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ON DESCENT COHOMOLOGY

B. MESABLISHVILI

Abstract. The zeroth and first descent cohomology sets for a (co)monad on arbitrary base category
with coefficients in a (co)algebra are introduced and their basic properties are studied. These sets
generalize those for a coring with coefficients in a comodule. It is shown that under this generaliza-
tion, essential properties and relationships are preserved.

1. INTRODUCTION

The aim of this paper is to introduce and investigate low-dimensional descent cohomology sets of
comonads with coefficients in coalgebras over the comonad. These include not only the non-abelian
descent cohomology for Hopf modules with coefficients in comodule algebras in the sense of P. Nuss
and M. Wambst ([23], [24]), and hence the classical non-abelian group cohomology of Serre [25], but
also their generalization by T. Brzeziriski to comodules over corings ([4]).

Recall that P. Nuss and M. Wambst in [23] and [24] introduced the zeroth and first descent coho-
mology sets for Hopf modules with coefficients in comodule algebras, and showed that

e their cohomology generalizes the non-abelian group cohomology of Serre [25], and
e the first descent cohomology pointed set classifies twisted forms of Hopf modules and Hopf
torsors.

Based on the descent theory for corings (see, [6], [9]) and the fact that an arbitrary Hopf module
can be considered as a special case of an entwining module and hence a comodule over an appropriate
coring, T. Brzeziniski [4] gave a coring approach to the descent cohomology theory. In particular,
he introduced the zeroth and first descent cohomology pointed sets for a coring with values in a
comodule over the coring and showed that the first descent cohomology pointed sets still classify
twisted forms and suitably defined torsors. Brzezinski’s definition of these sets involves a k-algebra
A (k being a commutative ring with unit), an A-coring C and a (right) C-comodule (M, p). Given
these data, the zeroth descent cohomology set of C with coefficients in (M, p) (which is in fact a group)
is defined as the group of C-comodule automorphisms of (M, o), while the first descent cohomology
set of C with coefficients in M as the set of equivalence classes of C-comodule structures on M,
where two C-comodule structures are equivalent if they are isomorphic as C-comodules. Since an
A-coring can be defined as an A-bimodule C such that the endofunctor G¢ = — ®a C on the category
of right A-modules My is a comonad, and since right C-comodules are the same as G¢-coalgebras,
the concepts of the zeroth and first descent cohomology sets of an A-coring C with coefficients in a C-
comodule can obviously be formulated in pure categorical terms. One may then ask whether the results
of [23], [24] and [4] are valid in other categories than the category of (co)modules over a (co)ring. The
motivation and main purpose of this paper is to show that this is indeed the case. We demonstrate in
particular that several aspects of descent cohomology sets for corings can be generalized in the context
of (co)monads on general categories in such a way that their essential properties and relationships with
(appropriately generalized to this context) twisted forms and torsors are maintained. We should point
out that our method of obtaining this generalization do not use sophisticated machinery of (co)ring
and (co)module theory (which is not applicable to our situation due to the great generality of the
context we are working in). Our proofs are, in fact, based only on two elementary results concerning
pseudo-pullbacks. The first result states that pseudo-pullbacks preserve equivalences of categories,
while the second one states that the comparison functor from the pullback to the pseudo-pullback of
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any functor along a functor that lifts isomorphism uniquely, is an equivalence of categories. For the
convenience of the reader, we have recalled these results in Section 2.

The outline of this paper is as follows. After recalling in Section 2 some notions and aspects of the
theory of (co)monads and (pseudo-)pullbacks, we obtain some categorical results that will be needed
for proving our results in the next sections.

In Section 3, we introduce the zeroth and first descent cohomology (pointed) sets of a comonad
with coefficients in a coalgebra and study their elementary properties. We close the section by giving
two examples of calculating these pointed sets for some comonads.

In Section 4, we introduce twisted forms of an object w.r.t. functors and show how to describe the
first descent cohomology sets using them.

Section 5 is concerned with the description of the first cohomology pointed set in terms of subobjects
of a certain object.

In Section 6, the first cohomology sets are related with isomorphism classes of suitable defined
torsors.

Finally, in the last section, we formally dualize the notions of descent cohomology sets of comonads
and define descent cohomology sets of monads. As an application, we calculate descent cohomology
sets for some monads.

We refer to S. MacLane [15] and F. Borceux [2,3] for terminology and general results on (co)monads
and on (pseudo-)pullbacks, and to T. Brzezinski and R. Wisbauer [5] for coring and comodule theory.

2. PRELIMINARIES
This section introduces the categorical preliminaries necessary for the other sections.

2.1. MONADS AND COMONADS. We write n,e: F 4 U: & — </ to denote that F' : &/ — % and
U: #B — & are the functors, where I is left adjoint to U with unit n : 1 — UF and counit
e: FU — 1.

For a monad T = (T, m,e) on a category <, we write

- g/t for the Eilenberg-Moore category of T-algebras;

- Ur: 9 — o, (a,h) — a, for the forgetful functor;

- Fr: o — o, a — (T(a),mg), for the free T-algebra functor, and

- nr,er : Fr 4 Ur : @/ — o for the corresponding forgetful-free adjunction, in which nr = n and
(é1)(a,n) = h for each T-algebra (a, h).

Dually, for a comonad G = (G, J,¢) on &, we write

- o/© for the category of the Eilenberg-Moore category of G-coalgebras;

- UC: &% = &7, (a,0) — a, for the forgetful functor;

- FC: o/ — &% a— (G(a),d,), for the cofree G-coalgebra functor, and

- €, ¢ UC 4 FC: o7 — o/C for the forgetful-cofree adjunction, in which €® = ¢ and (77@)({179) =
0 for each G-coalgebra (a, ).

It is well known (e.g., [15]) that any adjunction n,e: F 4 U: % — o generates a monad T =
(T,m,e) on &, where T = UF, m = UcF, e = 7, and a comonad G = (G,J,e) on &, where
G=FU, § =FnU.

