Proceedings of A.Razmadze Mathematical Institute, Vol. 117, 1998

THE DIFFERENCE SCHEMES OF HIGH ORDER ACCURACY FOR ELLIPTIC EQUATIONS WITH LOWER DERIVATIVES

G. BERIKELASHVILI

Abstract. The scale of a priori estimates of convergence rate of the considered difference schemes is obtained when the solution of the initial problem belongs to the Sobolev spaces.

In this paper we investigated the finite-difference schemes of high order accuracy approximating the boundary value problem

∂^2u ∂x^2_1 + ∂^2u ∂x^2

+ λ_1 ∂u ∂x_1

+ λ_2 ∂u ∂x_2

= −f(x), x ∈ Ω, u(x) = 0, x ∈ Γ (1)

with solutions from W^m_2 (Ω), m ≥ 2. Here Ω = {x = (x_1, x_2) : 0 ≤ x_1 ≤ l_1, 0 ≤ x_2 ≤ l_2} is a rectangle with boundary Γ, λ_1, λ_2 are constant coefficients.

Difference scheme of fourth order accuracy was considered in [1] for the problem (1) on the square mesh. The indicated scheme is a particular case of a scheme constructed and investigated earlier in [2] converging with rate O(|h|^4) to the solution u ∈ C^6(Ω̄).

In this paper the convergence estimates of the difference schemes for the problem (1) are established applying the known method [3] which in its turn uses the generalization of Bramble-Hilbert lemma [4]. They are as follovs

‖y − u‖_W s_{2 (ω)} ≤ M|h|^{m−s}‖u‖_W m_{2 (Ω)} , (2)

where the constant M > 0 is independent on h and u(x). Let’s assume, that the sides l_1, l_2 of the rectangle Ω are commensurable. In Ω̄ = Ω ∪ Γ we define the following meshes: ω̄_α = {x_α = i_αh : i_α = 0, 1, · · · , N_α, h = l_α/N_α}, ω_α = ω̄_α ∩ (0, l_α), ω^+_α = ω̄_α ∩ (0; l_α], ω_{(α)} = ω^+_α × ω_{3−α}, ω = ω_1 × ω_2, ω̄ = ω̄_1 × ω̄_2, ω^+ = ω^+_1 × ω^+_2 , γ = ω̄\ω .

1991 Mathematics Subject Classification. 65N06.

Key words and phrases. Difference schemes, high accuracy, Sobolev space.

We shall need the averaging operators:

T_1u(x) = 1 h^2

x_1+h∫

x_1−h

(h − |x_1 − ξ_1|)u(ξ_1, x_2)dξ_1, S^−_1 u(x) = 1 h x_1∫

x_1−h

u(ξ_1, x_2)dξ_1,

T_2 and S^−_2 are defined similarly.

Let H be the space of discrete functions y = y(x) , defined on the mesh ω, with the inner product (y, v) ≡ (y, v)_ω and the norm ‖y‖ ≡ ‖y‖_ω, where

(y, v)~_ω = ∑ x∈~ω h^2y(x)v(x), ‖y‖~_ω = (y, y)^{1/2}~_ω , ~ω ⊆ ω̄.

Let y^{(−11)}(x) = y(x_1 − h, x_2), y^{(−12)}(x) = y(x_1, x_2 − h).

Further, in the space H we define the operators Λ_α, ∂_α α = 1, 2 in the following way: Λ_αy =^∘y_{x̄αxα} , ∂_αy =^∘y ∘_{xα} , y ∈ H and^∘y (x) = y(x) for x ∈ ω,^∘y (x) = 0 for x ∈ γ. Let Λ = −Λ_1 − Λ_2.

It is linear, self-adjoint and positive definite operator in the Hilbert space H, besides [5]

(8/l^2_1 + 8/l^2)E ≤ Λ ≤ 8/h^2E, Ey ≡ y. (3) Define the following norms of discrete functions

‖y‖_{C(ω)} = max_{x∈ω} |y(x)|, ‖y‖^2_W 1_{2 (ω)} = ‖y_{x̄1} ‖^2_{(1)} + ‖y_{x̄2} ‖^2_{(2)}, ‖y‖_{(α)} = ‖y‖_{ω(α)} ,

‖y‖^2_W 2_{2 (ω)} = ‖y_{x̄1x1} ‖^2 + ‖y_{x̄2x2} ‖^2 + 2‖y_{x̄1x̄2} ‖^2_ω+ . It’s easy to verify that

‖y‖_W 1_{2 (ω)} = (Λy, y)^{1/2}, ‖y‖_W 2_{2 (ω)} = ‖Λy‖. (4) The problem (1) is approximated by the difference scheme

L_hy ≡ (A + B + C)y = φ, x ∈ ω, y ∈ H, (5) where

φ(x) = T_1T_2 ( f + h^2 12 2∑ α=1 λ_α ∂f ∂x_α ) , (6)

A = − 2∑ α=1 Λ_α ( E + h^2 12 Λ_{3−α} ) , C = 2∑ α=1 λ_α∂_α ( E + h^2 6 Λ_{3−α} ) ,

B = − h^2 12 (λ^2_1Λ_1 + λ^2Λ_2 + 2λ_1λ_2∂_1∂_2).

The following proposition is valid.

Lemma 1. L_h is a positive definite operator in the space H and the estimates L_h ≥ 2/3Λ, (7)

‖Λy‖ ≤ c‖L_hy‖, (8)

‖L^{−1}_h y‖ ≤ c‖Λ^{−1}y‖, (9) where c = (1 + 3 √ 2l_1l_2λ/8)3/2, λ = max(|λ_1|, |λ_2|), hold.

Proof. Taking into account (3), the positive definitness of the operator L_h follows from the estimate (7), which in its turn follows from easy relations A = A^∗ ≥ 2/3Λ, B = B^∗ ≥ 0, C = −C^∗ Further, applying ‖y∘_{x1} ∘_{x2} ‖ ≤ ‖y_{x̄1x̄2} ‖_ω+ = (Λ_1y, Λ_2y), we obtain

(By, −Λ_αy) ≥ h^2 12 (λ^2_α‖Λ_αy‖^2 + λ^2_{3−α}‖y_{x̄1x̄2} ‖^2_ω+ − 2|λ_1λ_2| ‖Λ_αy‖ ‖y_{x̄1x̄2} ‖_ω+ ) ≥ 0.

And as (Ay, Λy) ≥ 2 3 ‖Λy‖^2, then ((A + B)y, Λy) ≥ 2 3 ‖Λy‖^2 or ‖Λy‖ ≤ 3 2 ‖(A + B)y‖. (10) It is clear, that

‖Cy‖ ≤ λ 2∑ α=1 ‖(E + h^2 6 Λ_{3−α}∂_α)y‖ ≤ √ 2λ‖y‖_W 1_{2 (ω)}. (11)

Besides, (7) and the discrete analogue of the Friedrichs inequality yields

‖y‖_W 1_{2 (ω)} ≤ 3 √ l_1l_2 8 ‖L_hy‖ (12)

and therefore the relation ‖Cy‖ ≤ 3 √ 2l_1l_2 8 λ‖L_hy‖ (13) follows from (11).

Substituting A + B = L_h − C into (10) and using (13), we obtain (8).

The estimate ‖Λy‖ ≤ c‖L^∗_hy‖, ∀y ∈ H (14) can be obtained similarly.

Further, L^∗_hL_h is self-adjoint and positive definite operator in H. Therefore

‖L^{−1}_h y‖ = ‖(L^∗_hL_h)^{−1}L^∗_hy‖ = sup_{v≠0}

|(L^∗_hy, v)| ‖L^∗_hL_hv‖

= sup_{v≠0}

|(Λ^{−1}y, ΛL_hv)|

‖L^∗_hL_hv‖ ≤

≤ ‖Λ^{−1}y‖ sup_{v≠0}

‖ΛL_hv‖ ‖L^∗_hL_hv‖ from here and the inequality (14) follows (9). This completes the proof of lemma 1. ■

For the error z = y − u the folowing relation is true

L_hz = ψ, z ∈ H (15)

The approximation error ψ = φ − L_hu can be written in the form ψ = 2∑ α=1 (Λ_αη_{α1} + λ_αΛ_{3−α}η_{α2} + λ_αη_{α3xα} + λ^2_αΛ_αη_{α4}) + λ_1λ_2η_{x1x2} , (16)

where

η_{α1} = u + h^2 12 Λ_{3−α}u − T_{3−α}u, η_{α2} = h^2 6 ( 1 2 (u + u^{(−1α)}) − S^−_α u ) x_α ,

η_{α3} = 1 2 (u + u^{(−1α)}) + h^2 12 S^−_α Λ_{3−α}u − S^−_α T_{3−α}u − h^2 12 T_{3−α} ( ∂u ∂x_α ) x̄_α ,

η_{α4} = h^2 12 (u − T_{3−α}u), η = h^2 6 ( 1 4 (u + u^{(−11)} + u^{(−12)} + u^{(−11,−12)}) − S^−_1 S^−_2 u )

From the positive definitness of operator L_h follows the unique solvability of the difference scheme (5), (6) and problem (15).

Lemma 2. For the solution of problem (15) the following estimates are true

‖z‖ ≤ c

(_2 ∑ α=1 (‖η_{α1}‖ + λl_α √ 8 ‖η_{α3}‖_{(α)} + λ^2‖η_{α4}‖ + λ‖η_{α2}‖) + λ^2‖η‖_ω+ ) , (17)

‖z‖_W 1_{2 (ω)} ≤ 3 2 (^2∑ α=1 (‖η_{α1x̄α} ‖_{(α)} + λ‖η_{α3}‖_{(α)} + λ^2‖η_{α4x̄α} ‖_{(α)}+

+λ‖η_{α2x̄3−α} ‖_{(3−α)}) + λ^2‖η_{x1} ‖_{(2)} ) , (18)

‖Λz‖ ≤ ≤ c (_2 ∑ α=1 (‖Λ_αη_{α1}‖ + λ‖η_{α3xα} ‖ + λ^2‖Λ_αη_{α4}‖ + λ‖Λ_{3−α}η_{α2}‖) + λ^2‖η_{x1x2} ‖ ) . (19)

Proof. The inequality (17) can be obtained using the estimate (9). For establishing the a priori estimation (18) we multiply both parts of (15) scalarly by z and use the formulas of summing by parts and inequality (7). The estimate (19) follows immediately from (15) using (8). Thus, lemma 2 is proved. ■

The inequalities (16)-(18) with the generalization of Bramble-Hilbert lemma enable us to establish the validity of the following statement on the accuracy of difference scheme (5), (6).

Theorem 1. Let the solution of the boundary value problem (1) belong to u ∈ W^m_2 (Ω), m ≥ 2. Then for the solution y(x) of the difference scheme (5), (6) the estimate of convergence (2) with m ∈ [2; 4 + s], s = 0, 1, 2 holds.

Let now the right-hand side in (5) be defined by the equality

φ = f + h^2 12 (Λ_1 + Λ_2 + λ_1∂_1 + λ_2∂_2)f. (20)

The difference scheme (5), (20) represents the scheme from [1,2]. The following statement is true.

Theorem 2. Let the solution of the problem (1) belong to the space W^m_2 (Ω), m > 3. Then the convergence rate of difference scheme (5), (20) is given by estimate (2) with s = 2, m ∈ (3; 6].

As it was marked in [1], the equation of the type (1) often arise in problems of hydrodinamics at linearization of the equation of movement and it is desirable for the corresponding difference scheme to have enough accuracy for big values of λ_α. Therefore it is a matter of interest to represent the estimate of convergence taking into acount the value λ. Such estimate, for instance in the norm W^2_2 (ω) for the scheme (5), (6) has the form

‖y − u‖_W 2_{2 (ω)} ≤ Mh^{m−2}(1 + λh^{κ1} + λ^2h^{κ2} )‖u‖_W m_{2 (Ω)}, m ∈ (3; 6],

where κ_1 = min(1; 6 − m), κ_2 = min(2; 6 − m).

Remark 1. Using the imbedding W^1_2 (ω) into C(ω) for the mesh functions of two variables with coefficient | ln h|^{0.5} (see [6]), we obtain the estimate

‖y − u‖_{C(ω)} ≤ M| ln h|^{0.5}h^{m−1}‖u‖_W m_{2 (Ω)}

for the schemes (5), (6) and (5), (20) where respectively m ∈ [2; 5) and m ∈ (3; 5]. Using the imbedding of W^2_2 (ω) into C(ω) (see [5]), for the both schemes we obtain

‖y − u‖_{C(ω)} ≤ Mh^{m−2}‖u‖_W m_{2 (Ω)}

with m ∈ [2; 6] and m ∈ (3; 6] respectively.

References

1. M. M. Gupta, R. P. Manohar, and J. W. Stephenson, A fourth order, cost effective and stable finite difference scheme for the convection-diffusion equation. Numerical properties and Methodologies in heat transfer (College Park. Md., 1981) , 201–209, Ser. Comput. Methods Mech. Thermal Sci., Hemisphere, Washington, D. C.-London, 1983.

2. V. V. Badagadze, On the numerical solution of a second-order equation of elliptic type. (Russian) Bull. Acad.Sci. Georgian SSR 30(1963), No. 6, 689–696.

3. A. A. Samarski, R. D. Lazarov, and V. L. Makarov, Difference Schemes for Differential Equations with Generalized Solutions. (Russian) Visshaja Shkola, Moscow, 1987.

4. T. Dupont, R. Scott, Polynomial approximation of functions in Sobolev spaces. Math. Comput. 34(1987), No. 150, 441–463 .

5. A. A. Samarski, V. B. Andreev, Difference methods for elliptic equations. (Russian) Nauka, Moscow, 1976 .

6. Ju. I. Mokin, Estimations of the L_p-norms of functions in the limiting cases.(Russian) Differencial’nye Uravnenija 11(1975), No. 9, 1652–1663.

(Received 1.04.1997)

Author’s address A. Razmadze mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia