Proceedings of A.Razmadze Mathematical Institute, Vol. 112, 1997

SOME WEIGHTED HARDY-TYPE INEQUALITIES AND APPLICATIONS

VJACHESLAV S. RYCHKOV

Abstract. We study the two-weighted estimate ‖ ‖ ‖ n∑ k=0 a_k(x) x∫ 0 t^kf(t)dt|L_{q,v}(0, ∞) ‖ ‖ ‖ ≤ c‖f|L^{p,u}(0, ∞)‖, (∗)

where the functions a_k(x) are assumed to be non-positive. It is shown that for 1 < p ≤ q ≤ ∞, provided that the weight u satisfies the certain conditions, the estimate (∗) holds if and only if the estimate n∑ k=0 ‖ ‖ ‖ ‖a^k(x) x∫ 0 t^kf(t)dt|L_{q,v}(0, ∞) ‖ ‖ ‖ ‖ ≤ c‖f|L^{p,u}(0, ∞)‖. (∗∗)

is fulfilled. The necessary and sufficient conditions for (∗∗) to be valid are well-known. The obtained result can be applied to the estimates of differential operators with variable coefficients in some weighted Sobolev spaces.

1. Introduction

The problem of finding the necessary and sufficient conditions imposed on the functions u(x), v(x), for which the estimate of the kind

1991 Mathematics Subject Classification. Primary: 26D10; Secondary: 47B38, 46E30, 46E35.

Key words and phrases. Two-weighted estimate, Hardy inequality, weighted Sobolev space, differential operator, pointwise multiplier.

114 VJACHESLAV S. RYCHKOV

(_∞∫

0

| | | |v(x) x∫ 0 A(x, t)f(t)dt | | | | q dx )_{1/q} ≤ c (_∞∫

0 |u(x)f(x)|^pdx

)_{1/p}

(1.1)

are valid, attracted great attention for the last decade (see, e.g., a wide bibliography in the work of V. D. Stepanov [1]). It is well known that the cases p > q and p ≤ q are in principle distinct. Here and everywhere below we assume that p ≤ q.

For 1 ≤ p ≤ q ≤ ∞ and A(x, t) ≡ 1 the necessary and sufficient condition for validity of the estimate (1.1) has been obtained by J. S. Bradley [2] and V. M. Kokilashvili [3]. The first substantial progress for A(x, t)≢1 has been reached in their papers by V. D. Stepanov [4], [5] and F. J. Martin–Reyes and E. Sawyer [6] where they investigated the case A(x, t) = (x − t)^α, α > 0.

For the present the most general classes of kernels A(x, t) are apparently considered by R. Oinarov [7]. The kernels of these classes are positive and satisfy some additional different types restrictions of which the most known is “the Oinarov’s condition”:

c_1A(x, t) ≤ A(x, y) + A(y, t) ≤ c_2A(x, t), t < y < x, c_1, c_2 > 0.

We should like to emphasize the following fact. As far as our knowledge goes, until recently no work has been available in which the criteria for the validity of (1.1) with the kernels A(x, t) of alternating signs would have been considered.

In the recent work [8] the author has, however, shown some class of kernels with alternating signs for which we managed to characterize the admissible weights in (1.1) for p = q = 2 provided that the weight u undergoes some restrictions. In the present work we extend this result to all 1 < p ≤ q ≤ ∞ and weaken the restriction to u. As an application we studied in [8] the problem of description of pointwise multipliers in some weighted Sobolev spaces. As an application we solve here more general problem of finding the criteria of restrictive action for differential operators with variable coefficients from the same weighted Sobolev spaces to the weighted spaces L_q.

The paper is presented as follows: the basic results are formulated in §2. The proofs are given in §3 and §4. All the functions are assumed to be measurable and finite almost everywhere.

SOME WEIGHTED HARDY-TYPE . . . 115

2. Results

Let R^+ = (0, ∞) be a half-line, 1 ≤ p ≤ ∞, and u be a non-negative function on R (weight). Denote by L_{p,u} a weight space of functions f : R^+ → C with a norm

‖f|L_{p,u}‖ =

(_∞∫

0 |u(x)f(x)|^pdx

)_{1/p}

, 1 ≤ p < ∞,

‖f|L_{∞,u}‖ = ess sup_{x>0} |u(x)f(x)|.

In what follows the last modification is meant everywhere. We denote by p^′ a conjugate exponent: p^′ = p/(p − 1). The main statement of the present paper is the following

Theorem 2.1. Given n ∈ N and the functions a_k :R^+ →C, k =0, . . . , n, let 1 < p ≤ q ≤ ∞, u, v be two non-negative functions on R^+. Moreover there exists a constant D(u) such that r∫ 0 u^{−p′} (x)dx < ∞ ∀r > 0, (2.1) 2r∫ 0 x^{(n−1)p′} u^{−p′} (x)dx ≤

≤ D(u) r∫ 0 x^{(n−1)p′} u^{−p′} (x)dx ∀r > 0. (2.2)

Then the following three assertions are equivalent:

(i) The estimate ‖ ‖ ‖ ‖ n∑ k=0 a_k(x) x∫ 0 t^kf(t)dt|L_{q,v} ‖ ‖ ‖ ‖ ≤ c‖f|L_{p,u}‖

holds;

(ii) the estimates ‖ ‖ ‖ ‖a_k(x) x∫ 0 t^kf(t)dt|L_{q,v} ‖ ‖ ‖ ‖ ≤ c_k‖f|L_{p,u}‖, k = 0, . . . , n,

hold;

116 VJACHESLAV S. RYCHKOV

(iii) the values

S_k = sup_{r>0}

(_∞∫ r |a_k(x)v(x)|^qdx

)_{1/q} · (_r∫

0 x^{−kp′} u^{−p′} (x)dx

)_{1/p}′

< ∞,

k = 0, . . . , n,

are finite.

If ~C is the best constant in (i), then

K_1(p, q)~c ≤ n∑ k=0 S_k ≤ K_2(D(u), n, p, q)~c.

Remark 1. For p = q = 2 and under more restrictive condition to u of the kind ∫ Δ u^{−2}(x)dx ≤ D(u) ∫ 1 2 Δ u^{−2}(x)dx,

where Δ runs through all segments in R^+ (^1_2 Δ is twice as less segment with the same center), this theorem has been proved by the author in [8].

Remark 2. There exist weights u not satisfying (2.2) for which the assertion of Theorem 2.1 does not hold. For example, for u(x) = e^{−x} the estimate ‖ ‖ ‖ ‖x x∫ 0 f(t)dt − x∫ 0 tf(t)dt|L_{2,e}−x ‖ ‖ ‖ ‖ ≤ c‖f|L_{2,e}−x ‖

is valid, at the time as the corresponding estimates for either summands in the left-hand side does not hold separately. For details refer to the author’s work [8, Prop. 1.2] and also to A. Kufner [9, Example 1].

As an application to Theorem 2.1 we consider the estimates for differential operators with variable coefficients in the weighted Sobolev spaces. For l ∈ N we distinguish two types of such spaces:

W^l_{p,u} = { f : R^+ → C | | ‖f|W^l_{p,u}‖ =

l−1∑ k=0 |f^{(k)}(0)| + ‖f^{(l)}|L_{p,u}‖ < ∞ } , and ∘ W^l_{p,u} = { f : R^+ → C|f^{(k)}(0) = 0, k = 0, . . . , l − 1,

‖f|^∘W^l_{p,u}‖ = ‖f^{(l)}|L_{p,u}‖ < ∞ } .

SOME WEIGHTED HARDY-TYPE . . . 117

Under the notation f^{(l)} we mean that the function f has an absolutely continuous derivative f^{(l−1)}. Then f^{(l)} = (f^{(l−1)})^′ exists almost everywhere. In the sequel, the condition (2.1) is assumed to be fulfilled. In this case ‖f^{(l)}|L_{p,u}‖ < ∞ implies the existence of f^{(k)}(0), k = 0, . . . , l −1, which may be understood to be the limits f^{(k)}(0 + 0), and the definitions of the spaces W^l_{p,u} and^∘W^l_{p,u} become correct. Note that all polynomials of degree ≤ l − 1 belong to W^l_{p,u}. The spaces W^l_{p,u} have been introduced and studied by L. D. Kudryavtsev [10].

Let us consider a differential operator of the l-th order with variable coefficients P (x, D) = l∑ m=0 b_m(x)D^m,

which acts by the rule

P (x, D)f(x) = l∑ m=0 b_m(x)f^{(m)}(x).

Introduce the notation

d_k(x) =

l−1−k∑ m=0 b_m(x) x^{l−1−k−m} (l − 1 − k − m)!

, k = 0, . . . , l − 1.

The following theorem is valid.

Theorem 2.2. Let l ∈ N, 1 < p ≤ q ≤ ∞ and u, v be non-negative on R^+ functions and let the condition (2.1) be fulfilled. If l ≥ 2, then let the condition (2.2) with n = l − 1 be also fulfilled.

(i) In order for P (x, D) :^∘W^l_{p,u} → L_{q,v}, it is necessary and sufficient that the conditions

sup_{r>0}

(_∞∫ r |d_k(x)v(x)|^qdx

)_{1/q}(_r∫

0 x^{kp′} u^{−p′} (x)dx

)_{1/p}′

< ∞, (2.3)

k = 0, . . . , l − 1, and b_l(x) ≡ 0 for p < q, ‖b_lvu^{−1}|L_∞(R^+)‖ < ∞ for p = q (2.4) be fulfilled.

118 VJACHESLAV S. RYCHKOV

(ii) In order that P (x, D) : W^l_{p,u} → L_{q,v}, it is necessary and sufficient that the conditions (2.3) and (2.4) be fulfilled and also that

‖P (x, D)x^k|L_{q,v}‖ < ∞, k = 0, . . . , l − 1. (2.5)

Remark. The theorem given above generalizes Theorem 2.4 on pointwise multipliers in W^l_{p,u} presented in the author’s work [8] in which was considered the case p = q = 2, and P (x, D)f = (φf)^{(m)}, 0 ≤ m ≤ l.

In conclusion let us formulate the following unsolved problem: Find for l ≥ 2 the necessary and sufficient conditions imposed on the function φ under which ‖φf|W^l_{2,e}−x ‖ ≤ c‖f|W^l_{2,e}−x ‖ ∀f ∈ W^l_{2,e}−x .

In other words, it is required to describe pointwise multipliers in the space W^l_{2,e}−x . Theorem 2.4 in [8] does not answer this question. Note that for l = 1, 1 ≤ p ≤ ∞ and for arbitrary weights u, v we can show that the estimate ‖φf|W^1_{p,v}‖ ≤ c‖f|W^1_{p,u}‖ ∀f ∈ W^1_{p,u} holds if and only if the function φ satisfies the conditions

‖φvu^{−1}|L_∞(R^+)‖ < ∞,

sup_{r>0}

(_∞∫ r |φ^′(x)v(x)|^pdx

)_{1/p}(_r∫

0 u^{−p′} (x)dx

)_{1/p}′

< ∞.

3. Proof of Theorem 2.1 Lemma 3.1. Let X be a Banach space, X^∗ be its conjugate and let Y ⊂ X be a closed subspace. Moreover, let e ∈ X, e ∉ Y be a fixed vector. Then

(i) sup{⟨y^∗, e⟩ : y^∗|_Y = 0, ‖y^∗|X^∗‖ = 1} = dist(e, Y ). (ii) If there exists a vector y_0 ∈ Y such that dist(e, Y ) = ‖e − y_0‖, then there also exists a functional y^∗_0 ∈ X^∗, y^∗_0|_Y = 0, ‖y^∗_0 |X^∗‖ = 1 such that ⟨y^∗_0, e⟩ = ‖e − y_0‖.

SOME WEIGHTED HARDY-TYPE . . . 119

Remark. The symbol ⟨y^∗, e⟩ denotes the value of the functional y^∗ ∈X^∗ on the vector e ∈ X. The writing y^∗|_Y = 0 means that ⟨y^∗, y⟩ = 0 ∀y ∈ Y . Item (i) of the above lemma is formulated as Exercise 19 in Chapter 4 of W. Rudin’s book [11].

Proof. Let y ∈ Y , y^∗|_Y = 0, ‖y^∗|X^∗‖ = 1. We see that

⟨y^∗, e⟩ = ⟨y^∗, e − y⟩ ≤ ‖e − y‖ ≤ dist(e, Y ),

whence

sup{⟨y^∗, e⟩ : y^∗|_Y = 0, ‖y^∗‖ = 1} ≤ dist(e, Y ). (3.1)

Next, since e ∉ Y , by the Hahn–Banach theorem (see W. Rudin [11, Th.3.3]), for every y ∈ Y there exists y^∗ ∈ X^∗ such that ‖y^∗‖ = 1, y^∗|_Y = 0 and we achieve the norm of the functional y^∗ on the vector e − y, i.e., ‖e − y‖ = ⟨y^∗, e − y⟩ = ⟨y^∗, e⟩.

This implies that the inverse inequality in (3.1) is valid and hence item (i) is fulfilled. Item (ii) is proved simultaneously. ■

Lemma 3.2. Let w be a positive function on R^+; moreover, r∫ 0 w(x)dx < ∞ ∀r > 0.

Let 1 ≤ s < ∞, P_{n,r}(x) be a polynomial of the n-th degree with a highest degree term x^n, satisfying the conditions r∫ 0 |P_{n,r}(x)|^{s−1} sign P_{n,r}(x)x^kw(x)dx = 0, k = 1, . . . , n.

Then

(i) all roots of the polynomial P_{n,r}(x) are simple, real and lying on the interval (0, r).

(ii) Let, in addition, the condition 2r∫ 0 w(x)dx ≤ c r∫ 0 w(x)dx ∀r > 0 (3.2)

120 VJACHESLAV S. RYCHKOV

be fulfilled with some constant c = c(w). Let x_1(r) be the least root of the polynomial P_{n,r}(x). Then r∫ 0 w(x)dx ≤ K

x_1(r)∫

0 w(x)dx ∀r > 0, (3.3)

for some constant K = K(c, n, s).

Remark 3. The polynomial P_{n,r}(x) does exist for every n ∈ N and r > 0, and is the solution of the extremal problem r∫ 0 |P (x)|^sxw(x)dx → min_P ,

where P (x) runs through all polynomials with the highest degree term x^n. The interested reader is referred to [12], §2.1.1. Therein is proved item (i) (for w ≡ 1, but the proof works also in the general case). Proof. It remains to prove (ii). Let x_1, . . . , x_n ∈ (0, r) be the roots of P_{n,r}(x) enumerated in the increasing order. Suppose also that x_{n+1} = r. We shall prove that

x_{m+1}∫

0 wdx ≤ K_1

x_m∫

0 wdx for all m = 1, . . . , n. (3.4)

This will imply the required inequality (3.3) with the constant K = K^n_1 .

For x_{m+1} ≤ 4x_m the inequality (3.4) follows from (3.2) with K_1 = c^2. Let now x_{m+1} > 4x_m. Taking the polynomial

R(x) = ∏ (x − x_k),

where the product is taken over all k ∈ {1, . . . , n}\{m}, by the definition of P_{n,r} we have_r ∫ 0 |P_{n,r}|^{s−1} sign(P_{n,r})Rxwdx = 0,

which can be written as r∫ x_m

m−1∏ k=1 |x − x_k|^s|x − x_m|^{s−1} n∏ k=m+1

|x − x_k|^sxwdx=

x_m∫

0 from the same (3.5)

(with obvious modifications for m = 1 and m = n).

SOME WEIGHTED HARDY-TYPE . . . 121

By virtue of simple estimates

|x − x_k| ≥ x_m, k = 1, . . . , m |x − x_k| ≥ x_k/2, k = m + 1, . . . , n x ≥ x_m x ∈ [2x_m, x_{m+1/2}]

|x − x_k| ≤ x_m, k = 1, . . . , m |x − x_k| ≤ x_k, k = m + 1, . . . , n x ≤ x_m x ∈ [0, x_m].

From (3.5) we have

x_{m+1}/2 ∫ 2x_m

w dx ≤ 2^{s(n−m−1)}

x_m∫

0 w dx.

Therefore

x_{m+1}∫

0 w ≤ c

x_{m+1}/2 ∫ 0 w = c

2x_m∫

0 w + c

x_{m+1}/2 ∫ 2x_m

w ≤ (c^2 + c2^{s(n−m−1)})

x_m∫

0 w. ■

Lemma 3.3. Let n, a_k(x), k = 0, . . . , n, p, q, v(x) be the same as in Theorem 2.1. Let the positive on R^+ function u(x) satisfy the condition (2.1) and_{2r} ∫ 0 u^{−p′} (x)dx ≤ D r∫ 0 u^{−p′} (x)dx ∀r > 0

(which is weaker than (2.2)). Let the estimate (i) with the constant c < ∞ from Theorem 2.1 holds. Then

S_0 =sup_{r>0}

(_∞∫ r |a_0(x)v(x)|^qdx

)_{1/q}(_r∫

0 u^{−p′} (x)dx

)_{1/p}′ ≤ ≤ C(D, n, p)c<∞. (3.6) Proof. Consider the extremal problem r∫ 0 f(t)dt

( r∫ 0 |u(t)f(t)|^pdt

)_{1/p} → max_f , r∫ 0 t^kf(t)dt = 0, k = 1, . . . , n.

(3.7)

122 VJACHESLAV S. RYCHKOV

By substitution f(t) = u^{−p′} (t)g(t), this problem reduces to more convenient one: r∫ 0 g(t)u^{−p′} (t)dt

( r∫ 0 |g(t)|^pu^{−p′} (t)dt

)_{1/p} → max_g , r∫ 0 g(t)t^ku^{−p′} (t)dt = 0, k = 1 . . . , n.

(3.8)

Let L_p(A, dμ) denote a space of functions f : A → C with the norm ( ∫ A |f|^pdμ)^{1/p}. Let X = L_p′ ([0, r], u^{−p′} (t)dt), Y be a finite-dimensional subspace X with a basis form by the functions t, t^2, . . . , t^n. Note that X^∗ = L_p([0, r], u^{−p′} (t)dt), the pairing between f ∈ X and g ∈ X^∗ being defined by the formula

⟨g, f⟩ = r∫ 0 g(t)f(t)u^{−p′} (t)dt.

If we denote by e a vector of the space X representing the function e(x) ≡ 1, then the extremal problem (3.8) can be written in an abstract manner: ⟨g, e⟩ ‖g|X^∗‖

→ max_{g∈X∗},

g|_Y = 0.

By Lemma 3.1 (i) we have sup { ⟨g, e⟩ ‖g|X^∗‖

: g|_Y = 0 } = dist(e, Y ). (3.9)

Moreover, since the subspace Y is finite-dimensional, dist(e, Y ) is by all means realized at some vector y_0 ∈ Y . Hence by Lemma 3.1 (ii), sup is attained in the right-hand side of (3.9), that is there exists g_0 ∈ X^∗, g_0|_Y = 0 such that

⟨g_0, e⟩ ‖g_0|X^∗‖

= min_{c1,...,cn}

(_r∫

0 |1 + c_1t + · · · c_nt^n|^{p′} u^{−p′} dt

)_{1/p}′

. (3.10)

SOME WEIGHTED HARDY-TYPE . . . 123

Assume P (t) = 1 + c_1t + · · · + c_nt^n, w(t) = u^{−p′} (t). The extremum conditions in the right-hand side of (3.10) have the form r∫ 0 |P (t)|^{p′−1} sign P (t)t^kw(t)dt = 0, k = 1, . . . , n.

Therefore it is clear that the extremal polynomial ~P (t) differs from the polynomial P_{n,r}(t) from Lemma 3.2 (with s = p^′) by the factor only. According to this lemma (noting that the condition (3.2) is fulfilled), all the roots of ~P (t) are located on (0, r) and the following inequality holds: r∫ 0 u^{−p′} (t)dt ≤ K

x_1∫

0 u^{−p′} (t)dt ∀r > 0,

where x_1 is the least of the roots and the constant K does not depend on r. Using this fact, we derive from (3.10) the following estimate:

⟨g_0, e⟩ ‖g_0|X^∗‖ = (_r∫

0 | ~P (t)|^{p′} u^{−p′} (t)dt

)_{1/p}′ =

= (_r∫

0 n∏ k=1 | | |1 − x x_k | | | p^′

u^{−p′} (t)dt

)_{1/p}′ ≥

≥ (_{x1}∫

0 ( 1 − x x_k

)_{np}′

u^{−p′} (t)dt

)_{1/p}′ ≥

≥ ( 2^{−np′}

x_1/2∫

0 u^{−p′} (t)dt

)_{1/p}′ ≥ 2^{−n} (DK)^{1/p′}

(_r∫

0 u^{−p′} (t)dt

)_{1/p}′ . Getting back to the original extremal problem (3.7), we see that for every r > 0 there exists on (0, r) a function f_0(t) = u^{−p′} (t)g_0(t) such that r∫ 0 f_0(t)dt ≥ ~K(D, n, p)

(_r∫

0 u^{−p′} (t)dt

)_{1/p}′ (_r∫

0 |u(t)f_0(t)|^pdt

)_{1/p} , r∫ 0 t^kf_0(t) dt = 0, k = 1, . . . , n.

Extending f_0 on [r, ∞) by zero and substituting the obtained function into the estimate (i) of Theorem 2.1, we get (3.6) with C = 1/~K. ■

124 VJACHESLAV S. RYCHKOV

Lemma 3.4. Let 1 ≤ p ≤ q ≤ ∞, u, v be non-negative on R^+ functions.

The estimate ‖ ‖ ‖ ‖ x∫ 0 f(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ≤ c‖f|L_{p,u}‖ (3.11)

holds if and only if

S = sup_{r>0}

(_∞∫ r v^q(x) dx

)_{1/q}(_r∫

0 u^{−p′} (x) dx

)_{1/p}′

< ∞.

Moreover, if ~c is the best constant in (3.11), then S ≤ ~c ≤ (q^′)^{1/p′} q^{1/q}S.

If p = 1 or q = ∞, then ~c = S.

This is the well known criterion for the validity of the weighted Hardy’s

inequality belonging to J. S. Bradley [2] and V. M. Kokilashvili [3]. The

proof can be found in [13], §1.3.1.

Proof of Theorem 2.1. Implication (ii)⇒(i) is obvious. Equivalence

(ii)⇔(iii) follows from Lemma 3.4. To complete the proof we have to

show that (i)⇒(iii).

We act by induction with respect to n. For n = 0 the assertion of the

theorem follows from Lemma 3.4. Assume that the theorem is already

proved for n = n_0 and that the following estimate holds: ‖ ‖ ‖ ‖ n_0+1∑ k=0 a_k(x) x∫ 0 t^kf(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ≤ c‖f|L_{p,u}‖, (3.12)

where the function u satisfies the condition (2.2) with n = n_0 +1. Lemma

3.3 implies that S_0 < ∞. By Lemma 3.4 this is equivalent to the fact

that the inequalities ‖ ‖ ‖ ‖ ‖a_0(x) x∫ 0 f(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ‖ ≤ c^′‖f|L_{p,u}‖ (3.13)

are fulfilled. Inequalities (3.12) and (3.13) yield ‖ ‖ ‖ ‖ ‖ n_0+1∑ k=1 a_k(x) x∫ 0 t^kf(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ‖ ≤ c^{′′}‖f|L_{p,u}‖,

SOME WEIGHTED HARDY-TYPE . . . 125

which by substitution ~f(t) = tf(t) reduces to the form ‖ ‖ ‖ ‖ ‖ n_0∑ k=0 a_{k+1}(x) x∫ 0 t^k ~f(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ‖ ≤ c^{′′}‖ ~f|L_{p,}~_u‖,

where ~u(x) = x^{−1}u(x). Since ~u satisfies the condition (2.2) with n = n_0, by assumption of the induction we obtain the finiteness of the rest constants S_k, k = 1, . . . , n_0 + 1. ■

4. Proof of Theorem 2.2

Lemma 4.1. Let [a, b] be a segment in R. For any set of functions h_1, . . . , h_l ∈ L_1([a, b]) there exists a function σ with |σ(x)| = 1 on [a, b] such that_b ∫ a h_k(x)σ(x) dx, k = 1, . . . , l.

The proof of this lemma can be found in [14], p. 267.

Lemma 4.2 ([15]). Let l ∈ N, w(x) be a non-negative on the segment [a, b] function with

∫_b

a wdx < ∞. There exists a function g(x), x ∈ R, such that

(a) g(x) = 0 for x /∈ [a, b], (b) g, g^′, . . . , g^{(l−1)} are absolutely continuous on R, (c) |g^{(l)}(x)| = w(x), x ∈ [a, b].

Proof. By Lemma 4.1 there exists a function σ with |σ(x)| = 1 on [a, b] such that_b ∫ a x^kw(x)σ(x) dx = 0, k = 0, . . . , l − 1.

Then

g(x) = 1 (l − 1)! x∫ a (x − t)^{l−1}w(t)σ(t) dt, x ∈ [a, b],

0, x /∈ [a, b],

is the required function. ■

126 VJACHESLAV S. RYCHKOV

Proof of Theorem 2.2.

Step 1. Let T_f (x) =^{l−1} ∑ k=0 f^{(k)}(0)x^k/k! be the Teylor’s polynomial of the function f. Then

P (x, D)f(x) = P (x, D) ( T_f (x) + x∫ 0 (x − t)^{l−1} (l − 1)!

f^{(l)}(t) dt ) =

= P (x, D)T_f (x) + l∑ m=0 b_m(x)D^m x∫ 0 (x − t)^{l−1} (l − 1)!

f^{(l)}(t) dt =

= P (x, D)T_f (x) +

l−1∑ m=0 b_m(x) x∫ 0 (x − t)^{l−m−1} (l − m − 1)!

f^{(l)}(t) dt + b_l(x)f^{(l)}(x) =

= P (x, D)T_f (x) +

l−1∑ m=0 l−m−1 ∑ k=0 b_m(x) x^{l−m−1−k}(−1)^k (l − m − 1 − k)!k! x∫ 0 t^kf^{(l)}(t) dt +

+b_l(x)f^{(l)}(x).

Changing in the last expression the order of summation with respect to m and k, we arrive at the formula P (x, D)f(x) = P (x, D)T_f (x) + + l−1∑ k=0 (−1)^k k! d_k(x) x∫ 0 t^kf^{(l)}(t)dt + b_l(x)f^{(l)}(x). (4.1)

Step 2 (Sufficiency). From the identity (4.1) there follows the estimate

‖P (x, D)f(x)|L_{q,v}‖ ≤ c

l−1∑ k=0 |f^{(k)}(0)| · ‖P (x, D)x^k|L_{q,v}‖ +

+c l−1∑ k=0 ‖ ‖ ‖ ‖ ‖d_k(x) x∫ 0 t^kf^{(l)}(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ‖ + ‖b_lf^{(l)}|L_{q,v}‖. (4.2)

If conditions (2.3) are fulfilled, then by Lemma 3.4 the second term in the right-hand side (4.2) does not exceed c^′‖f^{(l)}|L_{p,u}‖. The third term for p = q can be estimated in an obvious manner: ‖b_lf^{(l)}|L_{p,v}‖ ≤ ‖b_lvu^{−1}|L_∞(R^+)‖ · ‖f^{(l)}|L_{p,u}‖.

All the arguments cited at this step imply the sufficiency of conditions in both parts of Theorem 2.2.

SOME WEIGHTED HARDY-TYPE . . . 127

Step 3 (Necessity). The necessity of the condition (2.5) in item (ii) is obvious. The theorem will be proved if we show that from

P (x, D) :^∘W^{(l)}_{p,u} → L_{q,v} (4.3)

there follows the fulfilment of (2.3) and (2.4).

We proceed from (2.4). Consider the set A_α = {x ∈ R^+ : |b_lvu^{−1}(x)| ≥ α}. Suppose mes A_α > 0. Let B be a bounded subset of A of positive measure on which the functions v(x)d_k(x) are bounded, say B ⊂ [0, M], |v(x)d_k(x)| ≤ N, x ∈ B, k = 0, . . . , l − 1. For every ε > 0 there exists a segment Δ_ε ⊂ R^+ of the length ε such that mes Δ_ε ∩ B > 0. By Lemma 4.2, there exists l times differentiable function g with a support on Δ_ε such that

|g^{(l)}(x)| = u^{−p′} (x) if x ∈ Δ_ε ∩ B, 0 otherwise.

The inequality

‖P (x, D)g|L_{q,v}‖ ≤ K‖g^{(l)}|L_{p,u}‖

and the identity (4.1) yield the estimate

‖b_lf^{(l)}|L_{q,v}‖ ≤ K‖g^{(l)}|L_{p,u}‖ + c

l−1∑ k=0 ‖ ‖ ‖ ‖ ‖d_k(x) x∫ 0 t^kg^{(l)}(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ‖. (4.4)

Using Hölder’s inequality and taking into account the inclusion Δ_ε ∩ B ⊂ A_α, we can see that

‖b_lf^{(l)}|L_{q,v}‖ = ( ∫

Δ_ε∩B

|b_lu^{−p′} v|^qdx

)_{1/q} ≥

≥ (mes Δ_ε ∩ B)^{1/q−1/p} ( ∫

Δ_ε∩B

|b_lu^{−p′} v|^pdx

)_{1/p} ≥

≥ (mes Δ_ε ∩ B)^{1/q−1/p}α ( ∫

Δ_ε∩B

u^{−p′} (x) dx

)_{1/p}

. (4.5)

128 VJACHESLAV S. RYCHKOV

Further,

‖g^{(l)}|L_{p,u}‖ = ( ∫

Δ_ε∩B

u^{−p′} (x) dx

)_{1/p}

, (4.6) ‖ ‖ ‖ ‖d_k(x) x∫ 0 t^kg^{(l)}(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ≤NM^k ( ∫

Δ_ε∩B

u^{−p′} (t)dt ) ×(mes Δ_ε ∩ B)^{1/q}. (4.7)

Substituting (4.5)–(4.7) into (4.4) we obtain

α ≤ (mes Δ_ε ∩ B)^{1/p−1/q} × × ( K + cNM^{l−1} ( ∫

Δ_ε∩B

u^{−p′} (t) dt

)_{1/p}′

(mes Δ_ε ∩ B)^{1/q} ) . (4.8)

We pass to the limit as ε → 0. Then for p < q from (4.8) there follows that α = 0, while for p = q we shall have α ≤ K. Thus the proof of (2.4) is complete.

By virtue of the identity (4.1) and also from (4.3) and (2.4) it follows that the estimate ‖ ‖ ‖ ‖ ‖ l−1∑ k=0 (−1)^k k! d_k(x) x∫ 0 t^kf^{(l)}(t) dt|L_{q,v} ‖ ‖ ‖ ‖ ‖ ≤ ‖f^{(l)}|L_{p,u}‖

holds.

Theorem 2.1 implies (2.3). ■

Acknowledgement

The work is carried out under the financial support of Russian Fund of Fundamental Investigations, Grant RFFI–96-01-00243.

References

1. V. D. Stepanov, Weighted norm inequalities for integral operators and related topics. Nonlinear analysis, function spaces and applications, vol. 5 (Proceedings), Olympia Press, Prague, 1994.

2. J. S. Bradley, Hardy’s inequalities with mixed norms. Canad. Math. Bull. 21(1978), 405–408.

3. V. M. Kokilashvili, On Hardy’s inequalities in weighted spaces. (Russian) Soobshch. Akad. Nauk Gruzin. SSR 96(1979), 37–40.

SOME WEIGHTED HARDY-TYPE . . . 129

4. V. D. Stepanov, Two-weighted estimates for Riemann–Liouville integrals. Report No. 39, Math. Inst., Czechoslovak Academy of Sciences,(1988), 28.

5. V. D. Stepanov, On Hardy type weighted inequalities for Riemann– Liouville fractional integrals. (Russian) Sibirsky Mat. J. 3(1990), 205– 220.

6. F. J. Martin–Reyes and E. Sawyer, Weighted inequalities for Riemann–Liouville fractional integrals of order one and greater. Proc. Amer. Math. Soc. 106(1989), 727–733.

7. R. Oinarov, Two-sided norm estimates of some classes of integral operators. (Russian) Trudy MIRAN 204(1993), 240–250.

8. V. S. Rychkov, Splitting of Volterra integral operators with degenerated kernels. (Russian) Trudy MIRAN 214(1996).

9. A. Kufner, Some remarks concerning Hardy inequality. Teubner Texte zur Math. 133, Teubner, Leipzig, 1993, 290–294.

10. L. D. Kudryavtsev, On norms in weighted spaces of functions given on infinite intervals. Analysis Mathematica 12(1986), 269–282.

11. W. Rudin, Functional analysis, 2nd ed. McGraw-Hill Book Company, New York, 1991.

12. V. M. Tikhomirov, Some problems of the theory of approximations. (Russian) Izd. MGU, Moscow, 1976.

13. V. G. Maz’ya, Sobolev spaces. Springer–Verlag, Berlin, 1985. 14. B. S. Kashin and A. A. Saakyan, Orthogonal series. Nauka, Moscow, 1984.

15. V. S. Rychkov, Pointwise multipliers in weighted Sobolev spaces on a half-line. (Russian) Mat. Zametki 56(1994), No. 1, 78–87.

(Received 20.11.96)

Author’s address:

Mathematisches Institut Friedrich–Schuller–Universität Jena Ernst–Abbe–Platz 1–4 D–07743 Jena Deutschland