Let n,e : F 4U: & — </ be an adjunction and T and G be the associated monad and comonad
on o7 and 2, respectively. Then one has the comparison functors Kt : & — o/ and K€ : of — #°
and a diagram of categories and functors

FC
B B K T
—_—
Ur

F
o
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where the functors Kt : 8 — o and K€ : o/ — 2C are defined by
Kr(b) = (U(),U(ep)) and Kr(f) = U(f) : (U(b),U(ep)) = (UR),Ulew))

and
K%(a) = (F(a), F(1a)) and K®(g) = F(g) : (F(a), F(1a)) = (F(a'), F(1ar)-
Thus
KrF = Fr,UpKr = U,U°K® = F and K®U = FC.

One says that n,e : F 4 U: & — & is a monadic (resp. premonadic) adjunction if Kt is an
equivalence of categories (resp. full and faithful). Dually, one says that the adjunction 7,e : F'
U: % — o is comonadic (resp. precomonadic) if K is an equivalence of categories (resp. full and
faithful).

When n,e: F AU: # — o is (co)monadic, we write Ly (resp. R®) for the adjoint inverse of Kt
(resp. K©) and write n: 1 — KrLy and £ : LyKp — 1 (resp. 7: 1 — R°K® and : K°R® — 1) for
the unit and counit of the adjunction Lt 4 Kt (resp. K¢ 4 R®).

2.2. PULLBACKS AND PSEUDO-PULLBACKS. We begin with recalling (for example, from [15]) that the
comma category (Fy | F») of the functors

Py oy — o and Fy: oty — o,

is the category whose objects are the triples (a1, f, as), where aq is an object of 7, as one of o, and
f : Fi(a1) — Fs(ag) is a morphism in /, and whose morphisms (a1, f,a2) — (a}, f/,a}) are pairs
(a1, 9), where ay : a; — a} is a morphism in 4 and a9 : ag — a) is a morphism in % such that
the diagram
f
Fl(al) —_— Fg(az)

Fl(al)l J{Fz(ag)

Fi(ay) — Faa))

commutes. Composition and identities in (F; | Fy) are inherited from &7, &7 and <. It follows that
a morphism (a1, as) is an isomorphism in (F; | Fb) if and only if the morphisms «; and «as are both
isomorphisms.

The comma category (Fy | F») is equipped with the obvious projections

P (FL | Fp) — o, Py:(F1] Fy) — ah

and a natural transformation w : F} P| — F5 P, defined by W(ay, fraz) = f. Then the square

(FL L F) -2 o

Py / Fy
¥} o
F;

1

is universal among such squares in the sense that given any other such square

B—2 > o,

P %Fz
o ————
I

where w : F1 P — F5Q is a natural transformation, then there is a unique functor F' : & — (Fy | Fy)
such that PF = P, P,F =Q and wF = w.
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We write # (F, F») for the unique functor (F; | Fy) — o X o3 making the diagram
p

LIRS
W(Fl,Fz)

(F1 | Fy) o X by

x Poyy

2

where p,, and p,_, are the projections, commute. Comma categories are also sometimes called laz
pullbacks.

Given functors Fy : & — &/ and Fy : ofy — o, their pullback P(Fy, Fy) (resp., pseudo-pullback
Ps(Fy, Fy)) is the full subcategory of (Fy | F») consisting of those (a1, f, az) for which f is an identity
morphism (resp., an isomorphism). The restrictions of P; and P» on P(Fy, Fy) (resp., Ps(Fy, Fy)) are
denoted again by P, and Ps, respectively. Then w : Fy Py — F5P, is an identity (resp., invertible)
natural transformation and P(Fy, Fy) (resp., Ps(Fy, Fy)) is universal among those diagrams

B — 2 .

P /F2
«%Tﬂ/

in which w is an identity (resp., invertible) natural transformation.

2.3. COMPARING PULLBACKS AND PSEUDO-PULLBACKS. Given functors F; : @4 — & and
Fy : ofy — of , we write Kp for the functor P(Fy, F5) — Ps(Fy, F5) induced by the universal property
of the pseudo-pullback Ps(Fy, F5) and the defining diagram for P(Fy, F»):

P
P(Fy, Fy)

Py / Fy
o o

1

ol

Kp is called the canonical comparison functor. It takes (a1, as) to (a1, 1,as), where 1 is the identity
morphism of Fy(a;) = Fy(az2) in &, and takes (a1, as) to (a1, as).

While clearly fully faithful, Kp need not be an equivalence of categories, in general. The following
proposition provides a sufficient condition for Kp to be an equivalence. Recall (for example, from [1])
that a functor F : B — & lifts isomorphisms uniquely if for any isomorphism f : F(b) — a in &7,
there exists a unique isomorphism ¢ : b — b’ in Z such that F(b') = a and F(g) = f.

2.4. PROPOSITION. ([12]) Given functors Fy : oy — o and Fy : 95 — o, the comparison fun ctor
KP : P(Fl,FQ) — PS(Fl,FQ)

is an equivalence of categories provided Fy lifts isomorphism uniquely. When this is the case, an
adjoint inverse for Kp is the functor sending (a1, f,as2) to (a},as), where a} is the unique object of
oy for which there is an isomorphism g : a1 — &} in @ with Fy(g) = f.

Note that (g, 1) is an isomorphism from (a1, f,a2) to Kp(af,as) = (a}, 1, az).
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Recall (for example, from [1]) that if G is a comonad on a category 7, then the forgetful functor
U® . o€ — o lifts isomorphisms as follows. If (a,8) € &/ is such that there exists an isomorphism
f:U%a,0) =a— a in o7, then the pair (a’,0’), where ¢’ is the composite

—1
d 0% Gla) S Gla),

is a G-coalgebra and f is an isomorphism from (a,) to (a’,6'). Quite obviously, U¢(f : (a,0) —
(a’,0")) = f. Therefore, as a special case of Proposition 2.4, we have
2.5. PROPOSITION. Let G be a comonad on a category <. Then for any functor F' : B — o, the
comparison functor

Kp: P(U®, F) — Ps(U®, F)

KP((CL, 0)7 b) = ((CL, 9)7 1a b)) KP(ala 042) = (041, (XQ)

is an equivalence of categories whose adjoint inverse is the functor

Kp : Ps(U®, F) — P(U®, F)

Kp((a,0), f: U%(a,0) = a = F(b),b) = (F(b),G(f)-0- f~"),b).

2.6. FUNCTORIALITY OF PSEUDO-PULLBACKS. The category Ps(Fi, F») depends functorially both on
Fy; and on F5. The dependence on F} is as follows. Given any pair of functors H : & — % and

F : ¥ — & and any invertible natural transformation w : FH ~ Fj, it follows from the universal
property of pseudo-pullback that the assignments

(alafa a2) — (H(al)af ! wa1va2)
and
(041,052) — (H(al),ozg)

define a functor
Ps(w, FQ) : PS(Fl,FQ) — PS(}?7 Fg)
The situation may be pictured by the following diagram:

Py

Ps(Fy, Fy) (2.1)
| /
s(F, Fy)
=== |- - e - of
P \
H
F

€

in which all the rectangles and the top triangle commute.
When H is an equivalence of categories, i.e. when there exists a functor H' : ¥ — &4 with natural
isomorphisms ¢ : HH' ~ 1 and ¢ : 1 ~ H'H, then the composite

* ] W —'H !/
w*:IhH —— FHH —
is an isomorphism and the induced functor
PS(W*, Fg) : PS(F, FQ) — PS(Fl, Fg),

that takes an object (b, g,a) € Ps(F, Fy) to (H'(b),g- F(ob) - (war@)) ', a), is an adjoint inverse of the
functor Ps(w, F3).
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In particular, in the case where w = 1p,,

Ps(1g,, F2)(a1, f,a2) = (H(a1), f, a2)
and
Ps((1F1)*7F2)(b7g’a) = (H,(b)vg ' F(Ub)va')'

Suppose now that the adjunction n,e : F 4 U is comonadic. Then 7,2 : K€ 4 RC is an adjoint
equivalence and considering the diagrams

X and BE

where H : 2" — & is an arbitrary functor, from the facts above follows

2.7. PROPOSITION. Let n,e: F 41U : B — & be a comonadic adjunction and H : X — A be an
arbitrary functor. Then the functor

Ps(1r, H) : Ps(F, H) — Ps(U®, H)
(a,f : F(a) =~ H(z),z) — (K%(a), f,2) = (F(a), F(na)), f,2)
is an equivalence of categories. Its adjoint inverse is the functor
Ps(U%s,H) : Ps(U®, H) — Ps(F, H)
(¥, 00), 9 : b = H(z), ) — (REV,00), 9 - US(Ew0,)), 2)-
Combining Propositions 2.5 and 2.7, we have

2.8. PROPOSITION. Let n,e : AU : B — o be a comonadic adjunction. Then for any functor
H: 2 — A, the composite

PO g, HY - PUS, H)
(avf : F(a) =~ H(.’E),(E) — ((H(x)vG(f) ’ F(T]a) : f_l),x)

is an equivalence of categories. Its adjoint inverse takes ((b,0),x) € P(U® H) to (R®(b,0),

UG(g(b,G))7x) € PS(Fa H)

Ps(F, H)

The following special case will be the most important for us.

Given a category 2" and object x of 2, we write (x) the full subcategory of 2~ generated by the
object x; this means that (x) has only one object x and (z)(x,z) = £ (x,z). The canonical inclusion
(x) — 2 will be denoted by ¢(z).

Fixing now an object b € # and applying Proposition 2.8 to the case where H = 1(;), we obtain

2.9. PROPOSITION. Let n,e : F 41U : B — & be a comonadic adjunction and b € %B. Then the
functor

P{b) : PS(F,L<b>) — P(UG,LU,))
(aafab) - (baG(f) 'F(na) 'f_l)
is an equivalence of categories. Its adjoint inverse takes (b,0) € P(U®, Lpy) to (RC(b,0), UG(g(b’g)), b) €
Ps(f’j7 L(b))-

For a category 2, we write mo(Z") for the collection of the isomorphism classes of objects of 2.
For any « € 27, [z] denotes the class of x. Clearly, for any functor H : 2~ — %, the assignment
[z] — [H(z)] yields a map mo(S) : mo(Z") — mo(Z).

Proposition 2.9 at once yields the following
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2.10. COROLLARY. Let n,e: FF 41U : B — o be a comonadic adjunction and let b be an arbitrary
fixed object of 9. Then the map

7o0(Ppy) : mo(Ps(F, 1)) — mo(P(UC i)
[(a, £,0)] = [(b,G(f) - F(na) - f~1)]

is a bijection with inverse

[(b,6] — [(RE(b,0), U (Ev.0)), b)]-
3. DESCENT COHOMOLOGY SETS OF COMONADS

In this section, we introduce the zeroth and first descent cohomology (pointed) sets of a comonad
and study their elementary properties. Asis mentioned in the introduction, these sets should generalize
those for a coring with values in a comodule introduced in [4]. To achieve this, we first recall the
definitions from [4] and then present them in a form which makes it quite obvious how to transform
them to general categories.

Let A be an algebra over a commutative base ring k, C be an A-coring. Given a right C-comodule
(M, o), the first descent cohomology set of C with coefficients in M is defined as the set of equivalence
classes of C-comodule structures on M, where two C-comodule structures are equivalent if they are
isomorphic as C-comodules. Since M comes already equipped with the right coaction p, the set of
equivalence classes of C-comodule structures on M is a pointed set, with the distinguished point given
by the equivalence class of (M, ). The zeroth descent cohomology group of C with coefficients in
(M, o) is defined as the group Autyge (M, 0) of C-comodule automorphisms of (M, g).

Since the assignment

(C,0,e) —> Ge = (—®aC,— ®n 0, — Qac€)
yields a bijective correspondence between A-corings and colimit preserving comonads on Ma (e.g., [5]),
and since the category MC of (right) C-comodules can be identified with the Eilenberg-Moore category
MC¢ of Ge-colagebras, it is easy to see that the basic structures of [4] can be defined for arbitrary
categories A, replacing My, and any comonad G : & — 7, replacing — ®@a C : Ma — Mj, and any
G-coalgebra (b, 8), replacing (M, o). This leads to the following definitions.

3.1. DESCENT COHOMOLOGY SETS OF COMONADS. Given a comonad G on a category % and an
object b € A, the first descent cohomology set of G with values in b, denoted Descl((Gr7 b), is the set
of equivalence classes of G-coalgebra structures 6 : b — G(b) on b, where two G-coalgebra structures
01 : b — G(b) and 02 : b — G(b) are equivalent if they are isomorphic as the objects of the category
2O, i.e., there exists an isomorphism f : b — b in % making the diagram

0

b— e Gb)
fl iem
b——> G(b)

commute. When b already carries a G-coalgebra structure 6 : b — G(b), this structure makes
Desc! (G, b) a pointed set, with the distinguished point given by the equivalence class of (b,6). We
shall indicate this by writing Desc' (G, (b, 6)) rather than Desc'(G,b). Moreover, in this special case,
the 0-descent cohomology group Desc’(G, (b,0)) of G with coefficients in (b,#) can also be defined as
the group of all automorphisms of (b, ) in %°:

Desc’(G, (b,0)) := Autgc (b, 6).

Given a comonad G on a category Z and an object b € &, we write DESC (G, b) for the category
whose objects are the G-coalgebras with underlying object b, and whose morphisms are those of &7©.
It is easy to see that mo(DESC (G, b)) = Desc!(G, b).

3.2. PROPOSITION. Let G be a comonad on a category B and b € B. Then
P(U®, 1)) = DESC (G, b).
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Proof. The objects of both categories are precisely those G-coalgebras whose underlying object is b.
A morphism from (b,6) to (b,6") in P(Ug, i) is a pair (o, 3), where § : b — b is a morphism in
% and a : (b,6) — (b,0) is a morphism in A such that U®(a) = 1(,y(8). But since U%(a) = a
and ¢ (8) = B, it follows that the morphisms in P(UG,L<b>) is just the morphism in %®. Thus
P(U®, ) = DESC (G, b). O

Since mo(DESC (G, b)) = Desc' (G, b), we have immediately the following result.
3.3. PROPOSITION. Let G be a comonad on a category B and b € B. Then

mo(P(U%, 1(3y)) = Desc' (G, b).

We give now two examples of calculating Desc® and Desc! for some comonads.

3.4. EXAMPLE. Recall (for example, from [3]) that a monad G = (G, d,¢) on a category Z is said to
be idempotent if it satisfies one (hence all) of the following equivalent conditions:

(i) 4 : G — GG is a natural isomorphism;
(ii) Ge (or @) is an isomorphism;
(iii) the structure morphism of every object in %C is an isomorphism; i.e., for every G-coalgebra
(b,0), the G-coaction 6 : b — G(b) is an isomorphism;
(iv) the forgetful functor U® : % — % is full (and faithful).

3.5. PROPOSITION. Let G = (G, 6, ) be an idempotent comonad on a category B and b be an arbitrary
object of of. Then

{[(b,e; )]}, if ey is an isomorphism;

Desc!(G,b) = {

0, otherwise.
Moreover, if ey, is an isomorphism (and hence (b, 6;1) c #°), one has

Desc’(G, (b,e; ")) = Autz(b)

a

Proof. Since the comonad G = (G, 4, ¢) is assumed to be idempotent, the following are equivalent for
an arbitrary object b of # (e.g., [7, Lemma 2.8)):

(1) b carries a G-coalgebra structure.
(2) ep: G(b) — b is a split epimorphism.
(3) ep: G(b) — b is an isomorphism.

Accordingly, there is at most one G-algebra structure on b. It then follows that the objects of %
admitting a G-coalgebra structure are precisely those objects b for which the morphism &, : G(b) — b
is an isomorphism; the G-coalgebra structure on such an object b is then unique, being €b_1 :b— G(b).
This proves the first part of the proposition.

As, by the very definition, Desc’(G, (b, 5;1)) = Autge (b, sb_l), the second part of the proposition
follows at once from the fact that the forgetful functor U® : % — G is full and faithful. g

3.6. ExaMPLE. Write 1 for the category with just one object % and with 1(%,%) = 1,. Then an
arbitrary functor H : 1 — 7 simply consists in the choice of an object a := H(x) in &. If a € &7, we
write "a: 1 — & for the corresponding functor with value a.

Let us fix now a category o/ and its object a € o/ and consider the comma category 1o | Ta™,
which is usually denoted by «/ | a. Recall from 2.2 that the objects of this category are the pairs
(z, f), where = € & and f is a morphism z — a in &/, and the morphisms between two objects
(x,f:x —a)and (y,9: y — y) are morphisms h : x — y in &/ such that gh = f.
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Now let & admit pullbacks. Given morphisms f:x —a,g:x = b, p:a—cand q:b— cin &
with pf = qg, we write (f,g) : * — a X, b for the unique morphism making the diagram

x J b
N
DN
s /
f axX.b q
e
a C
p

commute. Note that for any morphism & : y — x in &/, one has

(f-k.g-k)={f.g) k. (3.1)
Moreover, if p’ : @’ — ¢ and ¢’ : ¥’ — ¢ are arbitrary morphisms, while k; : @ — o’ and ks : b — ' are
morphisms with p=p’ - k1 and ¢ = ¢/ - ko, then
(k1 X k2) - (f,9) = (k1 f, k1 g). (3.2)
Now let p : e = b be a fixed morphism in /. Then the change-of-base functor p* : @ /b — o /e
assigns to an object (z, f : © — b) of &7 /b the object (e xpx,m1 : e Xpx — €) of & /e. Tt is well-known
that p* has a left adjoint py : & /e — <7 /b given by composition with p. The components of the unit
n of this adjunction are given as
Ny, g ysey = (95 1g) (Y, 9) = (€ Xp y, 1)
and the components of the counit ¢ as

Ea, frampy — M2° (e XpZ,p- 771) — (J,’, f)

Let G, be the comonad on 47 /b generated by the adjunction py 4 p*. Then the functor-part of G,
is the composite pip*, so G, takes (x, f : x — b) to the object (e xp z,p- m1). The counit pijp* — 1 of
G, is €, while the comultiplication 6 : pip* — pip*pip* is defined by

6(m,f:m~>b) = P(Mp=(a, 1)) = (M1, Lexpa) 1€ Xp T — € Xp € Xp T.

A Gp-coalgebra structure on (x, f : ¢ — b) € &//b is a morphism 6 : * — e X, z in & making the
diagrams

x*>e><bx x*>e><bac and x—0>e><bac (3.3)
fl ‘( L Ol (3) (Wl»lexbm>l
b—— LSS eXp X ——>=eXpe XpT.

expb

commute. Note that the commutativity of diagram (3.3)(1) expresses the fact that 6 is a morphism
from (z, f:xz = b) to Gp(z, f: z = b) = (e Xpz,p-m) in & /b.

One easily concludes from the commutativity of (3.3)(2) that 8 = (0, 1x), where § = 7,0 : z — e.
Then the commutativity of (3.3)(1) means that p-6 = f, while diagram (3.3)(3) can be rewritten as

(6,15)

r——sexXpx

<0,1X>L i(mlexba

eEXp X ——>€ Xpe XpT.

1 ><},<9 1 >
But since
— 3.1 — — — =
<7T1a 1e><baz> : <97 1a:> (:) <7Tl‘<97 ]-:E>7 ]-exbz : <07 1z>> = <07 <03 ]-x>>
and
_ (3_2) _ _

<1e .9’ <9, 1$> : 1a:> =

—~
>

(0, 14)),
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it follows that diagram (3.3)(3) is always commutative. Thus, to give a G,-coalgebra structure on
(z,f:x—b) €. /ais to give a morphism 6 : x — e in &/ making the diagram

x e
b
b=—=1b
commute. It is easy then to see that two G-coalgebra structures 6 and J on (z, f : * — b) € &7 /b are

isomorphic if and only if there is an automorphism h : f — f in &7 /b (i.e., an automorphism h : x — x
in & with f = fh) making the diagram
x e
hl lle
x e

commute. Putting f = 1, : b — b and using the fact that there is only one automorphism of 1; in
&/ /b, namely 1;, we obtain

Desc' (G, 1y :b— b) = {0:b — e in o with p- 0 = 1,}.

i%

im

Y

4. TwWISTED FORMS

In [10] (see also [11]), we introduced the notion of a twisted form w.r.t. any adjunction and proved
that when the adjunction is comonadic, these twisted forms can be described in terms of the induced
command coactons. In this section, we introduce twisted forms of an object w.r.t. functors and show
how to describe the firs descent cohomology sets by using them.

4.1. TWISTED FORMS W.R.T. FUNCTORS. Let H : % — % be a fixed, chosen functor. For any
object € 2, let TWIST(H, z) be the category whose objects are the pairs (y, f), where y € # and
f: H(y) = « is an isomorphism in 2", and whose morphisms between two objects (y, f) and (y/, /)
are just morphisms y — ¢’ in #. An object (y, f) € TwisT(H,y) is called an H-twisted form of x.
A straightforward calculation shows that the following propositopn is valid.

4.2. PROPOSITION. In the situation considered above, the assignments

(y’f)_>(y7f7x)

(y.f) , 1 (y,f,x)
o ") s (@) 7
W', f") W' f )

K, : TWIST(H, ) — Ps(H, 1(5)),

which is an isomorphism of categories and makes the diagram

and

yield a functor

TwisT(H, z) K . Ps(H, 1)

TN

where U : TWIST(H, z) — </ is the evident forgetful functor, commute. The inverse K ;! of K, takes
(y, f,x) to (y, f) and takes (B:y =y, y:x —x)toB:y—y.
Let Twisty(x) be the collection of isomorphic classes of h-twisted forms of z € £. Thus,

mo(TwIST(H,x)) = Twisty(z). According to the definition of the category TwisT(H,x), two H-
twisted forms (y, f) and (y’, f’) of b are isomorphic if there exists an isomorphism y ~ 3’ in &/
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When © = H(y) for some y € %/, then an H-twisted form of H(y) is called an H-twisted form of y.
In this case we simply write Twisty (y) instead of Twisty (H (y)). Twistgy (y) is a pointed set, with a
distinguished point given by the class of (y, L))

As an immediate consequence of Proposition 4.2, we have
4.3. COROLLARY. Let H : % — 2 be a functor and x € Z'. Then
7o (Ky) : Twisty (x) — mo(Ps(H, t(z)))
is a bijection.
The next result shows that twisted forms can be used to classify the descent cohomology.

4.4. THEOREM. Let n,e : F AU : B — o be an adjunction and let G = (FU,e, FnU) be the
corresponding comonad on the category . If F is comonadic, then for any a € o, the assignment
(z, ) = (F(a), F(1a)), FU(f) - F(nz) - f )

yields a bijection
w® : Twistp(a) — Desc' (G, (F(a), F(n4)))
of pointed sets L.

Proof. Since F' is assumed to be comonadic, the map

70(P(r(ay) : T0(PS(E, tir(ay)) = To(P(UC, Lipa)))
is bijective by Corollary 2.10. So, in the light of Proposition 3.2 and Corollary 4.3, the assignment
[(z, )] = [(F(a), FU(f) - F(nz) - f~1)]
yields a bijection from Twistz(a) to Desc!(G,(F(a), F(n,))). Moreover, it is easy to see that

Kr@y(a,1p@)) = (F(a), F(na)). Hence mo(K (p(q)y) is an isomorphism of pointed sets. This com-
pletes the proof. O

Let 7 % & M 2 be the functors and y be a fixed object of #". For any G-twisted form (z, f)
of y, the pair (z, H(f)) is an (HG)-twisted form of H(y). By the very definition of twisted form,
(2, f) and (2, f') are equivalent as G-twisted forms of y if and only if (a, H(f)) and (o', H(f")) are
equivalent as (HG)-twisted forms of H(y). Thus the passage

[(2, )] = [(a, H(f))]

yields a map
Sy = Twistg(y) — Twist(ga)(H (y)).
Quite obviously, S, is injective. Moreover, it is easy to see that when y = G(z) for some z € &, then
S¢(z), which is a map from Twistg(2)(= Twistg(G(2))) to (Twist(ga) (H(G(2)) = Twist ga) ((HG)(2))
=)Twist(¢)(2), is @ morphism of pointed sets.
It turns out that in some cases, this map is surjective (and hence bijective). In order to prove this,
we need one preliminary result.

4.5. LEMMA. For any adjunction n,e : F AU : B — <, the diagram

FUeF oF
FUFUF —= FUF —£5 F (4.1)
eFUF

is a split coequalizer, a splitting being given by Fn and FUFn.

Proof. €F - Fnp = 1 by one of the triangular identities for the adjunction F' 4 U, and hence FUeF -
FUFn = 1; and the remaining splitting condition follows from the naturality of ¢ : FU — 1. 0

IRecall that (F(a), F(na)) is a G-coalgebra.
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4.6. PROPOSITION. Let T be the monad on a category </ generated by an adjoint pair n,e : F 41U :
B — . For any a € o, the map

Sk(a) : Twistp(a) — Twistp, (a),
induced by the composition <of RN JEAN ot is an isomorphism of pointed sets.

Proof. Since we have already observed that Sp () is injective, it suffices to verify that Sp,) is surjec-
tive. To this end, consider an arbitrary Fr-twisted form

(z,f: Fr(z) = Fr(a))

of Fr(a). Since f is an (iso)morphism in @7, it follows that f : UF(x) — UF(a) is an (iso)morphism
in 7 and that the diagram

UFUF(z) 22V

UFUF(a) (4.2)

U(eFp(a)) U(er(a))

UF(x) —f>UF(a)

commutes. Then since F'(f) - erur(z) = €rvur(a) - FUF(f) by naturality of ¢, the diagram

FU(EF(J.)) EF(z)
FUFUF(x) ————=z FUF(x) F(x) (4.3)
EFUF (x) |
FUF(f) F(f) : f
FU(ep(a)) \
FUFUF(a) ———=% FUF(a) ————— F(a)
EFUF(a) F(a)

is serially commutative. Since, by Lemma 4.5, each row of this diagram is a (split) coequalizer and
since f is an isomorphism, it follows that there exists a unique isomorphism f’ : F(xz) — F(a) in
% making the right square in Diagram (4.3) commute. Thus, in particular, (z, f’) € Twistr(a)
and U(epa)) - UF(f) = U(f') - (€p(x))- It then follows — since U(ep(y)) is a (split) epimorphism —
from the commutativity of Diagram (4.2) that U(f') = f. Thus Ky(f) = U(f’) = f, and hence
Sp@)([(z, f1)]) = [(z, K1(f'))] = [(z, f]. Therefore Sp(q) is surjective. O

4.7. THEOREM. Let n,e: F AU : B — o be an adjunction, T = (UF,n,UeF) be the monad on <
generated by the adjunction, and G (resp., Gt ) be the comonad on B (resp., o) corresponding to the
adjunction F 4 U (resp. Fr 4 Ur). Suppose that idempotents split in </ 2. If F is comonadic, then
for any object a € <,

Desc' (G, (F(a), F(1))) = Desc' (Gr, (Fr(a), Fr(1a)))
as pointed sets.

Proof. Since idempotents splits in o/, to say that the functor F' is comonadic is to say that the
functor Fr is comonadic (see Theorem 3.20 in [16]).The result now follows from Theorem 4.4 and
Proposition 4.6. U

5. SUBOBJECTS AND DESCENT COHOMOLOGY SETS

We continue supposing that n,e : FF 41U : & — & is an adjunction and that G is the comoanad
on & generated by the adjunction.

In this section, we study the relationship between the set Descl(G, b) for a given object b € A and
the set of some subobjects of U(b). We will show that when the left adjoint functor is F' comonadic,
the aforementioned relationship takes the form of a bijection.

2Tt is said that idempotents split in o if whenever a € &7, e : a — a with e? = e, then there exist an object a’ € o/
and morphisms p : a — a’ and ¢ : @’ — a such that tp = e and pt = 1,/
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5.1. THE CATEGORY OF SUBOBJECTS ASSOCIATED WITH ADJUNCTIONS. Given an object b € 4,
write SUBp(U (D)) for the category whose objects are the pairs (a, ¢) for which ¢ : @ — U(b) is a regular
monomorphism?® in &7 and, moreover, its image 7 : F'(a) — b under the adjunction bijection

aqp  B(F(a),b) ~ o (a,U(b))

is an isomorphism.
Clearly, if (a,¢) € SUBp(U(b)), then (a,7) € TWIST(F,b). Hence we can define a functor

Sp : SUBR(U(b)) — TwIST(F,b)

by Sy(a,t) = (a,7). The morphism assignment is given by the identity function. In other words, S, is
the identity on morphisms. It can be easily checked that S is indeed a functor.

The following result gives a criterion for determining when the functor Sp is an isomorphism of
categories.

5.2. PROPOSITION. In the situation described above, if the adjunction n,e : FF 41U : B — o is
precomonadic, then the functor

Sy : SUBR(U(b)) — TWIST(F,b)
is an isomorphism of categories.

Proof. Suppose that the adjunction n,e : F 4 U is precomonadic. Then (see, for example, [13,
Theorem 2.4]) 7, is a regular monomorphism for all a € &7.

Now, if (a, f) € TWIST(F,b), then f : F(a) — b (and hence also U(f)) is an isomorphism, and
hence f = agp(f) = U(f) - ne is a regular monomorphism. Thus, (a,f) € SUBR(U(b)). It follows

~since f = f - that Sy(a, f) = (a, f). The result now follows by noting that (as is easily seen) the
functor Sy is full and faithful. O

Combining Propositions 4.2 and 5.2, we have
5.3. PROPOSITION. Let n,e: F AU : B — o be a precomonadic adjunction and b € $B. Then the
assignments
(a,0) — (a,2,b)
and
(a:(a,0) = (@', ) — ((a, - F(f) -1 : (a,7,b) — (a', ¢, b))
yield an isomorphism of categories

SUBF(U(())) ~ PS(F, L(b))~

Its inverse takes (a, f,b) into (a, f) and (a,beta) into a.

We write Subpqy(b) for mo(SUBF(U())). Note that in case F 4 U : 8 — &/ is a precomonadic
adjunction and b = F(a) for some a € &, we find that Subp 4y (F(a)) is a pointed set with a base
point of the class 7, : @ — UF(a), which is a regular monomorphism because of the precomonadicity
of the adjunction (see again [13, Theorem 2.4]).

As an immediate consequence of Proposition 5.3, we have

5.4. PROPOSITION. Let n,e : F U :  — o/ be a precomonadic adjunction and b € %B. Then there
is a bijection
Subqu(b) ~ Wo(PS(F, L(b)))'

3Recall that regular monomorphisms are morphisms occurring as equalizers of some pairs of parallel morphisms.
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Suppose now that n,e : F 4 U : B — & is a comonadic adjunction. Write G for the induced
comonad on %. Then in the commutative diagram

\/

L(b>

K€ is an equivalence of categories and thus it induces (see 2.6) an equivalence of categories
PS(F, L<b>) ~ P’S(U([;,7 L<b>).
In the light of Theorem 2.9, from Propositions 3.2, 5.2 and 5.4 follows

5.5. THEOREM. Letn,e: F AU : % — & be a comonadic adjunction with the corresponding comonad
G on B and b € B. Then there are the bijections

Desc! (G, b) ~ Sub gy (b) ~ Twistp (D).

Moreover, when b = F(a) for some a € &, then these bijections are isomorphisms of pointed sets.

6. TORSORS

Given a comonad G on a category % and an object (b,0) € #C, a (b, 0)-torsor is a triple (z,9, a),
where (z,9) € %% and a : b — x is an isomorphism in . Morphism between two (b, §)-torsors
(z,9,a) and (2/,9', ) are morphisms from (x,9) to (z/,9’) in %%. The (b,6)-torsors and their
morphisms constitute a category TORS(b, ). It is easy to see that this category is just the category
TwisT(UC, (b,0)). Therefore, applying Proposition 4.2, we obtain

6.1. PROPOSITION. Let G be a comonad on a category % and (b,0) € BC. Then there is an isomor-
phism of categories

TORS(b, 9) ~ PS(UG, L<b>)
making the diagram

TORS b, 9 - = PS (b))

\/

where U : TORS(b, 0) — %BC is the evident forgetful functor, commute.

2. THE POINTED SET Tors(b,6). Given a comonad G on a category % and an object (b,0) € %%,
denote by Tors(b, #) the set of isomorphic classes of (b, #)-torsors. It is pointed with distinguished
point of the class (b,6,1;). It is clear that Tors(b,0) = mo(TORS(b,)). From Proposition 6.1 follows

6.3. PROPOSITION. Let G be a comonad on a category % and (b,0) € . Then
7o (Ps(U, 13y)) = Tors(b, 0).
6.4. THEOREM. For any comonad G on % and any (b,0) € %°, the assignment (b, 0) — ((b, 0), 1p)
yields an isomorphism of pointed sets
Desc' (G, (b,8)) ~ Tors(b, ),
whose inverse takes (x,v,a) to (b,G(a™1)-v-a).
Proof. Since
e mo(P(U®, 1)) = Desc' (G, (b,8)) by Proposition 3.2, and
e Kp: P(U®, Liby) % Ps(U® ,Lpy) is an equivalence of categories by Proposition 2.5, and thus
mo(Kye) : mo(P(U, 1)) — mo(Ps(UC, 1)) is an isomorphism of pointed sets,

the result follows from the previous proposition. O
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6.5. GALOIS COMODULE FUNCTORS. Given a functor F' : & — % and a comonad H = (H,J,0)
on B, F is called a left H-comodule (e.g., [19, Section 3]) if there exists a natural transformation
Kk : F = HF inducing commutativity of the diagrams

F 'S HF F—" HgF
\ io’F KF\L iéF
F HF — > HHF.

) HHF

Suppose now that F' has a right adjoint U : 8 — &/, with unit n: 1, — UF and counit ¢ : FU — 14.
Write G for the comonad on % generated by this adjunction. Recall (e.g., from [14]) that there exist
bijective correspondences between

(i) functors K : &7 — %" with the commutative diagram

o K B8 (6.1)

B

(ii) left H-comodule structures kg : F' — HF on F;
(iii) comonad morphisms tx : G — H.

These bijections are constructed as follows: Given a functor K making Diagram (6.1) commute, then
K(a) = (F(a), kq) for some morphism &, : F(a) = HF(a) and the collection {k,, a € &/} constitutes
a natural transformation kp : FF — HF making F a H-comodule. Conversely, if (F,kp : F — HF) is
a H-module, then K : .o/ — %% is defined by K(a) = (F(a), (kr)s). Next, for any (left) H-comodule
structure kr : F' — HF, the composite

ti FU S HFPU Moo H

is a comonad morphism from the comonad G generated by the adjunction F' 4 U to the comonad H.
On the other hand, for any comonad morphism ¢ : G — H, the composite

kp: F X puR 2 gp

defines a left H-comodule structure on F.

A left H-comodule functor F' is said to be H-Galois provided tx is an isomorphism (e.g. [18,
Definition 1.3]).

For more details on the Galois comodule functors, see, e.g., [14,17-21].

Now, let n,e : F 41U :  — &, an adjunction with the corresponding comonad G = (FU, FnU,¢),
H = (H,6,0), be a comonad on % and K : &/ — %" be a functor making Diagram (6.1) commute.

6.6. THEOREM. In the situation described above, suppose that F is a comonadic functor and that
the comonad morphism tx : G — H induced by the triangle (6.1), is an isomorphism (i.e., F is an
H-Galois comodule functor). Then for any object a € &, there is an isomorphism of pointed sets

Desc! (H, K (a)) ~ Twistz(a).
Proof. Since the functor F : & — % is assumed to be comonadic, it follows from Theorem 4.4 that
Desc! (G, (F(a), F(14))) ~ Twistz(a)

as pointed sets. Now, if, in addition, ¢k is an isomorphism, then the functor ¢j : BC — A" that
takes (b,0) € B° to (b, (tx)p - 0) € B is an isomorphism of categories. Moreover, the diagram

+*

L (6.2)

N

7N
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commutes. Then the induced functor P(ty, tp)) : P(U®, 1)) = P(U™, 1) is an isomorphism for all
b € A. 1t then follows from Proposition 3.3 that the map

To(P(tic, L)) : Desc! (G, b)) ~ Desc' (H, b),
taking [(b,0)] to [(b, (tx)s - 0)], is bijective for all b € A. In particular,
To(P(tk L(r(a)))) : Desc! (G, (F(a)) ~ Desc' (H, F(a))

is bijective. But since tj-((F(a), F'(14))) = K(a) by [17, Lemma 4.3.], it follows that 7o (P(t}, t(r(a))))
is, in fact, an isomorphism of the pointed sets

Desc' (G, (F(a), F(1,))) ~ Desc! (H, K (a)).
Consequently, the pointed sets Desc' (H, K (a)) and Twist(a) are isomorphic. O

6.7. EXAMPLE. Let K be a commutative ring, A be a K-algebra and C = (C,A,¢) be an A-coring.
Given a right C-comodule (X, 6), we write Desc'(C, (X, 6)) for the pointed set Desc' (Ge, (X, 6)).

Let (3, v) be a fixed, chosen right C-comodule, and consider the K-algebra B = M ((X,v), (%, v)).
Then ¥ has a canonical structure of (B, A)-bimodule and one has the adjunction

—®BX
— T
Mp Ma
\/
MA(fo)

where — ®@p ¥ is left adjoint to My (X, —). Write Gy for the comonad on M, generated by this
adjunction.
The natural transformation

My (3,-)®pv
TR,

Can: M4 (2, —) @5 MA(S,—) @5 D@4 C 2228 g, C,

where ev is the evaluation map, is a comonad morphism from the comonad Gy, to the comonad Ge.
(3,v) is called a Galois comodule provided X4 is finitely generated and projective and the natural
transformation Can is an isomorphism. For further details regarding the theory of Galois comodules
we refer to [26].

Since ¥ is a (B, A)-bimodule, ¥* = M 4(X, A) is canonically endowed with a structure of (A4, B)—
bimodule, and ¥* ® g ¥ is an A-bimodule in a natural way. Assume that X 4 is finitely generated and
projective with a finite dual basis {(e},e;)} C ¥* ®p X. Then A-bimodule ¥* @5 ¥ is an A-coring
with comultiplication and counit defined, respectively, by

A(fepr)=) (f@pe;@ac; ®px) and €(f @p ) =ev(f @px) = f(2).
Then Can may be written as the composite

—-®aX"®@pr

_@aTr @y S2AX8sY, o S @p Y@, 0 2AEAC,

—®4C.
Thus, Can is an isomorphism if and only if the composite
Cang : ' @p Y Z98% v gpSeaC 224% ¢
is an isomorphism.
For any N € Mp, we write Twistg(X, N) for Twist_g ,» (V).
By applying Theorem 6.6 to the present situation, we obtain the following slight generalization

of [4, Theorem 2.4].

6.8. THEOREM. Let C be an A-coring, A being an algebra over a commutative ring K, and let (¥,v)
be a right C-comodule. Write B = MC(X,%). If the functor

—®pX:Mp —> My
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is comonadic and X is a Galois C-comodule, then for any right B-module N, there exists an isomor-
phism of pointed sets

Desc'(C,N ®p X) ~ Twistg (X, N),

where N ®p X is a right C-comodule with the induced coaction

NRpr:N®pY¥ — N®pX®gC(.

7. DESCENT COHOMOLOGY SETS OF MONADS

Dualizing the notions of descent cohomology sets of comonads leads to the descent cohomology sets
of monads.

Given a monad T on a category </ and an object a € &7, the first descent cohomology set of T with
values in a, denoted Descl(T, a), is the set of equivalence classes of T-algebra structures on a, where
two T-algebra structures are equivalent if they are isomorphic as the objects of the category o7r.

When a comes equipped with a T-algebra structure h : T(a) — a, Descl(’IF7 a) becomes a pointed
set with a base point the equivalence class of (a, k), and to indicate this fact, we write Desc' (T, (a, k)) in
place of Desc! (T, a). Moreover, in this special case, the zeroth descent cohomology group Desc®(T, (a, h))
of T with coefficients in (a, h) is also defined as the group of all automorphisms of (a, h) in . Thus
Desc’(T, (a, h)) = Aut.(a, h).

The rest of this section is devoted to describing descent cohomology sets for some monads.

7.1. EXAMPLE. Idempotent monads. Dualizing Proposition 3.5 gives the following result for the
idempotent monads.

PROPOSITION. Let T = (T, m, e) be an idempotent monad on a category o/ and a be an arbitrary object
of &. Then

{l(a,e; D]}, if eq is an isomorphism;

Desc! (T, a) = { e

0, otherwise.
Moreover, if e, is an isomorphism (and hence (a,e; ') € o/r), one has

Desc’(T, (a,e; 1)) = Autyy(a).

rra

For the next two examples concerning monads on Set, we recall that a variety of (finitary, one-
sorted) algebras is a class of algebras determined by finitary operations satisfying suitable identities
(with morphisms preserving these operations). It is well known that every such a variety ¥ is equiva-
lent to Sety for some finitary (= filtered colimit preserving) monad T on Set. Therefore, any finitary
variety of algebras ¥ gives rise to a finitary monad T+ on Set whose category of algebras is equivalent
to the category defined by 7.

7.2. EXAMPLE. Left braces. A left brace is an abelian group (A4, +,0) together with a multiplication
- A x A — A such that the following identities hold:

ea-(b+c)=a-b+a-c

e (a-bta+bd)-c=a-(b-¢c)+a-c+b-g

e the map = — a - x + z is bijective for each a € A.
Left braces and their homomorphisms (additive group homomorphisms that respect multiplication)
form a variety denoted LBr.

PROPOSITION. Let X be a set with cardinality n = p*q, where 2 < p < q are primes. Then
Desc! (Tig,, X)| = (p+8, if plg—1,p°1q—1;
2p+8, if plg—1.
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Proof. The result follows from [8, Corollary 3|, according to which

4, if ptqg—1,
b(p’q) = p+8, if plg—1,p*tqg—1;
2p+8, if plg—1.

for primes 2 < p < q. Here b(n), n being a positive integer, denotes the number of non-isomorphic
left braces of fixed order n. O

7.3. EXAMPLE. Finite Abelian Groups. Let Ab be the variety of abelian groups and Tap be Sthe
corresponding finitary monad on Set.

Let N be a positive integer. Recall that a partition of N is a non-decreasing sequence (ny,na, ..., ny)
of positive integers with ny + ng + - -+ + ng = N. The partition function m(N) gives the number of
partitions of .

ny ,.n

PROPOSITION. Let X be a finite set with cardinality |X| = p{'py?...pp*, where pi,pa,...p, are

distinct primes. Then
E

|Desc! (Tap, X)| = H m(n;).

i=1

Proof. The result follows from the fact (e.g., [22, p.129]) that there are Hle 7(n;) isomorphism classes
of abelian groups of order Hle pri a

For example, if | X| = 16 = 2%, then |Desc'(Tap, X)| = 4 and
{(Z2)*, 24 x (23)?, Zs x L3, (Z4)?, L6}

is a complete set of the representatives of the isomorphism classes of finite abelian groups of order 16.
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