Proc. A. Razmadze Math. Inst. 117(1998), 150–152

A. Meskhi

WEIGHTED INEQUALITIES FOR RIEMANN-LIOUVILLE TRANSFORM

Let ν be a non-negative σ -finite Borel measure on (0, ∞).

For 1 < r < ∞ and 1 < s ≤ ∞, denote by L^{rs}_ν the Lorentz space with measure ν, which is a class of all ν- measurable functions g : (0, ∞) → R^1, for which

‖g‖_Lrs_ν = ( s ∞∫ 0 λ^{s−1}(ν{x : |g(x)| > λ})^{s/r} dλ

)_{1/s}

< ∞,

where 1 < r < ∞, 1 < s < ∞ and

‖g‖_Lr∞_ν = sup_{λ>0} λ(ν{x : |g(x)| > λ})^{1/r} < ∞,

where 1 < r < ∞.

If ν is absolute continuous ( dν = vdx, where v is Lebesgue-measurable, a.e. positive function on (0, ∞)), then instead of L^{rs}_ν we use the symbol L^{rs}_v .

Note, that L^{rr}_ν = L^r_ν is Lebesgue space.

Let μ be another non-negative σ-finite Borel measure on (0, ∞) and let

R_{αϕψμ}f(x) = ϕ(x) x∫ 0 f(t)ψ(t) (x − t)^{1−α} dμ, α > 0,

be Riemann-Liouville operator, where ϕ (respectively ψ) is ν–measurable (respectively μ–measurable) positive function on (0, ∞).

If μ is Lebesgue measure, then we denote R_{αφψμ} by the symbol R_{αφψ} . The following theorem is valid.

Theorem 1. Let 1 < r, s, p < ∞, 1 < q ≤ ∞, max{r, s} ