Proceedings of A.Razmadze Mathematical Institute, Vol. 112, 1997

WEAK TYPE WEIGHTED INEQUALITIES FOR ITERATED MAXIMAL FUNCTIONS AND THE WEIGHTED SPACES L(1 + log^+ L)^K

I. GENEBASHVILI

Abstract. The condition A_1 and the condition of the type A_∞ are shown to be necessary and sufficient respectively for the existence of direct and reverse weak weighted inequalities for the iterated maximal function. Moreover, the characteristic of the spaces L(1 + log^+ L)^k_w is given in terms of iterated maximal functions.

A_1 A_∞

L(1+log^+ L)^k_w

1. Introduction

The object of our investigation is the so-called iterated maximal function.

Let M be a Hardy-Littlewood maximal function defined for f ∈L_{loc}(R^n) by the formula Mf(x) = sup_{Q∋x} 1 |Q| ∫ Q |f(y)|dy,

where the exact upper bound is taken over all cubes Q containing the point x ∈ R^n. The function

M^kf(x) = M . . . M k f(x), k ≥ 1,

1991 Mathematics Subject Classification. 42B25, 26D15, 46E30. Key words and phrases. Iterated maximal function, weak type weighted inequalities, Hardy–Littlewood maximal function, Zygmund’s class of functions.

is called the iterated maximal function.

N. A. Fava [1] has introduced the spaces R_k containing those functions f prescribed in the space X with measure μ for which ∫ {x∈X:|f(x)|>t}

|f(y)| t ( log |f(y)| t )_k

dμ < ∞

for any t > 0. He has shown that R_k is a linear subspace of Zygmund’s class L(log^+ L)^k, and the following inclusions take place:

R_0 ⊃ R_1 ⊃ . . . ⊃ ⋃ p>1 L^p and L ⊂ R_0 ⊂ L + L^∞.

Consider the spaces L(1 + log^+ L)^k. As is easily seen L(1 + log^+ L)^k = L ∩ L(log^+ L)^k, it is also the subspace of the class L(log^+ L)^k, and the inclusions L(1 + log^+ L)^k ⊃ L(1 + log^+ L)^{k+1} and L(1 + log^+ L)^k ⊂ R_k ⊂ L(log^+ L)^k hold.

These three classes coincide if and only if μX < ∞. Otherwise, R_k is a maximal linear subspace of L(log^+ L)^k, i.e., it is closed.

As is shown in [1], R_k is the natural region of definition for iterated maximal function. In particular, if f ∈ R_k, then M^kf ∈ L^1 + L^∞, i.e., M^kf is integrable on any set E ⊂ X of finite measure. Hence the existence of the next maximal function is guaranteed. Therefore in the sequel when considering the functions M^kf we shall always assume f ∈ R_{k−1}.

It is stated in [1] that for any function f ∈ R_k and any t > 0

|{x ∈ R^n : M^kf(x) > 4t}| ≤

≤ C_k ∫ {x∈R^n:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

dx, (1)

where c > 0 does not depend on f and t.

The aim of the present paper is to find the criteria for the weighted analogue of inequality (1), as well as its reverse. First of all we prove the following

Theorem 1. Let Q_0 be a cube from R^n. Then for any function f from R_{k−1} such that supp f ⊂ Q_0 and for any t >^1_{|Q0|} ∫ Q_0 M

k−1f(x)dx we have

|{x ∈ Q_0 : M^kf(x) > t}| ≥

≥ c_k ∫ {x∈Q_0:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

dx. (2)

This theorem generalizes Stein’s theorem [2], where the case k = 1 has been considered. Note that in inequality (2) c_k =^{ck1}_{(k−1)!} , where c_1 is the constant from the Stein’s inequality.

The function is a weight if it is non-negative and locally integrable. The weight function w is said to belong to the class A_1 if for any cube Q wQ |Q| ≤ c ess inf_{x∈Q} w(x),

where wQ = ∫ Q w(x)dx and |Q| is the Lebesgue measure of Q.

In what follows, for the measurable set E by |E| we denote its Lebesgue measure, and by wE — ∫ E w(x)dx. Under f_Q we understand an integral mean of f on Q —^1_{|Q|} ∫ Q |f(x)|dx.

We shall say that w ∈ A^′_∞ if for any cube Q

w(2Q) |Q| ≥ c ess sup_{x∈Q} w(x),

where 2Q is a cube concentric to Q with twice as much sides. Unlike A_∞, we write here w(2Q) instead of w(Q) which distinguishes essentially A^′_∞ from A_∞.

If for some cube Q_0 and any cube Q ⊂ Q_0 w(2Q ∩ Q_0) |Q| ≥ c ess sup_{x∈Q} w(x),

then we say that w ∈ A^′_∞(Q_0).

Determine also the weight class R_k. We shall say that f ∈ R_k(w) if ∫ {x∈R^n:|f(x)|>t}

|f(y)| t ( log |f(y)| t )_k

w(y)dy < ∞

for any t > 0.

Now we can formulate our main results.

Theorem 2. In order that inequality

w{x ∈ R^n : M^kf(x) > 4t} ≤

≤ c_k ∫ {x∈R^n:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

w(x)dx (3)

be valid for any function f ∈ R_{k−1}(w) (k ≥ 1) and any t > 0 it is necessary and sufficient that w ∈ A_1.

B. Muckenhoupt [3] has proved this theorem for k = 1.

Theorem 3. Let I_0 be an arbitrary interval from R^1. Then in order that ineqquality

w{x ∈ I_0 : M^kf(x) > t} ≥

≥ c_k ∫ {x∈I_0:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

w(x)dx (4)

be valid for any function f such that support f ⊂ I_0 and f ∈ R_{k−1}(w) (k ≥ 1) and for any t >^1_{|I0|} ∫ I_0 M

k−1f(x)dx it is necessary and sufficient that

w ∈ A^′_∞(I_0). (5)

In case when k = 1 this theorem has been proved by K.F. Andersen and W.-S. Young [4] for (4)⇒(5) and by B. Muckenhoupt [5] for (5)⇒(4).

Unfortunately, we managed to prove this theorem only for one-dime-nsional case which concerns the implication (4)⇒(5) only. The proof of implication (5)⇒(4) for multi-dimensional case is nothing but that of one-dimensional case.

2. Proofs Proof of Theorem 1. As we already said, inequality (2) has been obtained by Stein [2] for k = 1. We shall prove inequality (2) for k > 1 by induction.

Assume that (2) holds for some k ≥ 1 and let f ∈ R_k and t > (M^kf)_{Q0} . Then

|{x ∈ Q_0 : M^{k+1}f(x) > t}| ≥ |{x ∈ Q_0 : M(χ_{Q0} M^kf(x)) > t}| ≥

≥ c_1 ∫ {x∈Q_0:M^kf(x)>t}

M^kf(x) t dx = c_1 ∫ Q_0∩{x:M^{k f}_t (x)>1}

M^k f t (x)dx.

Denote E_t = {x ∈ R^n : M^{k f}_t (x) > 1}. Then

|{x ∈ Q_0 : M^{k+1}f(x) > t}| ≥ c_1 ∫ {Q_0∩E_t}

M^k f t (x)dx =

= c_1 ∞∫ 0 |{x ∈ Q_0 ∩ E_t : M^k f t (x) > λ}|dλ =

= c_1 ∞∫ 0 |{x ∈ Q_0 : M^k f t x > 1, M^k f t (x) > λ}|dλ ≥

≥ c_1 ∞∫ 1 |{x ∈ Q_0 : M^k f t (x) > λ}|dλ.

But 1 |Q_0| ∫ Q_0

M^{k−1} f t (x)dx = 1 t (M^{k−1}f)_{Q0} <

(M^{k−1}f)_{Q0} (M^kf)_{Q0}

≤ 1 ≤ λ.

Therefore from our induction hypothesis we obtain

|{x ∈ Q_0 : M^{k+1}f(x) > t}| ≥ c^{k+1}_1 (k − 1)! ∞∫ 1 dλ ∫ Q_0

|f(x)| tλ ( log^+

|f(x)| tλ )_{k−1} dx.

Denoting^{|f(x)|}_t = φ(x) and changing the order of integration, we get

|{x ∈ Q_0 : M^{k+1}f(x) > t}| ≥ ≥ c^{k+1}_1 (k − 1)! ∞∫ 1 dλ ∫ Q_0

φ(x) λ ( log^+ φ(x) λ )_{k−1}

dx =

= c^{k+1}_1 (k − 1)! ∫ {x∈Q_0:φ(x)>1} dx ∞∫ 1 φ(x) λ ( log^+ φ(x) λ )_{k−1}

dλ =

= c^{k+1}_1 (k − 1)! ∫ {x∈Q_0:φ(x)>1} dx φ(x)∫

1 φ(x) λ ( log φ(x) λ )_{k−1} dλ.

Let^{φ(x)}_λ = τ. Then dλ = −^{λ2}_{φ(x)} dτ = −^{φ(x)}_{τ 2} dτ. Hence

|{x ∈ Q_0 : M^{k+1}f(x) > t}| ≥ ≥ c^{k+1}_1 (k − 1)! ∫ {x∈Q_0:φ(x)>1}

φ(x)dx

φ(x)∫

1 (log τ)^{k−1} τ dτ =

= c^{k+1}_1 k! ∫ {x∈Q_0:φ(x)>1}

φ(x)(log φ(x))^kdx =

= c^{k+1}_1 k! ∫ {x∈Q_0:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_k dx.

Thus we have obtained inequality (2). ■ Proof of Theorem 2. The proof for sufficiency of the condition A_1 almost repeats that of Theorem 1 from [1], but we cite it here for the completeness of our discussion.

Inequality (3) is proved by induction. This result for k = 1 belongs to B. Muckenhoupt [3]. (It should be only noted that for k = 1 in the left-hand side of inequality (3) we may write 2t instead of 4t).

Let inequality (3) be valid for some k ≥ 1. Consider the maximal operator M^{k+1}. Let f be any function from R_k ∩ R_k(w). Denote

f^{2t}(x) = f(x) if |f(x)| ≥ 2t 0 if |f(x)| < 2t and f_{2t} = f − f^{2t}.

Then f = f^{2t} + f_{2t} and M^{k+1}f(x) ≤ M^{k+1}f^{2t} + 2t.

Consequently,

{x ∈ R^n : M^{k+1}f(x) > 4t} ⊂ {x ∈ R^n : M^{k+1}f^{2t}(x) > 2t}. Since w ∈ A_1

w{x ∈ R^n : M^{k+1}f(x) > 4t} ≤ ≤ w{x ∈ R^n : M(M^kf^{2t})(x) > 2t} ≤ ≤ c_1 t ∫ {x:M^kf^{2t}(x)>t}

M^kf^{2t}(x)w(x)dx =

= c_1 ∫ {x:M^kφ(x)>1}

M^kφ(x)w(x)dx, (6)

where φ(x) =^{|f 2t(x)|}_t . The right-hand side of (6) is equal to

c_1 ∞∫ 0 w{x ∈ R^n : M^kφ(x) > 1, M^kφ(x) > λ}dλ =

= cw{x ∈ R^n : M^kφ(x) > 1} + c_1 ∞∫ 1 w{x ∈ R^n : M^kφ(x) > λ}dλ. (7)

By our induction hypothesis, the second term in the right-hand side of (7) can be estimated from above by:

4c_1c_k ∞∫ 1 ∫ {x∈R^n:4φ_{(x)}>λ}

φ(x) λ ( log 4φ(x) λ )_{k−1}

w(x)dxdλ =

= c ∫ {x∈R^n:4φ(x)>1}

φ(x)w(x)dx

4φ(x)∫

1 (log^{4φ(x)}_λ )^{k−1}dλ λ = = c k ∫ R^n

φ(x)(log^+ 4φ(x))^kw(x)dx. (8)

Since log^+(ab) ≤ log^+ a + log^+ b and (a + b)^k ≤ 2^k(a^k + b^k) for all a, b ≥ 0, we can estimate (8) from above by: A ∫ R^n

φ(x)w(x)dx + B ∫ R^n

φ(x)(log^+ φ(x))^kw(x)dx ≤ ≤ A ∫ {x:|f(x)|>2t}

|f(x)| t w(x)dx +

+β ∫ {x:|f(x)|>2t}

|f(x)| t (log^+

|f(x)| t )^kw(x)dx ≤

≤ A (log 2)^k ∫ {x:|f(x)|>2t}

|f(x)| t (log

|f(x)| t )^kw(x)dx +

+B ∫ {x:|f(x)|>2t}

|f(x)| t ( log |f(x)| t )_k

w(x)dx ≤

≤ ( A (log 2)^k + B ) ∫ R^n

|f(x)| t (log^+

|f(x)| t )^kw(x)dx. (9)

As for the first term in the right-hand side of (7), we have

c_1w{x ∈ R^n : M^kφ(x) > 1} ≤

≤ 4c_1c_k ∫ {x:4φ(x)>1}

φ(x)(log 4φ(x))^{k−1}w(x)dx = = c ∫ R^n

φ(x)(log^+ 4φ(x))^{k−1}w(x)dx ≤ ≤ A ∫ R^n

φ(x)w(x)dx + +B ∫ R^n

φ(x)(log^+ φ(x))^{k−1}w(x)dx ≤ ≤ A (log 2)^k ∫ R^n

|f(x)| t (log^+

|f(x)| t )^kw(x)dx + + B log 2 ∫ R^n

|f(x)| t (log^+ f(x) t )^kw(x)dx. (10)

From (9) and (10) we obtain inequality (3).

Now let us prove that inequality (3) implies w ∈ A_1. We fix an arbitrary cube Q ⊂ R^n and the number ε > 0. Let E_ε = {x ∈ Q : w(x) < ess inf_{x∈Q} w(x) + ε}.

Then |E_ε| > 0. Let E be some subset of E_ε. Obviously, E may be of arbitrarily small positive measure. The set E and its measure will be chosen specifically below. Taking f(x) = χ_E (x) for any point y ∈ Q, we have

M^kf(y) ≥ 1 |Q| ∫ Q M^{k−1}f(x)dx = 1 |Q| ∞∫ 0 |{x ∈ Q : M^{k−1}f(x) > t}|dt ≥

≥ 1 |Q| ∞∫ (M^{k−2}f)_Q

|{x ∈ Q : M^{k−1}f(x) > t}|dt.

By Theorem 1, this expression can be estimated from below by

c_k |Q| ∞∫ (M^{k−2}f)_Q dt ∫ {x∈Q:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−2}

dx. (11)

By Fubini’s theorem, (11) is equal to

c_k |Q| ∫ {x∈Q:|f(x)|>(M^{k−2}f)_Q}

f(x)dx

|f(x)|∫

(M^{k−2}f)_Q 1 t ( log |f(x)| t )_{k−2}

dt =

= c_k k − 1 1 |Q| ∫ {x∈Q:|f(x)|>(M^{k−2}f)_Q}

|f(x)| ( log |f(x)| (M^{k−2}f)_Q

)_{k−1}

dx. (12)

Obviously, if |E| is small, then (M^{k−2}f)_Q = (M^{k−2}χ_E )_Q < 1. Hence {x ∈ Q : |f(x)| > (M^{k−2}f)_Q} = E, and (12) takes the form c |Q| ∫ E ( log 1 (M^{k−2}χ_E )_Q

)_{k−1}

dx = c |E| |Q| ( log 1 (M^{k−2}χ_E )_Q

)_{k−1} . This means that for any x ∈ Q

M^kχ_E(x) > c |E| |Q| ( log 1 (M^{k−2}χ_E )_Q

)_{k−1}

≡ 4λ.

Thus Q ⊂ {x ∈ R^n : M^kχ_E(x) > 4λ}, and by condition (3), wQ ≤ w{x ∈ R^n : M^kχ_E (x) > 4λ} ≤

≤ c_k ∫ {x:χ_E (x)>λ}

χ_E(x) λ (log χ_E (x) λ )^{k−1}w(x)dx.

Clearly, for any x ∈ Q : λ < M^kχ_E (x) ≤ 1. Therefore we have

wQ ≤ c_k ∫ E 1 λ ( log 1 λ )_{k−1}

w(x)dx ≤

≤ c_k 1 λ ( log 1 λ )_{k−1}

|E|(ess inf_{x∈Q} w(x) + ε) = = c 1 |E| |Q| (log^1_{(M k−2χE )Q} )^{k−1} ×

× ( log c^′ |E| Q (log^1_{(M k−2χE ) Q})^{k−1}

)_{k−1}

|E|(ess inf_{x∈Q} w(x) + ε)=

= c 1 (log^1_{(M k−2χE )Q} )^{k−1} × × ( log c^′ |E| Q (log^1_{(M k−2χE ) Q})^{k−1}

)_{k−1}

|Q|(ess inf_{x∈Q} w(x) + ε). (13)

Let us show that if |E| is sufficiently small, then

log^{c′} |E| |Q| (log^1

(Mk−2χE )Q ) k−1 log^1_{(M k−2χE )Q}

≤ 1. (14)

Estimate first (M^{k−2}χ_E)_Q. If k = 2, then

(M^{k−2}χ_E )_Q = (χ_E)_Q = |E| |Q| = |E| |Q| ( log |Q| |E| )_{k−2} . If k ≥ 3, then

(M^{k−2}χ_E )_Q = 1 |Q| ∫ Q M^{k−2}χ_E (x)dx =

= 4 |Q| ∞∫ 0 |{x ∈ Q : M^{k−2}χ_E (x) > 4t}|dt =

= 4 |Q| ( (χ_E )_Q∫

0 + ∞∫ (χ_E )_Q

) |{x ∈ Q : M^{k−2}χ_E (x) > 4t}|dt ≤

≤ 4(χ_E )_Q +

4c_{k−2} |Q| 1∫ (χ_E )_Q dt ∫ E χ_E(x) t ( log^+ χ_E (x) t )_{k−3}

dx =

= 4 |E| |Q| + 4c_{k−2} 1 |Q| ∫ E dx 1∫ |E| |Q| 1 t ( log 1 t )_{k−3}

dt =

= 4 |E| |Q| + 4c_{k−2} k − 2 1 |Q| ∫ E ( log 1 |E| |Q| )_{k−2}

dx ≤

≤ c ( |E| |Q| + |E| |Q| ( log |Q| E )_{k−2})

. (15)

Since |E| may be taken arbitrarily small, we may assume that log |Q|/|E| > 1, and therefore (15) takes the form

(M^{k−2}χ_E )_Q ≤ c |E| |Q| ( log |Q| |E| )_{k−2} = c (log t)^{k−2} t , (16)

where t =^{|Q|}_{|E|} . If |E| → 0, then t → ∞. But lim_{t→∞}^{(log t)k−2}_t = 0. Hence we may write

(M^{k−2}χ_E)_Q ≤ c |E| |Q| ( log |Q| |E| )_{k−2}

≤ 1.

Taking into account (16), the left-hand side of (14) is estimated from above by the quantity log ct (log^t_{c(log t)k−2} )^{k−1}

: log t c(log t)^{k−2} . Therefore, to prove (14) it suffices to show that for large t

c(log t)^{k−2} (log^t_{c(log t)k−2} )^{k−1}

< 1.

We have

c(log t)^{k−2} (log^t_{c(log t)k−2} )^{k−1} = c (log^t_{c(log t)k−2} + log c(log t)^{k−2})^{k−2} (log^t_{c(log t)k−2} )^{k−1} = = c2^{k−2}

(log tc(log t)^{k−2})^{k−2} + (log c(log t)^{k−2})^{k−2} (log^t_{c(log t)k−2} )^{k−1} = = c log^t_{c(log t)k−2} ( 1 + (log c(log t)^{k−2})^{k−2} (log^t_{c(log t)k−2} )^{k−2} ) . (17)

But lim_{t→∞}^t_{c(log t)k−2} = ∞ and

c(log t)^{k−2}_t

c(log t)^{k−2}

= c^2

(log t)^{2k−4} t → 0 as t → 0.

Consequently, (17) tends to zero for t tending to infinity which implies that taking |E| sufficiently small, we obtain inequality (14).

According to (14), inequality (13) takes the form

wQ ≤ c|Q|(ess inf_{x∈Q} w(x) + ε).

Since ε is arbitrary, we obtain that w ∈ A_1. ■ Proof of Theorem 3. If w ∈ A^′_∞(I_0), then according to the result of [5], the operator M acts weakly in L^1_w(I_0). Taking this fact into account, the proof of implication (5)⇒(4) is carried out quite similarly to that of Theorem 1.

Prove that (4)⇒(5). Let I be an arbitrary fixed interval from I_0. Let E be some measurable subset of I and f(x) = χ_E (x).

Note first the general fact that if φ is non-increasing and non-negative function on (a, +∞), then Mφ is the same. Indeed, let x_1, x_2 ∈ (a, +∞) and x_1 < x_2. Then

Mφ(x_2) = sup_{I∋x2} 1 |I| ∫ I φ(x)dx = max { sup I∋x_2,x_1

φ_I ; sup_{I∋x2}

I∌x_1

φ_I } ≤

≤ max { Mφ(x_1), sup_{I∋x2}

I∌x_1

φ_I } .

Hence it suffices to show that

sup_{I∋x2}

I∌x_1 1 |I| ∫ I φ(x)dx ≤ Mφ(x_1) (18)

Let I_{x2} be an arbitrary interval such that x_2 ∈ I_{x2} and x_1 ∉ I_{x2} . Consider the shift of the interval I_{x2} to the left so that for the shifted interval I_{x1} the inclusions x_1 ∈ I_{x1} and a ∉ I_{x1} hold. Obviously, 1 |I_{x2} | ∫ I_{x2}

φ(x)dx ≤ 1 |I_{x1} | ∫ I_{x1}

φ(x)dx ≤ Mφ(x_1)

which proves (18) and hence the fact that Mφ is non-increasing on (a, +∞).

Analogously we can prove that if φ is non-decreasing non-negative function on (−∞, a), then Mφ is the same.

Applying these facts to the function χ_E, we conclude that M^kχ_E(x) does not decrease on the left of I and does not increase on the right of I (k ≥ 1).

Let now I = (a, b), 2I = (a −^{b−a}_2 , b +^{b−a}_2 ) = (a^′, b^′) and let φ be non-negative function non-decreasing on (−∞, a) and non-increasing on (b, +∞). Let us show that under these conditions for any point x ∉ 2I

Mφ(x) ≤ 4 |I| ∫ 2I φ(x)dx. (19)

Taking the above arguments into account, it is sufficient to prove (19) for x = a^′ and x = b^′.

Let x = b^′, I_1 = (a^′, a), I_2 = (b, b^′) and let J be some interval containing the point b^′.

Consider several cases:

(1) Let J ⊃ 2I. Denote I^′ = (−∞, a^′) ∩ J and I^{′′} = (b^′, +∞) ∩ J. Then

φ_J = φ(I^′) + φ(2I) + φ(I^{′′}) |I^′| + |2I| + |I^{′′}|

≤ φ_I′ + φ_{2I} + φ_I′′ ≤ φ_{I1} + φ_{2I} + φ_{I2} = = 2 |I| ∫ I_1

φ(x)dx + 1 2|I| ∫ 2I φ(x)dx + 2 |I| ∫ I_2

φ(x)dx ≤ 5 2 1 |I| ∫ 2I φ(x)dx.

(2) Let J ⊅ 2I. Denote I^{′′′} = 2I ∩ J and I^{′′} = (b^′, +∞) ∩ J. Then

φ_J = φ(I^{′′′}) + φ(I^{′′}) |I^{′′′}| + |I^{′′}|

≤ φ_I′′′ + φ_I′′ ≤ φ_I′′′ + φ_{I2} .

If I^{′′′} ⊂ I_2, then

φ_I′′′ ≤ φ_{I2} and φ_J ≤ 2φ_{I2} ≤ 4 |I| ∫ 2I φ(x)dx.

If I_2 ⊂ I^{′′′}, then

φ_I′′′ = 1 |I^{′′′}| ∫ I^{′′′}

φ(x)dx ≤ 1 |I_2| ∫ 2I φ(x)dx = 2 |I| ∫ 2I φ(x)dx

and hence in this case

φ_J ≤ 4 |I| ∫ 2I φ(x)dx.

Combining cases (1) and (2), we conclude that φ_J ≤^4_{|I|} ∫ 2I φ(x)dx for any interval J ∋ b^′. Hence (19) takes place for x = b^′. The case x = a^′ is proved similarly.

Proceeding from this general fact, we obtain that for every k ≥ 1

M^kχ_E(x) ≤ 4 |I| ∫ 2I M^{k−1}χ_E(y)dy (20)

for any x ∉ 2I.

Take now ε > 0 to be arbitrary. Let E_ε = {x ∈ I : w(x) ≥ ess sup_{x∈I} w(x) − ε}.

Then |E_ε| > 0. Let E ⊂ E_ε. As we have mentioned above, E may be taken to be of arbitrarily small measure. The set E and its measure will be chosen specifically below. First we assume^{|E|}_{|I|} <^1_4 .

From inequalities (1) and (20) for any y ∉ 2I we get

M^kχ_E (y) ≤ 4 |I| ∫ 2I M^{k−1}χ_E (x)dx =

= 4 |I| ∞∫ 0 |{x ∈ 2I : M^{k−1}χ_E(x) > t}|dt =

= 4 |I| 4(χ_E )_I∫

0 + 4 |I| ∞∫ 4(χ_E )_I =

= 32(χ_E)_I + 16 |I| ∞∫ (χ_E )_I

|{x ∈ 2I : M^{k−1}χ_E(x) > 4t}|dt =

= 32 |E| |I| + 16 |I| ∞∫ |E| |I| |{x ∈ 2I : M^{k−1}λ_E (x) > 4t}|dt.

But as it is clear M^{k−1}χ_E(x) ≤ 1 < 4 for any x ∈ R^1. Therefore

M^kχ_E (y) ≤ c |E| |I| + c 1 |I| 1∫ |E| |I| |{x ∈ R^1 : M^{k−1}χ_E (x) > 4t}|dt ≤

≤ c |E| |I| + c 1 |I| 1∫ |E| |I| dt ∫ R^1

χ_E (x) t ( log^+ χ_E (x) t )_{k−2}

dx =

= c |E| |I| + c 1 |I| 1∫ |E| |I| dt ∫ E 1 t ( log 1 t )_{k−2}

dx =

= c |E| |I| + c |E| |I| 1∫ |E| |I| 1 t ( log 1 t )_{k−2}

dt =

= c |E| |I| + c k − 1 |E| |I| ( log |I| |E| )_{k−1}

. (21)

Since^{|E|}_{|I|} <^1_4 , we have log^{|I|}_{|E|} > 1. Thus (21) takes the form

M^kχ_E(y) ≤ c^′ |E| |I| ( log |I| |E| )_{k−1}

, ∀y ∉ 2I.

By (16), there exists a constant c^{′′} such that

(M^kχ_E )_{I0} ≤ c^{′′} |E| |I_0| ( log |I_0| |E| )_{k−1} .

Consider the function^{(log t)k−1}_t . Then lim_{t→0}^{(log t)k−1}_t → 0. Moreover, it can be easily verified that this function strictly decreases in the neighborhood of infinity so that if |E| is sufficiently small, then |E| |I_0| ( log |I_0| |E| )_{k−1} < |E| |I| ( log |I| |E| )_{k−1} . Let c^∗ = max{c^′, c^{′′}} and λ = c^{∗ |E|}_{|I|} ( log^{|I|}_{|E|}

)_{k−1}

. Then we have

∀y ∉ 2I : M^kχ_E (y) ≤ λ and (M^{k−1}χ_E)_{I0} < λ. (22) Moreover, further decrease of |E| results to the fact that λ < 1.

From (22) and (4) we now obtain w(2I ∩ I_0) ≥ w{x ∈ I_0 : M^kχ_E(x) > λ} ≥ ≥ c ∫ {x∈I_0:χ_E (x)>λ}

χ_E (x) λ ( log χ_E (x) λ )_{k−1}

w(x)dx =

= c ∫ E 1 λ ( log 1 λ )_{k−1}

w(x)dx ≥ ≥ c λ ( log 1 λ )_{k−1}

|E|(ess sup_{x∈I} w(x) − ε) = = c 1 (log^{|I|}_{|E|} )^{k−1} ( log |I| |E| (log |I| E )^{k−1}

)_{k−1}

|I|(ess sup_{x∈I} w(x) − ε). (23)

If we denote^{|I|}_{|E|} = t, then (23) takes the form

w(2I ∩ E_0) |I| ≥ c (log^t_{c∗(log t)k−1} )^{k−1} (log t)^{k−1}

(ess sup_{x∈I} w(x) − ε).

When |E| → 0, we have that t → ∞. Therefore let us calculate

lim_{t→∞}

(log^t_{c∗(log t)k−1} )^{k−1}

(log t)^{k−1}

= lim_{t→∞} ( 1 + log^1_{c∗(log t)k−1} log t

)_{k−1}

= 1.

Hence, if |E| is sufficiently small, then log 1 (log^{|I|}_{|E|} )^{k−1} ( log |I| c^∗|E|(log^{|I|}_{|E|} )^{k−1}

)_{k−1} ≥ 1 2 .

Therefore (23) implies

w(2I ∩ I_0) ≥ c 2 |I|(ess sup_{x∈I} w(x) − ε).

Since c does not depend on ε, we obtain (5). ■

3. Remarks and Other Results The following two theorems indicate that the global versions of Theorems 1 and 3 are valid.

Theorem 1^′. Let k ≥ 1. Then there exists a constant c_k > 0 such that for any function f ∈ R_{k−1} and any t > 0

{x ∈ R^n : M^kf(x) > t} ≥

≥ c_k ∫ {x∈R^n:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

dx. (24)

Theorem 3^′. Let k ≥ 1. Then the inequality

w{x ∈ R^1 : M^kf(x) > t} ≥ c ∫ {x∈R^1 :|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

w(x)dx

holds for any f ∈ R_{k−1(w)} and t > 0 iff

w ∈ A^′_∞.

The proofs of these theorems are similar to those of Theorems 1 and 3. We have only to apply the corresponding well-known results (mentioned in the first section) to the case k = 1.

By means of inequalities (1) and (24) we can obtain the following characteristic of Zygmund’s class L(1 + log^+ L)^k. (This characteristic has been obtained by M. Guzman [6] and E.M. Stein [2]).

Theorem 4. Let f ∈ L(1 + log^+ L)^{k−1}, k ≥ 1. Then f ∈ L(log^+ L) if and only if ∫ {x∈R^n:M^kf(x)>1}

M^kf(x)dx < ∞.

Proof. Let f ∈ L(1 + log^+ L)^{k−1} be such that ∫ {x∈R^n:M^kf(x)>1}

M^kf(x)dx < ∞.

Then using inequality (24), we obtain

∞ > ∫ {x∈R^n:M^kf(x)>1}

M^kf(x)dx ≥ ∞∫ 1 |{x ∈ R^n : M^kf(x) > t}|dt ≥

≥ c_k ∞∫ 1 dt ∫ {x∈R^n:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

dx =

= c_k ∫ {x∈R^n:|f(x)|>1}

|f(x)|dx

|f(x)|∫

1 1 t ( log |f(x)| t )_{k−1}

dt = = c_k k ∫ {x∈R^n:|f(x)|>1}

|f(x)|(log |f(x)|)^kdx.

Hence f ∈ L(log^+ L)^k.

Conversely, let f ∈ L(log^+ L)^k. By the condition f ∈ L^1 we get f ∈ L(1 + log^+ L)^k. Therefore, using inequality (1) we have ∫ {x∈R^n:M^kf(x)>1}

M^kf(x)dx ≤

≤ ∞∫ 0 |{x ∈ R^n : M^kf(x) > 1, M^kf(x) > t}|dt =

= 4∫ 0 + ∞∫ 4 ≤ 4|{x ∈ R^n : M^kf(x) > 1}| +

+4 ∞∫ 1 |{x ∈ R^n : M^kf(x) > 4t}|dt ≤

≤ 4c_k ∫ {x∈R^n:f(x)>^1_4 }

|4f(x)|(log |4f(x)|)^{k−1}dx +

+4c_k ∞∫ 1 dt ∫ {x∈R^n:|f(x)|>t}

|f(x)| t ( log |f(x)| t )_{k−1}

dx =

= 4c_k ∫ R^n

|4f(x)|(log^+ |4f(x)|)^{k−1} + + 4c_k k ∫ R^n

|f(x)|(log^+ |f(x)|)^kdx. (25)

The second summand in (25) is finite owing to the fact that f ∈ L(1 + log^+ L)^k. But since L(1 + log^+ L)^k ⊂ L(1 + log^+ L)^{k−1} and L(1 + log^+ L)^{k−1} is a linear space, the first summand in (25) will also be finite. ■

As for the characteristic of the weighted space L(1 + log^+ L)^k_w, we have the following

Theorem 5. If w ∈ A_1, then for any function f ∈ L(1 + log^+ L)^k_w ∫ {x∈R^n:M^kf(x)>1}

M^kf(x)w(x)dx < ∞. (26)

However, if w ∈ A^′_∞ and the function f ∈ L(1 + log^+ L)^{k−1}_w is such that (26) holds, then f ∈ L(1 + log^+L)^k_w.

The proof of this theorem is analogous to that of Theorem 4, therefore it is omitted here. We have only to take into account the note at the end of the first section.

Finally, let us tough upon some generalizations concerning the space of homogeneous type, i.e., the space X with quasimetric ρ and σ-finite measure μ satisfying the doubling condition with respect to the balls B(x, r) = {y : ρ(x, y) < r}

μB(x, 2r) ≤ cμB(x, r).

Continuous functions with compact supports are assumed to be continuous in L^1(x, μ).

In the definition of a maximal function we will take balls from X instead of cubes.

As it is known, for such a maximal operator both the weak and the reverse weak inequalities hold either without or with the corresponding weights (see, for e.g., [7], [8]). Therefore for the iterated maximal functions, defined in the space of homogeneous type, inequality (1), and

Theorems 1, 1^′, 4 and 5 are valid. But the condition A^′_∞ for the space of homogeneous type will look like w(NB) μβ ≥ c ess sup_{x∈B} w(x),

where N = η(1 + η^2) and η is the constant from the inequality of a triangle for the quasimetric ρ.

If, however, the homogeneous space does not contain atoms, i.e., points with positive measure, in this case Theorem 2 will also be valid. This can be easily verified if we take into consideration the fact that for any measurable set E_0 with a positive measure and for any δ > 0 there exists a subset E ⊂ E_0 with the condition 0 < μE < δ (see [8]).

References 1. N. A. Fava, Weak type inequalities for product operators. Studia Math. 42(1972), 271–288.

2. E. M. Stein, Note on the class L(log L). Studia Math. 32(1966), 305–310.

3. B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function. Trans. Amer. Math. Soc. 167(1972), 207–226.

4. K. F. Andersen and W.-S. Young, On the reverse weak type inequality for the Hardy maximal function and the weighted classes L(log L)^k. Pacific J. Math. 112(1984), 257–264.

5. B. Muckenhoupt, Weighted reverse weak type inequalities for the Hardy–Littlewood maximal function. Pacific J. Math. 117(1985), 371– 378.

6. M. De Guzmán, Differentiation of integrals in R^n. Springer-Verlag- Berlin-Heidelberg-New York, 1975.

7. R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces homogenes. Lecture Notes in Math. 242, Springer- Verlag, Berlin, 1971.

8. I. Genebashvili, Weighted reverse weak type inequality for general maximal functions. Georgian Math. J. 2(1995), No. 3, 277–289. (Received 08.12.1995) Author’s address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia