Proceedings of A.Razmadze Mathematical Institute, Vol. 117, 1998

II-CATEGORIES. IDENTITY 1-ARROW RETRACTS, CORETRACTS AND ISOMORPHIC 1-ARROWS

Z. OMIADZE

Abstract. In any II-category, the identity 1-arrow retracts, coretracts and isomorphic 1-arrows are described. II

Any second order category ( shortly II-category [1] ) may be expressed as a double category [2] with antidiscrete category structure on objects and v-arrows. 1-arrows of the given II-category will be h-arrows for the corresponding double category.

The aim of this paper is to describe the 1-arrows which are isomorphic to the identity 1-arrows, their retracts or coretracts.

In any II-category A, similarly to the definition of isomorphic objects,

Definition 1. The 1-arrows a^f→ b; and c^g→ d are called isomorphic, if there exist the II-arrows f α−→ ←−_β g

satisfying αβ = 1_g, βα = 1_f .

In this case, the objects a, b, c, d are called connected by the isomorphism (f, g, α, β). Any two objects a and b of the II-category A are connected by the isomorphism (1_a, 1_b, 0_{ab}, 0_{ba}).

1. Retracts and Coretracts of the Identity 1-Arrow.

In any II-category A

Definition 2. 1-arrow a^f→ b is called an identity 1-arrow retract (coretract), if there exist II-arrows 1_a^{f ∗}−→ f^{f∗}−→ 1_b

1991 Mathematics Subject Classification. 18D05.

Key words and phrases. II-category, identity 1-arrow retract, coretract, connected objects.

satisfying f_∗ + f^∗ = 1_f ; (f_∗ f^∗ = 0_{ab}).

Remark 1.1. Using the interchange law of II-compositions [1] f_∗ + f^∗ = f^∗0_{ba} + 0_{ba} f_∗ = f^∗0_{ba} f_∗ = 1_f .

The identity 1-arrow retracts and coretracts are described in Theorems 1.1, 1.2 and 1.3.

Theorem 1.1. For any 1-arrows a^f−→←−_g b, the following conditions are equivalent. 1. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b^{g∗}→ g^{g∗}→ 1_a such that f_∗ + f^∗ = 1_f , f_∗f^∗0_{ba} = 0_{ab}g_∗g^∗.

2. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, f α−→ ←−_β g such that f_∗ + f^∗ = 1_f , βα = 1_f .

3. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, 1_a^η→ gf, fg^ϵ→ 1_b such that f_∗ + f^∗ = 1_f , (ϵ + 1_f )(1_f + η) = 1_f .

4. There exist II-arrows 1_a^η→ gf^μ→ f^ϕ→ fg^ϵ→ 1_b such that μη0_{ba}ϵϕ = 1_f , (ϵ + 1_f )(1_f + η) = 1_f .

5. There exist II-arrows 1_a η −→ ←−_γ gf μ −→ ←−_ω f such that μηγω = 1_f , γη = γωμη.

6. There exist II-arrows 1_a^ψ→ fgf^σ→ 1_b, f λ −→ ←−_ρ fgf such that ρψ0_{ba}σλ = 1_f , σψ = σλρψ.

Proof. 1 ⇒ 2. For the II-arrows α = g^∗f_∗ and β = f^∗g_∗, the equalities βα = f^∗g_∗g^∗f_∗ = f^∗0_{ba}f_∗ = 1_f . hold.

2 ⇒ 1. For the II-arrows g^∗ = αf^∗0_{ba}, g_∗ = 0_{ba}f_∗β the corresponding equalities are verified straightly.

1 ⇒ 3. For the II-arrows η = g^∗0_{ab} + f^∗ and ϵ = f_∗ + 0_{ab}g_∗ the equality (ϵ + 1_f )(1_f + η) = (f_∗ + 0_{ab}g_∗ + 1_f )(1_f + g^∗0_{ab} + f^∗) = = f_∗ + 0_{ab}g_∗g^∗0_{ab} + f^∗ = f_∗ + f_∗f^∗ + f^∗ = 1_f holds.

3 ⇒ 1. The II-arrows g^∗ = (1_g + f_∗)η0_{ba} and g_∗ = 0_{ba}ϵ(f^∗ + 1_g) satisfy

g_∗ + g^∗ = (1_g + f_∗)η0_{ba}ϵ(f^∗ + 1_g) = (1_g + ϵ)(1_g + f_∗ + f^∗ + 1_g )(η + 1_g) = b^g−→ a^{1a}−→ a^{1a} −→ a ↓^{1g} ↓^{0aa} ↓^η b^g−→ a^{1a}−→ a^f−→ b^g−→ a ↓^{1g} ↓^{f ∗} ↓^{f∗} ↓^{1g} b^g−→ a^f−→ b^{1b}−→ b^g−→ a ↓^ϵ ↓^{0bb} ↓^{1g} b^{1b} −→ b^{1b}−→ b^g−→ a = (1_g + ϵ)(η + 1_g) = 1_g.

g_∗g^∗ = 0_{ba}ϵ(f^∗ + 1_g + f_∗)η0_{ba} = b^{1b}−→ b^{1b}−→ b^{1b}−→ b ↓^{0ba} ↓^{0ba} ↓^{0ba} a^{1a}−→ a^{1a}−→ a^{1a}−→ a ↓^η ↓^{0aa} a^f−→ b^g−→ a^{1a}−→ a ↓^{f∗} ↓^{1g} ↓^{f ∗} b^{1b}−→ b^g−→ a^f−→ b ↓^{0bb} ↓^ε b^{1b}−→ b^{1b}−→ b^{1b}−→ b ↓^{0ba} ↓^{0ba} ↓^{0ba} a^{1a}−→ a^{1a}−→ a^{1a}−→ a = 0_{ba}f_∗(ϵ + 1_f )(1_f + η)f^∗0_{ba} = 0_{ba}f_∗f^∗0_{ba}.

