy are identity mappings, then (3.2) reduces to the problem of finding some
wy,wz) € X X X, p1,p2 >0, and x,y € X such that
p

wy € Q1(f1(x),y) + p1M(g1(x),y),
wy € Qa(x, f2(y)) + p2N(z, g2(y)),

called a system of general ordered variational inclusions.

(3.3)

(3) If g1 = fo = I (the identity mapping on X), M and N are single-valued mappings and
M(g1(z),y) = M(x,y), then (3.3) reduces to the problem of finding some wi,ws € X, and
z,y € X such that

w1 € Ql(f1($)7y) + PlM(%iU)a
wz € Qa(z,y) + p2N (2, g2(y)), (3.4)

a variant form studied in [9].
(4) If wa =0, Q2 = fo = N = go = 0, then problem (3.4) is to find z,y € X such that

wy € Ql(fl(z)vy) + le(y,l‘), (35)

a variant form of generalized variational inclusions.
(5) If p1 = 1, wy = 0, then problem (3.5) reduces to finding z,y € X such that

0¢€ Ql(fl(:v),y)—i-M(y,x), (36)

considered and studied in [14].
(6) If p1 = p, w1 = w, Q1(f1(z),y) = f(x) and M(y,x) = M(x), then problem (3.5) becomes
that of finding x € X such that

w € f(z)+ pM(z). (3.7)

Problem (3.7) was studied in [11].
(7) If f =0 is a zero mapping, then problem (3.7) reduces to finding x € X such that

w € pM (x). (3.8)
Problem (3.9) was initiated and studied in [10].

Now, we mention the fixed point formulation of (3.1).
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Lemma 3.1. Let z,y € X, v € T(x) € CB(X), v € T(y) € CB(X), p € Fi(z) € CB(X),
q € F5(y) € CB(X) be a solution of (3.1) if and only if z,y € X, v € T1(z) € CB(X), v € Ta(y) €
CB(X),p € Fi(x) € CB(X), q € F5(y) € CB(X) fulfill the following relations:

= R%E\m()ﬂ) [A(x) + %(wl — Ql(fl(x),v))],

y=RAL7 [AG) + 2 (w2 = Qalue )] (39

Proof. The proof follows from the definition of the resolvent operator (2.1). O

4. MAIN RESULTS

In this section, we present existence results for the system of implicit ordered variational inclusions
under some suitable conditions. Let us also discuss the convergence of sequences suggested by an
iterative algorithm.

Theorem 4.1. Let C be a normal cone having a normal constant A\¢ in a real ordered Banach
space X. Let A, f;,g; : X — X be single-valued mappings such that A is a As-compression, f; is
Aj,-compression and g; is comparison mappings for ¢ = 1,2. Let Q; : X x X — X (i = 1,2) be
single-valued mappings such that @1 is an (a1, ag)-restricted-accretive mapping with respect to fi,
and Q9 is (51, B2)-restricted accretive mapping with respect to fo. Suppose that T;, F; : X — CB(X)
(i = 1,2) be the D-Lipschitz continuous mappings with respect to the constants g;,; > 0. Suppose
M,N : X x X — CB(X) are the mappings such that M is (a4, A)-weak-ANODD and N is («was, A)-
weak-ANODD set-valued mappings.

In addition, if z; « y;, u; < v;, p; X ¢, R%/\(:zri) x R%/\(yi), Rg’)\z () Rg’)\(yi) (1 =1,2) and for
all A;,0; >0 (i = 1,2), the following condition

RXg\gl(')ﬂl)(ml) @R%g\gl(-),m)(xl) < Salqr ® o),

Rg’({’1192(-))<y1) ® RJX’()]\D%QQ('))(:UI) < (51(]71 @pz)’ (4.1)
and
A
p E [p2m1dar Ay, + prpaABior] <1 — Ac(pida + d101),
102
A
pli;;[pl,UQ)\ﬁ2)\f2 + papiAan o] < 1 — Ao(pada + d202) (4.2)

are satisfied. Then (3.1) grants a solution (z,y,u,v,p,q).

Proof. From Lemma 2.16, we know that the resolvent operators R% 4() and RX ,(+) are Lipschitz
continuous with the constants p; = m and 1o = m, respectively.
Now, define a mapping P: X x X — X x X by

P(z,y) = (G(zi,yi), S(xi,4:)), V(z,y) € X x X, (i=1,2) (4.3)
where G, S5 : X x X — X are the mappings defined as
N A
Glaisye) = RO [Alw) + (w1 = Qalfalar) wn)] (4.4)
and \
Sl yi) = RAL D [Alye) + (s = Qalon, faly)))]- (4.5)

For any z;,y; € X and z; &< y;, u; X vj, p; X g; (4,j = 1,2). By using (4.4), Definition 2.6, Definition
2.13 and Lemmas 2.16 and 2.10, we have

0< G(:L'l, yl) S¥) G(9327y2)

= RY O A + > (1 = Qu(ilan).on)] & REL O [Afe) + 2 (ur = Qi) v2)]
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< R%&gl(')’ql) [A(m) + p%(un — Ql(f1(l“1),vl))} 2 R%E\gl(.)’ql) {A(m) T %(wl - Ql(f1($2)’v2))}
® RM(gl( ),a) |:A(J}2) + p%(wl — Q1(fi(x2),v ))} ® R, (91() )[A(xz) + %(wl - Ql(f1(302)702))}

IN

p1|A(zy) @ A(zz) :\T(Ql(fl(xl)avl) ® Ql(fl($2)7v2))} ® 02(q1 @ q2)

IN

| A

M1 {A r1) ® A(xz) p)\l(al(f1<x1) @ fi(w2)) + az(v1 69712))] @ 02(q1 D q2)

)\
1| Az @ z2) pl — (1 Af, (21 @ 22) + @z (v @ Uz))} © 02(q1 © q2)
)\al)\fl

o )(:m ® z2) + %(vl ® vz)} @ 8 (q1 D ga). (4.6)

< 1 [()\A +
From Definition 2.2 and Lemma 2.9, we have

1G(z1,91) © G2, 92) || = |G (21, 91) = G2, 92|

< /\CHM {(/\A + %)(m @ x2) + %(Ul ® vz)} ©da(q1 @ Q2)H
< )\C{MlH ()\A + %)(xl ® xz)H + M1H%(U1 @ o)l + 02llgr @ Q2H}

/\al)\fl )|

Ao
m(Aa+ o1 = 2l + g = o = vall + Bl — el
1

)\ )\ A
<Ac Ml( et ) |1 — 2| + M1p1a2©(T2(y1),T2(y2)) + 6233(F2(y1),F2(y2))}

<ot
{

< rotalhantesly,,
{

N =T e T )
< aof alar | e ).
That is,
G 1,3 — Gl pa)| < ATV
e (L1 Aa202 4+ p1209) [} (4.7)
1
Again,
0 < S(x1,y1) © S(w2,y2)
= RAG O [Al) + (= Qatun, o)) & RYL ) [Al0) + 2 (w2 = Qa(ua faon)|
< Rg}flm(‘)) {A(yl) + p%(“h — Qa2(u1, fz(yl)))} N(m 920)) {A — (w2 — Qa(uz, fz(yz)))]
& B O [ A(y) + %m = Qafuz, Fa()))| @ RYG OV [A(ya) + 2 (w2 — Qa(uz, fo(p2)))]

< o {A(yl) ® A(ye) + %(Q2(u17 f2(y1)) © Qa(ua, fz(yz)))} @ 61(p1 @ p2)

IN

Ha2 {A(yl) © A(y2) + p%(ﬂl(ul © ug) + Badp, (Y1 @ yz))} © 01(p1 D p2)

IN

H2 [)‘A(yl ©y2) + %(51(’“1 @ uz) + Loy, (Y1 © yz))] @ 61(p1 @ pa)- (4.8)
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From Definition 2.2 and Lemma 2.9, we have

[S(@1,91) ® S(w2, y2)|| = 15(21,91) — S(@2,32)||
H2AB1 uz)\52>\f2(
P2

<Ac ’H2)\A(y1 Dya) + (u1 & ug) +

Y1 D y2) + 01(p1 EBW)H
HaAB1

-yl +
H2ABy
P2

< Ae{p2Aallyy — ye| +

HaABa A
2 ) s — o +
P2

H2AB2Af, )
P2

P2AB2Af,
= fur = sl + 61 p1 — pall

<Ac :(MQ/\A + D(T1(z1), T1(z2)) + 61D (Fi (1), F1($2))}

H2aAB1o1
P2

<o (mAa+ s — wall + o1 — w2l + 10741 — sl

< Ac (/JZ)\A +

That is,

Mz/\52)\f2>”
P2

A
y1 — 2l + )\c('@iﬁlg1
P2

+ 5101) |z1 — z2]|

[1S(21,y1) — (w2, y2)|| <

From (4.7) and (4.9), we have

)‘CPJQ()‘A/)Q + )\ﬂQ)\fQ) ||y1 - y2|| + AC(NQ)\ﬂlgl + 025101) ||£C

—x9|l. (4.9
P2 P2 ! 2ll- (4.9)

1G(x1,51) — Gz, o)l + 1S (@1, 91) — S(a2, 92| < Ac™:

Aapr 4+ Aaihs,
( Ap1p1 1Af )Hl'l—l'gH

(L1 Aa202 + p16202)
P1
(H2ABro1 + 6101p2)
P2
<A {Ml()\Apl + AaiAyg) . (H2AB1o1 + 0101p2)

P1 P2
A ABa A 1)
+)\C[N2( A/’2p+ B2y, ) n (1 a292p+ p16202)
2 1

2
+ Ae lyr — 2| + Ak

Aap2 + AB2A

+ >\C ||ZC1 — ZEQH

I

s = 3

A
< T;[Mlﬂz(&xﬂl + A1y, ) + p1(peABror + d101p2)] |1 — 22|

A
+ T;[ﬂ2ﬂl()\AP2 + ABaAy,) + pa(pidaz o2 + p1202)]|ly1 — v2||
< Dl — ol + Q2|y1 — vl

< max{€y, Do} ([|z1 — z2l| + [ly1 — y2l), (4.10)

where

A
Q) = 017;2 [Mlﬂz(/\Am + A Ay,) + p1(peABror + 510102)}

and
A
Qy = ﬁ [Mzm()\Apz + ABaAy,) + pa(p1Aazos + P15202)]
Now, we define ||(z,y)||« on X x X by

(@, y)ll+ = llzll + llyll, V(z,y) € X x X. (4.11)

One can easily show that (X x X,| - ||) is a Banach space. Hence from (4.3), (4.10) and (4.11), we
have

[P(z1,y1) — P(w2,y2) [« < max{Qy, Qa} (|21 — 22l + [ly1 — v2l])- (4.12)

By (4.2), we know that max{{,{2} < 1. It follows from (4.12) that P is a contraction mapping.
Hence there exists unique (z,y) € X x X such that

P(z,y) = (z,9).
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This leads to

o= RYO9[40) + 201 - (e 0)].
and
y= 1L [A) + = (w2~ Qalu )]
It is determined by Lemma 3.1 that (z,y,u,v,p,q) is a solution of (3.1). O

Now, we suggest an iterative scheme for problem (3.1).

Algorithm 4.2. Let C be a normal cone with a normal constant A¢ in a real ordered Banach space
X. Assume that f;,g; : X — X and Q; : X x X — X are single-valued mappings for ¢ = 1, 2. Let
M,N: X xX — CB(X)and T;, F; : X — CB(X)(i = 1,2) be the set-valued mappings.

For any given xo,yo € X, ug € T1(z0), vo € T2(yo), po € F1(x0), qo € Fa(yo), let

= (1 = o+ mRY O [Afa) + w1 = Qa(fi(an) )|

y1 = (1 —m)yo + TR, (po’gZ( ) [A(yo) + p%(ua — Q2(uo, f2(y0)))}7

there exist u; € Tl(il’l) € CB(X), V1 € Tg(yl) € CB(X), P11 € Fl(:Cl) S CB(X), q1 € FQ(yl) S
CB(X), and assume that zp o 1, Yo X Y1, U X U1, Vo X V1, Po X P1, go X g1 such that

l[ur @ woll = [lur —woll < (1 + 1)D(T1 (1), T1(20));
[vr @ vol| = [lv1 — voll < (1 4+ 1)D(T2(y1), T2(y0));
[p1 @ poll = [Ip1r — poll < (1 + 1)D(F1(z1), Fi(20));
g1 @ qoll = [la1 — qoll < (1 + 1)D(F2(y1), F2(yo))-

Continuing in this way, we can define iterative sequences {zn}, {yn}, {tn}, {vn}, {Pn}, {gn} with
the supposition that ;11 X Zn,Ynt1 X Yn, Untl X Up, Uil X VUnyPngl X Py dniel X Gn, for all
n € R. We have the following iterative schemes:

D.a, A
Pt = (1w + RO [Awn) + 2w = Qi) o)) (4.13)
1
A
g = (U= myn + TRAL D [Alga) + 2 (02 = Qalum, Folwa)]. (4.14)
with
i1 € Ta(nin) s ® tnll = i3 = ]| < (14— ) D(Ti(n41), Ti (o))
Unt1 € To(Ynt1), [[vnt1 @ vnll = [[vng1 — vnll < ( ) (T2 (Yn+1), T2(yn));
Prt1 € F1(Tng1), [Pnr1 @ poll = [[Pna1 — pall < ( ) (Fi(zny1), Fi(zn));
Int1 € Fo(2ni1); 1gnt1 @ qnll = [lgns1 — gnll < (1 + m)g(F2(yn+1)7F2(yn))§ (4.15)
forn=20,1,2,3,4,..., where 0 <7 < 1 and A, p > 0 are the constants.

Theorem 4.3. Allow X,C,M, N, f;,9:;,Q:,T;, F; (i = 1,2) to be as in Theorem 4.1. Then the
sequences {(Zn, Yn, Un, Un, Pn, dn) + formulated by Algorithm 4.2, converge strongly to {(z,y, u,v,p,q)}
of (3.1).

Proof. From Algorithm 4.2, (4.1) and Lemma 2.10, we get

0 S Tn+1 @xn

=(1-mz,+7R, (gl( )an) A(zp) + i(w1 - Q1(f1(3?n),vn))]

P1
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. A
® (L= m)n o+ mRA O A ) 4 2w = @a(fa(en) vn)|
1
. A
= (1= m)(on @ @na) + [ REL O [Alen) + 21 = @alfa(an) vn)]
1

: A
& RY©O0 [ Aa,y) + ~(wn = @il (2n-1)sva-1))] |- (4.16)
By using the same argument as in Theorem 4.1, for (4.7), we have

i1 @ Tall = i1 —

< (1= 7)||zn — Tn_a + W[A

A Ao A
e |

(1+ 725) (1 Aazs + p18202)
!
7r/\c/h(/\Am + AagAy,)
P1
[(1 + 1) Ac (i Aaz0z + p16209)
P1

+ Ao

|

< [(1—7r)+ ]len—xn—lH

+m }Hyn _yn71H~ (417)

Similarly,
0 < Ynt1©Yn

= (1= w4 RGO [A3) + 2 (02 =~ Qalitns alan))])

& (1= Mocs + 7R [Algas) + (w2 = Qalunr, alon-1)])

= (1= 7)o ® o) + 7 (BYE O [l + 02 = Qalum, Fa(3n)]

& R 20 Ay, 1) + %(w2 = Qa(un-1, folyn1)))] ). (4.18)

Importing the same logic as in Theorem 4.1 for (4.9), we have

Ack2(Aapz + AB2Ap,)
P2

Ao (1+ 7)) (m2ABror + 6101p2)

P2

lyns1 @ ynall = lynss = ynoall < [(1 =) + [

+

len — Zpn_1]|- (4.19)

From (4.17) and (4.19), we have
n W)\Cﬂl()\Apl + >\a1>\f1)

@1 = @il + lgmss = gl < [(1 =) > lon = 2l
T(1+ =5) Ao Aazos + p16202)
=+ [ +l :|||yn_yn—1H
P1
Acp2(Aaps + ABa
+ |:(1—7T)+7T ( fz)}llyn—yndl
P2
Ae(1+ ,%H)(/Q/\ﬂlgl +0101p2)
+ 7 ) zn — zn—1l
2

< (T =m)([|en = 21l + 1yn — Yn—1ll)
Aci(Aapr + Aaidy,) N Ao (1+ 725) (u2ABror + 6101p2)
P1 P2
N 7T{)\0(1 + %H)(mngz + p10202) N Acpz(Nape + AB2Ay,)
P1 P2

+| |z = @

|l = 91
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=1 =m)([zn = Tn-1ll + lyn = yn-1l) + 7( Q|20 — Tnall + Q3 lyn — yn-1l))
=1 =m)(lzn — zn-1ll + [lyn — yn-1l) + 7" (|20 — zn—1]l + llyn — Y1), (4.20)
where Q" = max{Q7,Q5} and

A 1
QF = pTZz {N1P2(>\AP1 + Ao Ay,) + (1 + 7>P1(u2>\5191 + 5101/?2)],

n+1
A
ap == (14
p1p2 n+1

Let QF — 4y and QF — Q3 whenever n — oo, therefore 2" — Q as n — oo. Then condition
(4.2) implies 2 < 1 and so Q,, < 1 for sufficiently large n. By (4.20), for sufficient n, we have

)P2(M1/\012@2 + p10202) + p1i2(Aapz + >‘/62)‘f2)} .

[Zn41 = Zna || + Ynt1 — yn—1ll £ X = ) (|2 — Tp1ll + 1Yn — Yn-1ll)
+ 1Q(lzn — Zp-1ll + Y0 — Yn-1ll)
< (1 -7+ ﬂ-Q)(”mn - mn—l” + ”yn - yn—1||)

<s(lzn = zn-1ll + l|[yn — yn-1ll)- (4.21)
where ¢ =1 — 7 + 7Q and Q = max{Q,Q}, and
A
O = P Z (o211 (Aap1 + AarAyp) + p1(peABror + d101p2)],
102
A
Qp = ﬁ[m(uv\%m + p10202) + prua(Aap2 + ABaAg,)].

By (4.2), we have Q < 1. So there exists Q0 < 1 such that for sufficiently large n, Q" < Q° and

241 = nall + [Ynt1 = Yn-1ll < Clzn = o1l + [yn — yn-1lD); (4.22)
where ¢ =1 — 74+ 7Q°% < 1.
It follow that {z,} is a Cauchy sequence in X. Since X is a complete space, there exists € X such
that x, — x as n — oo. From (4.22), {y,} is also a Cauchy sequence in X and y,, — y as n — oo.
Condition (4.15) and the ©-Lipschitz continuity of Ty, Ty, F1, F» imply that {u,}, {v.}, {pn} and {g,}
are all the Cauchy sequences. Let u,, — u, v, — v, p, — p and ¢, —> q, respectively. By (4.15),
we have
d(u, Ty (u)) < [Ju = un | + d(un, T'(u))
< lw = unll + D (T (un), Ty (u))
< lw — un|| + 01|, — u|| — 0, as n — oo, (4.23)

and so u € Ty (x). Similarly, we can show that v € Tx(y),p € Fi(x) and ¢ € F»(y). By (4.15), we have

. A
P = (1= man + w00 [AGn) + (1 = Qalfaln), )

1 = (L= g+ RS [Aga) + 2 00 = Qalin, o)

By Lemma 2.16 and the assumptions in Theorem 4.1, letting n — oo in the above equations, we can
obtain

v = (1 m) + eRY OV [A@) + 2 (wr — Qi (@), 0)],

P1
. A
y= 0=y + RO [AW) + 7 (w2 = Qalu )]
By Lemma 3.1, {(z,y,u,v,p,q)} is a solution of system (3.1). This completes the proof. O
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