Proc. A. Razmadze Math. Inst. 117(1998), 137–138

N. Antonov

THE CONVERGENCE ALMOST EVERYWHERE OF FOURIER SERIES

Let φ : [0, +∞) → [0, +∞) be a given non-decreasing function, d ∈ N. Set T^d = [0, 2π)^d and denote by φ(L)(T^d) the set of measurable functions f on T^d such that φ(|f(x)|) ∈ L. Let S_n(f, x) denote the nth partial sum of Fourier series of the function f at the point x.

Let d = 1. Introduce the function

Mf(x) = sup_{n≥1} |S_n(f, x)|, x ∈ T.

L. Carleson [1] proved that the Fourier series of any function f ∈ L^2(T ) converges almost everywhere (a.e.). This fact was extended by Hunt [2]. He proved a.e. convergence of the Fourier series for functions f ∈ L^p(T ), p > 1, and for f ∈ L(log^+ L)^2(T ). The basic result of [2] is the following estimate for the characteristic function χ_F of an arbitrary set F ⊂ T

m{x ∈ T : Mχ_F (x) > y} ≤ (B_p)^py^{−p}mF, y > 0, 1 < p < ∞, (1)

where B_p ≤ const. p^2/(p − 1). It follows from (1) (see [3, p. 563]) that

m{x ∈ T : Mχ_F (x) > y} ≤ C 1 y log( 1 y )mF for 0 < y < 1 2 , (2)

with some constant C. Using (2) Sjölin [3] proved the almost everywhere convergence of Fourier series for functions f from the class L(log^+ L)(log^+ log^+ L). We obtained from (2) following result.

Theorem 1 ([4]). If f ∈ L(log^+ L)(log^+ log^+ log^+ L), then the Fourier series of f converges almost everywhere.

Let d ≥ 2. N. Tevzadze [5] proved the a.e. convergence of the Fourier series of functions f(x) ∈ L^2(T^2). Then P. Sjölin [6] showed that the Fourier series of any function from f ∈ L(log^+ L)^d(log^+ log^+ L)(T^d) converges a.e. over cubes. To obtain this result Sjölin used the corresponding one-dimensional theorem [3].

We proved (theorem 2 below) that the convergence a.e. of Fourier series of some class φ(L)(T ) in one-dimensional case implies convergence over cubes of multiple Fourier series for functions from corresponding classes φ_d(L)(T^d).

Let ψ : [0, +∞) → [0, +∞) be a non-decreasing function and the function ψ(u)u^{−δ} (for any δ > 0) decreases for large u.

Let functions φ_d(u) = uψ(u)(log(u + 1))^{d−1} , d ∈ N, satisfy conditions

{_{φ(u) is convex and increasing on [u0, ∞), u0 ≥ 0,}

φ(u^12 ) is concave function of u, u_0 ≤ u < ∞

1991 Mathematics Subject Classification. 42A10.

Key words and phrases. Fourier series, convergence, multiple Fourier series.

Theorem 2. Assume that for any f ∈ φ_1(L)(T ) lim n→∞ S_n(f, x) = f(x) a.e.

Then for any d ≥ 1 the condition f ∈ φ_d(L)(T^d) implies the a.e. convergence over cubes for the Fourier series of f and each of its conjugate series.

The next result follows from theorems 1 and 2.

Theorem 3. If f ∈ L(log^+ L)^d(log^+ log^+ log^+ L)(T^d), d ∈ N, then the Fourier series of f and each of its conjugate series converges over cubes almost everywhere.

It is known (d = 1 – Körner [7], see also Heladze [8], d ≥ 2 – Konyagin [9]) that for every function ψ_d : [0, +∞) → [0, +∞) satisfying condition

ψ_d(u) = 0

(_{(log u)d−1 log log u})_{(u → ∞)}

there exists a function f_d ∈ Lψ_d(L)(T^d) with its Fourier series diverging over cubes everywhere.

Problem 1. Is the following statement true: if for some class φ(L)(T ) there exists a functions f ∈ φ(L)(T ) such that Fourier series of f diverges a.e., then for every d ≥ 2 there exists f ∈ φ(L)(log^+ L)^{d−1}(T^d) such that multiple Fourier series of f diverges a.e. over cubes?

References

1. L. Carleson, On convergence and growth of partial sums of Fourier series. Acta math. 116(1966), No. 1–2, 135–157.

2. R. A. Hunt, On the convergence of Fourier series. Orthogonal expansions and their continuous analogues, SIU Press, Carbondale, Illinois, (1968), 235–255.

3. P. Sjölin, An inequality of Paley and convergence a. e. of Walsh-Fourier series. Arkiv för mat. 7(1969), 551–570.

4. N. Yu. Antonov, Convergence of Fourier series. East Journal on Approximations, 2(1996), No. 2, 187–196.

5. N. R. Tevzadze, On convergence of double Fourier series of functions integrable in square. (Russian) Soobshch. AN GSSR 58(1970), 277–279.

6. P. Sjölin, Convergence almost everywhere of sertain singular integrals and multiple Fourier series. Arkiv för mat. 9(1971), No. 1, 65–90.

7. T. W. Körner, Everywhere divergent Fourier series. Colloquium Matematicum, 45 (1981), No. 1, 103–118.

8. S. V. Heladze, On everywhere divergence of Fourier series from Lφ(L) class. (Russian) Trudy Tbilisskogo Mat. In-ta AN GSSR, 89(1989), 51–59.

9. S. V. Konyagin, On divergence of trigonometric Fourier series over cubes. Acta Sci. Math. (Szeged) 61(1995), 305–329.

Author’s address:

Institute of Mathematics and Mechanics Ural Branch of the Russian Academy of Sciences 16, S. Kovalevskoy St., Ekaterinburg 620219 Russia