1 ⇒ 4. The II-arrows

η = g^∗0_{ab} + f^∗, μ = 0_{ab}g_∗ + 1_f ϵ = f_∗ + 0_{ab}g_∗ and ϕ = 1_f + g^∗0_{ab}

satisfy

μη0_{ba}ϵϕ = f_∗ + 0_{ab}g_∗g^∗0_{ab}g_∗g^∗ + f^∗ = 1_f , (ϵ + 1_f )(1_f + η) = f_∗ + f_∗f^∗ + f^∗ = 1_f .

4 ⇒ 1. For the II-arrows

f^∗ = μη, f_∗ = ϵϕ, g^∗ = (1_g + ϵϕ)η0_{ba} and g_∗ = 0_{ba}ϵ(μη + 1_g) equalities:

f_∗ + f^∗ = f^∗0_{ba}f_∗ = μη0_{ba}ϵϕ = 1_f g_∗g^∗ = 0_{ba}ϵ(μη + 1_g )(1_g + ϵϕ)η0_{ba} = 0_{ba}(ϵ + ϵ)(μ + 1_g + ϕ)(η + η)0_{ba} = = 0_{ba}ϵϕ(ϵ + 1_f )(1_f + η)μη0_{ba} = 0_{ba}ϵϕμη0_{ba} = 0_{ba}f_∗f^∗0_{ba} hold.

1 ⇒ 5. For the II-arrows η = g^∗0_{ab} + f^∗, μ = 0_{ab}g_∗ + 1_f γ = g_∗ + 0_{ba}f_∗ and ω = g^∗ + 1_f , equalities μηγω = f^∗g_∗g^∗0_{ab}g_∗g^∗f^∗ = (f^∗0_{ba}f_∗)^2 = 1_f , γωμη = (0_{ba}f_∗f^∗)^3 = 0_{ba}f_∗f^∗ = γη, hold.

5 ⇒ 1. For the II-arrows f^∗ = μη, f_∗ = 0_{ab}γω, g^∗ = (1_g + 0_{ab}γω)η0_{ba} and g_∗ = γ(1_g + μη0_{ba}), equalities f^∗0_{ba}f_∗ = μηγω = 1_f , g_∗g^∗ = γ(1_g + μηγω)η0_{ba} = γη0_{ba} = γωμη0_{ba} = 0_{ba}f_∗f^∗0_{ba}, hold.

1 ⇒ 6. The II-arrows ψ = f^∗ + g^∗0_{ab} + f^∗ σ = f_∗ + 0_{ab}g_∗ + f_∗, λ = f^∗0_{ba} + g^∗ + 1_f and ρ = f_∗ + 0_{ab}g_∗ + 1_f , satisfy

ρψ0_{ba}σλ = f_∗f^∗0_{ba} + 0_{ab}g_∗g^∗ + 1_f = f_∗f^∗0_{ba} + f_∗f^∗0_{ba} + 1_f = 1_f , σψ = f_∗f^∗ + 0_{ab}g_∗g^∗0_{ab} + f_∗f^∗ = 0_{ba}f_∗f^∗ σλρψ = f_∗f^∗g_∗g^∗f_∗f^∗0_{ba}f_∗f^∗g_∗g^∗0_{ab} = 0_{ba}f_∗f^∗.

6 ⇒ 1. For the II-arrows f^∗ = ρψ, f_∗ = σλ, g^∗ = (0_{ba}σλ + 1_g + σλ)ψ0_{ba} and g_∗ = 0_{ba}σ(ρψ + 1_g + ρψ0_{ba}) the equalities f^∗0_{ba}f_∗ = ρψ0_{ba} σλ = 1_f , f_∗f^∗ = σλρψ = σψ = 0_{ab}g_∗g^∗0_{ab} are true. ■

Theorem 1.2. The following conditions are equivalent. 1. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b^{g∗}→ g^{g∗}→ 1_b such that f_∗ + f^∗ = 1_f , g_∗ + g^∗ = 1_g, f_∗f^∗0_{ba} = 0_{ab}g_∗g^∗.

2. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, f α−→ ←−_β g such that

f_∗ + f^∗ = 1_f , αβ = 1_g βα = 1_f .

3. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, 1_a^η→ gf, fg^ϵ→ 1_b such that f^∗0_{ba}f_∗ = 1_f , (1_g + ϵ)(η + 1_g) = 1_g, (ϵ + 1_f )(1_f + η) = 1_f .

4. There exist II-arrows 1_a^η→ gf^μ→ f^ϕ→ fg^ϵ→ 1_b such that ϕ + μ = 1_{f gf} (1_g + ϵ)(η + 1_g) = 1_g, (ϵ + 1_f )(1_f + η) = 1_f .

4.1. There exist II-arrows 1_a^η→ gf^μ→ f^ϕ→ fg^ϵ→ 1_b such that μη0_{ba}ϵϕ = 1_f , (1_g + ϵ)(η + 1_g) = 1_g, (ϵ + 1_f )(1_f + η) = 1_f .

5. There exist II-arrows 1_a η −→ ←−_γ gf μ −→ ←−_ω f such that

μηγω = 1_f , γη = γωμη, (1_g + 0_{ab}γω)ηγ(1_g + μη0_{ba}) = 1_g.

6. There exist II-arrows 1_a^ψ→ fgf^σ→ 1_b , f λ −→ ←−_ρ fgf such that

ρψ0_{ba}σλ = 1_f , (0_{ba}σλ + 1_g + σλ)ψ0_{ba}σ(ρψ + 1_g + ρψ0_{ba}) = 1_g σψ = σλρψ.

Proof.

1 ⇒ 2. The II-arrows α = g^∗f_∗ and β = f^∗g_∗ satisfy αβ = 1_g, βα = f^∗g_∗g^∗f_∗ = f^∗0_{ba}f_∗ = 1_f .

2 ⇒ 1. The II-arrows g^∗ = αf^∗0_{ba} and g_∗ = 0_{ba}f_∗β satisfy g_∗ + g^∗ = αf^∗0_{ba}f_∗β = 1_g, 0_{ab}g_∗g^∗ = f_∗βαf^∗0_{ba} = f_∗f^∗0_{ba} 1 ⇒ 3. For the II-arrows η = g^∗0_{ab} + f^∗ and ϵ = f_∗ + 0_{ab}g_∗ equalities (ϵ + 1_f )(1_f + η) = (f_∗ + 0_{ab}g_∗ + 1_f )(1_f + g^∗0_{ab} + f^∗) = = f_∗+0_{ab}g_∗g^∗0_{ab} + f^∗ = f_∗ + f_∗f^∗ + f^∗ = 1_f .

(1_g + ϵ)(η + 1_g) = (1_g + f_∗ + 0_{ab}g_∗)(g^∗0_{ab} + f^∗ + 1_g) = = g_∗0_{ab} + f_∗f^∗ + 0_{ab}g^∗ = (g^∗0_{ab} + 0_{ab}g_∗)(f_∗f^∗ + 1_g) = 0_{ab}g_∗g^∗0_{ab} + 1_g = 1_g .

are true.

3 ⇒ 1. The II-arrows g^∗ = (1_g + f_∗)η0_{ba} and g_∗ = 0_{ba}ϵ(f^∗ + 1_g ), satisfy

g_∗ + g^∗ = (1_g + f_∗)η0_{ba}ϵ(f^∗ + 1_g) = =(1_g + ϵ)(1_g + f_∗ + f^∗ + 1_g)(η + 1_g ) = (1_g + ϵ)(η + 1_g) = 1_g .

g_∗g^∗ = 0_{ba}ϵ(f^∗ + 1_g + f_∗)η0_{ba} = 0_{ba}f_∗(ϵ + 1_f )(1_f + η)f^∗0_{ba} = 0_{ba}f_∗f^∗0_{ba}. 1 ⇒ 4. For the II-arrows

η = g^∗0_{ab} + f^∗, μ = 0_{ab}g_∗ + 1_f , ϵ = f_∗ + 0_{ab}g_∗ and ϕ = 1_f + g^∗0_{ab} equalities ϕ + μ = 1_f + g^∗0_{ab} + 0_{ab}g_∗ + 1_f = 1_f + g_∗ + g^∗ + 1_f = 1_{f gf} , (1_g + ϵ)(η + 1_g) = (1_g + f_∗ + 0_{ab}g_∗)(g^∗0_{ab} + f^∗ + 1_g) = =g_∗0_{ab} + f_∗f^∗ + 0_{ab}g^∗ = (g^∗0_{ab} + 0_{ab}g_∗)(f_∗f^∗ + 1_g) = 0_{ab}g_∗g^∗0_{ab} + 1_g = 1_g.

(ϵ + 1_f )(1_f + η) = (f_∗ + 0_{ab}g_∗ + 1_f )(1_f + g^∗0_{ab} + f^∗) = = f_∗ + 0_{ab}g_∗g^∗0_{ab} + f^∗ = f_∗ + f_∗f^∗ + f^∗ = 1_f are true.

4 ⇒ 1. The II-arrows

f^∗ = μη, f_∗ = ϵϕ, g^∗ = (1_g + ϵϕ)η0_{ba} and g_∗ = 0_{ba}ϵ(μη + 1_g) satisfy

f_∗ + f^∗ = f^∗0_{ba}f_∗ = μη0_{ba}ϵϕ = (ϵ + 1_f )(ϕ + μ)(1_f + η) = 1_f , g_∗ + g^∗ = (1_g + ϵϕ)η0_{ba} ϵ(μη + 1_g) = = (1_g + ϵ)(1_g + ϵϕ + μη + 1_g )(η + 1_g) =

b^g−→ a^{1a} −→ a^{1a} −→ a ↓^{1g} ↓^{0aa} ↓_η b^g−→ a^{1a} −→ a^f −→ b^g−→ a ↓_1 ↓_η ↓_ϕ ↓_1 b^g−→ a^f−→ b^g−→ a b^g−→ a^f−→ b^g−→ a ↓_1 ↓_μ ↓_ε ↓_1 b^g−→ a^f −→ b^{1b} −→ b^g−→ a ↓_ε ↓^{0bb} ↓^{1g} b^{1b} −→ b^{1b} −→ b^g−→ a = (1_g + ϵ)(1_g + μη0_{ba}ϵϕ + 1_g)(η + 1_g ) = (1_g + ϵ)(η + 1_g ) = 1_g.

g_∗g^∗ = 0_{ba}ϵ(μη + 1_g )(1_g + ϵϕ)η0_{ba} = 0_{ba}(ϵ + ϵ)(μ + 1_g + ϕ)(η + η)0_{ba} = = 0_{ba}ϵϕ(ϵ + 1_f )(1_f + η)μη0_{ba} = 0_{ba}ϵϕμη0_{ba} = 0_{ba}f_∗f^∗0_{ba} 1 ⇒ 5. The II-arrows

η = g^∗0_{ab} + f^∗, μ = 0_{ab}g_∗ + 1_f , γ = g_∗ + 0_{ba}f_∗, ω = g^∗ + 1_f , satisfy

μηγω = f^∗g_∗g^∗0_{ab}g_∗g^∗f^∗ = (f^∗0_{ba}f_∗)^2 = 1_f , (1_g + 0_{ab}γω)ηγ(1_g + μη0_{ba}) = g^∗0_{ab}g_∗ + 0_{ab}g_∗g^∗f_∗f^∗0_{ba}f_∗f^∗g_∗g^∗ = =1_g + (0_{ab}g_∗g^∗)^3 = 1_g,

γωμη = (0_{ba}f_∗f^∗)^3 = 0_{ba}f_∗f^∗ = γη. 5 ⇒ 1. For The II-arrows

f^∗ = μη, f_∗ = 0_{ab}.γω, g^∗ = (1_g + 0_{ab}.γω)η0_{ba} and g_∗ = γ(1_g + μη0_{ba}), equalities f^∗0_{ba}f_∗ = μηγω = 1_f , g^∗0_{ab}g_∗ = (1_g + 0_{ab}.γω)ηγ(1_g + μη0_{ba}) = 1_g, g_∗g^∗ = γ(1_g + μηγω)η0_{ba} = γη0_{ba} = γωμη0_{ba} = 0_{ba}f_∗f^∗0_{ba} are true.

1 ⇒ 6. For the II-arrows ψ = f^∗ + g^∗0_{ab} + f^∗, σ = f_∗ + 0_{ab}g_∗ + f_∗, λ = f^∗0_{ba} + g^∗ + 1_f and ρ = f_∗ + 0_{ab}g_∗ + 1_f , equalities ρψ = f^∗g_∗g^∗0_{ab}, σλ = 0_{ab}g_∗g^∗f_∗, ψ0_{ba}σ = (f_∗ + f^∗ + 1_g)(1_f + g_∗ + g^∗) + 1_f = 1_{f gf} imply

ρψ0_{ba}σλ = f_∗f^∗0_{ba} + 0_{ab}g_∗g^∗ + 1_f = f_∗f^∗0_{ba} + 1_f = 1_f , (0_{ba}σλ + 1_g + σλ)ψ0_{ba}σ(ρψ + 1_g + ρψ0_{ba}) = = (g_∗g^∗f_∗f^∗g_∗g^∗0_{ab} + 1_g + 0_{ab}g_∗g^∗f_∗f^∗g_∗g^∗) = (g_∗g^∗0_{ab} + 1_g + 0_{ab}g_∗g^∗) = 1_g σλρψ = 0_{ab}g_∗g^∗f_∗f^∗g_∗g^∗0_{ab} = 0_{ab}g_∗g^∗0_{ab} = σψ;

6 ⇒ 1. The II-arrows f^∗ = ρψ, f_∗ = σλ, g^∗ = (0_{ba}σλ + 1_g + σλ)ψ0_{ba} and g_∗ = 0_{ba}σ(ρψ + 1_g + ρψ0_{ba}) satisfy f^∗0_{ba}f_∗ = ρψ0_{ba}σλ = 1_f , g^∗0_{ab}g_∗ = (0_{ba}σλ + 1_g + σλ)ψ0_{ba}σ( ρψ + 1_g + ρψ0_{ba}) = 1_g, f_∗f^∗ = σλρψ = σψ = 0_{ab}g_∗g^∗0_{ab}. ■ Remark 1.2. By (1 ⇔ 4), the 1-endomorphism a^f→ a is the identity retract if and only if it is selfadjoint [1] and ϕ + μ = 1_{f gf} (or μη0_{ba}ϵϕ = 1_f ).

Theorem 1.3. The following conditions are equivalent: 1. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b^{g∗}→ g^{g∗}→ 1_b such that f_∗f^∗ = 0_{ab}, g_∗g^∗ = 0_{ba}

2. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, f α−→ ←−_β g such that f_∗f^∗ = 0_{ba} βα = f^∗0_{ba}f_∗ 3. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, 1_a^η→ gf, fg^ϵ→ 1_b such that f_∗f^∗ = 0_{ab}, (ϵ + 1_f )(1_f + η) = f^∗0_{ba}f_∗

4.There exist II-arrows 1_a^η→ gf^μ→ f^ϕ→ fg^ϵ→ 1_b such that ϵϕμη = 0_{ab}, (ϵ + 1_f )(1_f + η) = μη0_{ba}ϵϕ

5. There exist II-arrows 1_a η −→ ←−_γ gf μ −→ ←−_ω f such that γωμη = 0_{aa} γ(1_g + μηγω)η = 0_{aa}

6. There exist II-arrows 1_a^ψ→ fgf^σ→ 1_b , f λ −→ ←−_ρ fgf such that σλρψ = 0_{ab}, σ(ρψ0_{ba}σλ + 1_g + ρψ0_{ba}λ)ψ = 0_{ab} Proof. The implications (1 ⇔ 2), (1 ⇒ 3), (1 ⇒ 4), (1 ⇒ 5) and (1 ⇒ 6) are straightforward.

3 ⇒ 1. The II-arrows g^∗ = (1_g + f_∗)η0_{ba} and g_∗ = 0_{ba}ϵ(f^∗ + 1_g ), satisfy

g_∗g^∗ = 0_{ba}ϵ(f^∗ + 1_g + f_∗)η0_{ba} = 0_{ba}f_∗(ϵ + 1_f )(1_f + η)f^∗0_{ba} = 0_{ba}. 4 ⇒ 1.The II-arrows

f^∗ = μη, f_∗ = ϵϕ, g^∗ = (1_g + ϵϕ)η0_{ba} and g_∗ = 0_{ba}ϵ(μη + 1_g) satisfy

f_∗f^∗ = ϵϕμη = 0_{ab}, g_∗g^∗ = 0_{ba}ϵ(μη + 1_g)(1_g + ϵϕ)η0_{ba} = 0_{ba}(ϵ + ϵ)(μ + 1_g + ϕ)(η + η)0_{ba} = =0_{ba}ϵ(μ + 1_g)(η + 1_g + ϵ)(1_g + ϕ)η0_{ba} = 0_{ba}ϵϕ(ϵ + 1_f )(1_f + η)μη0_{ba} = =0_{ba}ϵϕμη0_{ba} = 0_{ba}.

5 ⇒ 1. The II-arrows

f^∗ = μη, f_∗ = 0_{ab}.γω, g^∗ = (1_g + 0_{ab}.γω)η0_{ba} and g_∗ = γ(1_g + μη0_{ba}), satisfy f_∗f^∗ = 0_{ab}.γωμη = 0_{ab} g_∗g^∗ = γ(1_g + μηγω)η0_{ba} = 0_{ba} 6 ⇒ 1. The II-arrows f^∗ = ρψ, f_∗ = σλ, g^∗ = (0_{ba}σλ + 1_g + σλ)ψ0_{ba} and g_∗ = 0_{ba}σ(ρψ + 1_g + ρψ0_{ba}), satisfy f_∗f^∗ = σλρψ = 0_{ab}.

g_∗g^∗ = 0_{ba}σ(ρψ0_{ba}σλ + 1_g + ρψ0_{ba}σλ)ψ0_{ba} = 0_{ba}. ■

2. Isomorphism With the Identity 1-Arrow.

The following theorem describes 1-arrows which form isomorphism with the identity 1-arrow.

In any II-category A, for any 1-arrows a^f−→←−_g b

Theorem 2.1. The following conditions are equivalent: 1. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b^{g∗}→ g^{g∗}→ 1_b satisfying f^∗0_{ba}f_∗ = 1_f , f_∗f^∗ = 0_{ab}, g^∗0_{ab}g_∗ = 1_g, g_∗g^∗ = 0_{ba};

2. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, f α−→ ←−_β g satisfying

f^∗0_{ba}f_∗ = 1_f , f_∗f^∗ = 0_{ab}, αβ = 1_g, βα = 1_f .

3. There exist II-arrows 1_a^{f ∗}→ f^{f∗}→ 1_b, 1_a^η→ gf, fg^ϵ→ 1_b satisfying f^∗0_{ba}f_∗ = 1_f , f_∗f^∗ = 0_{ab}, (1_g + ϵ)(η + 1_g) = 1_g, (ϵ + 1_f )(1_f + η) = 1_f .

4. There exist II-arrows 1_a^η→ gf^μ→ f^ϕ→ fg^ϵ→ 1_b satisfying μη0_{ba}ϵϕ = 1_f , ϵϕμη = 0_{ab}, (1_g + ϵ)(η + 1_g) = 1_g, (ϵ + 1_f )(1_f + η) = 1_f .

5. There exist II-arrows 1_a η −→ ←−_γ gf μ −→ ←−_ω f satisfying μηγω = 1_f , γωμη = 0_{aa} (1_g + 0_{ab}γω)ηγ(1_g + μη0_{ba}) = 1_g, γη = 0_{aa},

6. There exist II-arrows 1_a^ψ→ fgf^σ→ 1_b , f λ −→ ←−_ρ fgf satisfying ρψ0_{ba}σλ = 1_f , σλρψ = 0_{ab}, (0_{ba}σλ + 1_g + σλ)ψ0_{ba}σ(ρψ + 1_g + ρψ0_{ba}) = 1_g, σψ = 0_{ab}.

Proof. the implications (1 ⇔ 2), (1 ⇒ 3), (1 ⇒ 4), (1 ⇔ 5) and (1 ⇒ 6) are straightforward.

3 ⇒ 1. For the II-arrows g^∗ = (1_g + f_∗)η0_{ba} and g_∗ = 0_{ba}ϵ(f^∗ + 1_g) equalities

g_∗ + g^∗ = (1_g + f_∗)η0_{ba}ϵ(f^∗ + 1_g) = (1_g + ϵ)(1_g + f_∗ + f^∗ + 1_g )(η + 1_g) = = (1_g + ϵ)(η + 1_g) = 1_g.

g_∗g^∗ = 0_{ba}ϵ(f^∗ + 1_g + f_∗)η0_{ba} = 0_{ba}f_∗(ϵ + 1_f )(1_f + η)f^∗0_{ba} = 0_{ba}

hold.

4 ⇒ 1. For the II-arrows

f^∗ = μη, f_∗ = ϵϕ, g^∗ = (1_g + ϵϕ)η0_{ba} and g_∗ = 0_{ba}ϵ(μη + 1_g ),

equalities

f_∗ + f^∗ = f^∗0_{ba}f_∗ = μη0_{ba}ϵϕ = 1_f , f_∗f^∗ = ϵϕμη = 0_{ab}, g_∗ + g^∗ = (1_g + ϵϕ)η0_{ba}ϵ(μη + 1_g) = (1_g + ϵ)(1_g + ϵϕ + μη + 1_g)(η + 1_g) = =(1_g + ϵ)(1_g + μη0_{ba}ϵϕ + 1_g)(η + 1_g ) = (1_g + ϵ)(η + 1_g ) = 1_g.

g_∗g^∗ = 0_{ba}ϵ(μη + 1_g)(1_g + ϵϕ)η0_{ba} = 0_{ba}(ϵ + ϵ)(μ + 1_g + ϕ)(η + η)0_{ba} = =0_{ba}ϵ(μ + 1_g)(η + 1_g + ϵ)(1_g + ϕ)η0_{ba} = 0_{ba}ϵϕ(ϵ + 1_f )(1_f + η)μη0_{ba} = 0_{ba}

hold.

6 ⇒ 1. For the II-arrows

f^∗ = ρψ, f_∗ = σλ, g^∗ = (0_{ba}σλ + 1_g + σλ)ψ0_{ba} and g_∗ = 0_{ba}σ(ρψ + 1_g + ρψ0_{ba})

equalities

f^∗0_{ba}f_∗ = ρψ0_{ba}σλ = 1_f , f_∗f^∗ = σλρψ = 0_{ab}.

g^∗0_{ab}g_∗ = (0_{ba}σλ + 1_g + σλ)ψ0_{ba}σ(ρψ + 1_g + ρψ0_{ba}) = 1_g. g_∗g^∗ = 0_{ba}σ(ρψ0_{ba}σλ + 1_g + ρψ0_{ba}σλ)ψ0_{ba} = 0_{ba}σψ0_{ba} = 0_{ba}.

hold. ■

3. The Main Theorem.

In any II-category A for the II-arrows η, γ, θ, τ, ε, δ:

1_a η −→ ←−_γ gf θ−→ ←−_τ fg ϵ−→ ←−_δ 1b,

the following theorem holds.

Theorem 3.1. The following conditions are equivalent: 1). There exist II-arrows γ, τ, δ satisfying γ + 1_g + δ = 1_{gf g}, γτδ = 0_{ba};

2). There exist II-arrows γ, τ, δ satisfying δ + 1_f + γ = 1_{f gf} , γτδ = 0_{ba};

3). There exist II-arrows ϵ, η, θ satisfying ϵ + 1_f + η = 1_{f gf} , ϵθη = 0_{ab};

4). There exist II-arrows η, ϵ, γ, δ, τ satisfying ϵ + 1_f + η = 1_{f gf} , γτδ = 0_{ba}, η0_{ba}ϵ = τ, ϵδ = 0_{bb};

5). There exist II-arrows η, γ, ϵ, δ, τ satisfying ϵ + 1_f + η = 1_{f gf} , γτδ = 0_{ba}, η0_{ba}ϵ = τ, γη = 0_{aa};

6). There exist II-arrows η, γ, ϵ, δ, τ satisfying ϵ + 1_f + η = 1_{f gf} , γτδ = 0_{ba}, η0_{ba}ϵ = τ, ηγ = 1_{gf} ;

7). There exist II-arrows: η, γ, ϵ, θ satisfying (ϵ + 1_f )(1_f + η) = 1_f , ϵθη = 0_{ab}, ηγ = 1_{gf} ;

8). There exist II-arrows η, γ, ϵ, δ, θ satisfying ϵ + 1_f = 1_f + γ, η + 1_g = 1_g + δ, ϵθη = 0_{ab}, ηγ = 1_{gf} ;

9). There exist II-arrows η, γ, ϵ, δ, τ satisfying ϵ + 1_f = 1_f + γ, η + 1_g = 1_g + δ, γτδ = 0_{ba}, ηγ = 1_{gf} ;

10). There exist II-arrows η, γ, ϵ, δ, τ satisfying ϵ + 1_f = 1_f + γ, η + 1_g = 1_g + δ, γτδ = 1_{ba}, δϵ = 1_g;

11). There exist II-arrows η, ϵ, θ satisfying ϵ + 1_f + η = 1_{f gf} , ϵθη = 0_{ab}.

For the proof some technical lemmas are needed. Lemma 3.1. For the II-arrows γ, η; and ϵ, the equalities ϵ + 1_{f gf} + η = 1_{f gf gf} , η = 0_{aa} imply:

1) ϵ + 1_f = 1_f + γ, 2) ηγ = 1_{gf} , 3) (ϵ + 1_f )(1_f + η) = 1_f , 4) (1_g + ϵ)(η + 1_g) + 1_f = 1_{gf} , 5) η + 1_g + ϵ + 1_f = 1_{gf gf}

6) η + 1_g + ϵ = 1_{gf} + (1_g + ϵ)(η + 1_g), 7) γ + 1_{gf} = 1_g + ϵ + 1_f = 1_{gf} + γ, 8) γ + 1_{gf} + η = η + 1_{gf} + γ = 1_{gf gf} , 9) ϵ + 1_{f gf} = 1_{f gf} + γ, 10) ϵ + 1_{f gf} + η = 1_{f gf gf} .

Proof. 1) The equality (1_f + γ)(ϵ + 1_f + η) = 1_f + γ means that ϵ + 1_f = 1_f + γ 2) From (1) it follows ϵ + 1_f + η = 1_f + ηγ. Transforming 1_f + ηγ = 1_{f gf} , the equalities

(γ + 1_{gf} )(1_{gf} + ηγ)(η + 1_{gf} ) = γη + 1_{gf} and ηγ = 1_{gf} are true.

3) Follows from (1) and (2).

4) (1_g + ϵ)(η + 1_g) + 1_f = (1_g + ϵ + 1_f )(η + 1_{gf} ) = (1_{gf} + γ)(η + 1_{gf} ) = ηγ = 1_{gf} . 5) The equality η + (1_g + ϵ)(η + 1_g) = (η + 1_g + ϵ)(η + 1_g ) implies (η + (1_g + ϵ)(η + 1_g))(γ + 1_g) = (η + 1_g + ϵ)(η + 1_g)(γ + 1_g), ηγ + (1_g + ϵ)(η + 1_g) = η + 1_g + ϵ, 1_{gf} + (1_g + ϵ)(η + 1_g) + 1_f = η + 1_g + ϵ + 1_f , η + 1_g + ϵ + 1_f = 1_{gf gf} .

6) Straightforward. 7) (5) and (1) imply (γ + 1_{gf} )(η + 1_g + ϵ + 1_f ) = γ + 1_{gf} , 1_g + ϵ + 1_f = 1_{gf} + γ.

8) (6) and (5) imply γ + 1_{gf} + η = 1_g + ϵ + 1_f + η = 1_{gf gf} and η + 1_{gf} + γ = η + 1_g + ϵ + 1_f = 1_{gf gf} , respectively.

9) The equality (ϵ + 1_f + η)(1_{f gf} + γ) = 1_{gf} + γ means that ϵ + 1_{f gf} = 1_{f gf gf} + γ. 10) It is a consequence of (9). ■ Lemma 3.2. For the II-arrows γ, η; and ϵ equalities (ϵ + 1_f )(1_f + η) = 1_f , ηγ = 1_{gf} , imply

1) ϵ + 1_f = 1_f + γ, 2) ϵ + 1_f + η = 1_{f gf} , 3) 1_f + γη = 1_f , 4) ϵ + 1_{f g} = 1_f + γ + 1_f = 1_{f g} + ϵ, 5) (1_g + ϵ)(η + 1_g) + 1_f = 1_{gf} , 6) η + 1_g + ϵ + 1_f = 1_{gf gf} 7) γ + 1_{gf} = 1_g + ϵ + 1_f ,

8) 1_{gf} + η = η + 1_{gf} , 9) ϵ + 1_{f gf} + η = 1_{f gf gf} ,

Proof.

1).The equality: (ϵ + 1_f )(1_f + η)(1_f + γ) = 1_f + γ means that

ϵ + 1_f = 1_f + γ.

2) From (1) it follows ϵ + 1_f + η = 1_f + ηγ = 1_{f gf} . 3) 1_f + γη = (1_f + γ)(1_f + η) = (ϵ + 1_f )(1_f + η) = 1_f . 4) Straightforward. 5) Follows from (1).

6) The equality ηγ + (1_g + ϵ)(η + 1_g ) + 1_f = ηγ + 1_{gf} implies

(η + 1_g + ϵ + 1_f )(γ + η + 1_{gf} ) = 1_{gf gf} , η + 1_g + ϵ + 1_f = 1_{gf gf} .

7) Straightforward.

8) η + 1_{gf} = η + ηγ = (1_{gf} + η)(η + γ) = 1_{gf} + η.

Lemma 3.3. For the II-arrows γ, ϵ and η, the equalities ϵ + 1_f = 1_f + γ and ηγ = 1_{gf} , imply

1) ϵ + 1_f + η = 1_{f gf} , 2) ϵ + 1_{f gf} = 1_{f gf} + γ, 3) ϵ + 1_{f gf} + η = 1_{f gf gf} , 4) (ϵ + 1_f )(1_f + η) + 1_{gf} = 1_{f gf} , 5) 1_f + γη + 1_{gf} = 1_{f gf} ,

Proof.

1) Straightforward.

2) The equality (ϵ + 1_{f gf} + η)(1_{f gf} + γ) = 1_{f gf} + γ means that ϵ + 1_{f gf} = 1_{f gf} + γ. 3) Straightforward.

4) The equality ((ϵ + 1_f )(1_f + η) + η)(1_f + γ) = (ϵ + 1_f + η)(1_f + ηγ) implies (ϵ + 1_f )(1_f + η) + 1_{gf} = 1_{f gf} 5) 1_f + γη + 1_{gf} = (1_f + γ)(1_f + η) + 1_{gf} = (ϵ + 1_f )(1_f + η) + 1_{gf} = 1_{f gf} . ■

Proof of Theorem 3.1.

(1) ⇒ (2). For the II-arrow η = τδ0_{ab} the equality γη = 0_{aa} holds. By Lemma 3.1

1_g + δ + 1_f + γ = 1_{gf gf} , (0_{ab}γτ + 1_{f gf} )(1_{f g} + δ + 1_f + γ)(δ + 1_{f gf} ) = 0_{ab}γτδ + 1_{f gf} , δ + 1_f + γ = 1_{f gf} .

(2) ⇒ (3). The II-arrows η = τδ0_{ab}. ϵ = 0_{ab} γτ, θ = δ0_{ab}γ satisfy

γη = 0_{aa}, ϵδ = 0_{bb} and ϵθη = 0_{ba}.

From Lemma 3.1 it follows that: ηγ = 1_{gf} and ϵ + 1_f + η = 1_{f gf} .

(3) ⇒ (4). The II-arrows γ = 0_{ba}ϵθ, δ = θη0_{ba} and τ = η0_{ba}ϵ, satisfy γη = 0_{aa}, ϵδ = 0_{bb}, γτδ = 0_{ba}.

By Lemma 3.1 ηγ = 1_{gf} and ϵ + 1_f + η = 1_{f gf} .

(4) ⇒ (5). Straightforward.

(5) ⇒ (6). By Lemma 3.1 it follows that ηγ = 1_{gf} .

(6) ⇒ (7). By the conditions: η = τδ0_{ab}, ϵ = 0_{ab}γτ, γη = 0_{aa} and ϵδ = 0_{bb}. Using Lemma 3.1 the equality: (ϵ + 1_f )(1_f + η) = 1_f holds. There exists θ = δ0_{ab}γ such that ϵθη = 0_{ab} .

(7) ⇒ (8). From Lemma 3.2. it follows that: ϵ + 1_f = 1_f + γ and ϵ + 1_f + η = 1_{f gf} . According to (3) ⇒ (4) the equality ϵδ = 0_{bb} holds;

According to (1) ⇒ (2) η+1_g +ϵ = 1_{gf g}; and by Lemma 3.2 the equality η+1_g = 1_g +δ holds.

(8) ⇒ (9). For γ = 0_{ba}ϵθ, it follows γη = 0_{aa}, ϵ + 1_f + η = 1_{f gf} , γ + 1_g + δ = 1_{gf g}, and according to (1) ⇒ (4), we obtain that ϵδ = 0_{bb}; There exists τ = η0_{ba}ϵ such that γτδ = 0_{ba}.

(9) ⇒ (10). For the II-arrow γ = 0_{ba}ϵθ, it follows η = τδ0_{ab}, γη = 0_{aa}, ϵ + 1_f + η = 1_{f gf} .

By Lemma 3.1 the equality η + 1_g + ϵ + 1_f = 1_{gf gf} holds. The equality ηγ + (1_g + ϵ)(η + 1_g) + 1_f = ηγ + 1_{gf} , implies that (1_{f gf} + 0_{ab}γτ)(η + 1_g + ϵ + 1_f )(1_{gf g} + δ) = 1_{gf gf} + 0_{ab}γτδ η + 1_g + ϵ = 1_{gf g} 1_g + δϵ = η + 1_g + ϵ = 1_{gf g} (0_{ab}γτ + 1_{f g})(1_g + δϵ)(δ + 1_{f g}) = 0_{ab}γτδ + 1_{f g}. δϵ = 1_{f g}, (10) ⇒ (11). For the II-arrow ϵ = 0_{ab}γτ, it follows ϵδ = 0_{bb}, δ + 1_f + γ = 1_{f gf} , η + 1_g + ϵ = 1_{gf g} By Lemma 3.1 the following equalities hold:

1_f + γ + 1_g + δ = 1_{f gf g}, γ + 1_g + δ = 1_{gf g}, 1_f + η = δ + 1_f , ϵ + 1_{f gf} + η = 1_f + γ + 1_g + δ + 1_f = 1_{f gf gf} .

(11) ⇒ (1). There exist II-arrows γ = 0_{ba}ϵθ , δ = θη0_{ba}, τ = η0_{ba}ϵ, such that γη = 0_{aa}, ϵδ = 0_{bb}, γτδ = 0_{ba}, 1_{f gf} + η = δ + 1_{f gf} , δ + 1_f + γ = (1_{f gf} + γ)(δ + 1_{f gf} ) = 1_{f gf} , according to (1) ⇒ (2), γ + 1_g + δ = 1_{gf g} . ■

Remark 3.1. According to (1) ⇒ (2) and (2) ⇒ (3) , each condition of the Theorem 3.1. is equivalent to its dual and transposed, respectively.

Remark 3.2. For each condition of Theorem 3.1 the following equalities hold:

(ϵ + 1_f )(1_f + η) = 1_f , ϵ + 1_f + η = 1_{f gf} , ϵ + 1_{f gf} + η = 1_{f gf gf} , (1_g + ϵ)(η + 1_g) = 1_g , η + 1_g + ϵ = 1_{gf g} , η + 1_{gf g} + ϵ = 1_{gf gf g} , (1_g + ϵ)(η + 1_g) = 1_g , η + 1_g + ϵ = 1_{gf g} , η + 1_{gf g} + ϵ = 1_{gf gf g} , (γ + 1_g)(1_g + δ) = 1_g, γ + 1_g + δ = 1_{gf g} , γ + 1_{gf g} + δ = 1_{gf gf g} , 1_f + η = δ + 1_f , ϵ + 1_f = 1_f + γ, η + 1_g = 1_g + δ, 1_g + ϵ = γ + 1_g γη = 0_{aa}, ϵδ = 0_{bb}, γτδ = 0_{ba}, η0_{ba}ϵ = τ, τθ = 1_{gf} , ηγ = 1_{gf} , δϵ = 1_{f g}, ϵθη = 0_{ab}, δ1_{ab}γ = θ, θτ = 1_{f g}.

Corollary 3.1. For the II-arrows

1_a^{f ∗}→ f^{f∗}→ 1_b^{g∗}→ g^{g∗}→ 1_b,

the conditions: 1) f_∗ + 0_{ab}g_∗ + 1_f + g^∗0_{ab} + f^∗ = 1_{f gf} , f_∗f^∗g_∗g^∗ f_∗f^∗ = 0_{ab}. 2) f_∗ + 0_{ab}g_∗ + 1_f + g^∗0_{ab} + f^∗ = 1_{f gf} , f_∗f^∗ = 0_{ab}, g_∗g^∗ = 0_{ba}, g^∗ + f^∗0_{ba}f_∗ + g_∗ = 0_{ba}f_∗ + 1_g + f^∗0_{ba} 3) f^∗g_∗g^∗ f_∗ = 1_f , f_∗f^∗ = 0_{ab}, g^∗0_{ab}g_∗ + f^∗0_{ba}f_∗ = 1_{gf.} 4) f_∗ + 0_{ab}g_∗ + 1_f = 1_f + g_∗ + 0_{ba} + f_∗, g^∗0_{ab} + f^∗ + 1_g = 1_g + f^∗0_{ba} + g^∗ f_∗f^∗g_∗g^∗ f_∗f^∗ = 0_{ab}, g^∗0_{ab}g_∗ + f^∗0_{ba}f_∗ = 1_{gf.}

5) f_∗ + 0_{ab}g_∗ + 1_{f gf} + g^∗0_{ab} + f^∗ = 1_{f gf gf} , f_∗f^∗g_∗g^∗ f_∗f^∗ = 0_{ab}, 6) f ∼= 1_x ∼= g.

are equivalent.

Proof. After constructing II-arrows γ, η, δ, ε, θ and τ γ = g_∗ + 0_{ba}f_∗, η = g^∗0_{ab} + f^∗, δ = f^∗0_{ba} + g^∗, ϵ = f_∗ + 0_{ab}g_∗, θ = f^∗g_∗ + g^∗f_∗, τ = g^∗f_∗ + f^∗g_∗ the proof is straightly follows from the Theorem 3.1. ■

Acknowledgement The work supported by the Georgian Orthodox Christian Church and INTAS program grant.

Sokhumi, 1991-92.

references

1. Z. Omiadze, II-Categories. Equivalence and Adjunction, Bulletin of the Georgian Academy of Sciences, 155(1997), No. 1, 12–17.

2. C. Ehresmann, Categories Structuries, Ann. Ecol. Norm. Sup. 80(1963), 349–426.

3. S. MacLane, Categories for the Working Mathematicians. Springer-Verlag, Berlin-Heidelberg-New York, 1971.

4. J. W. Gray, Formal Category Theory: Adjointness For 2-Categories, Lecture Notes in Math. 341, Springer-Verlag, Berlin, 1974.

(Received 16.01.1998)

Author’s address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia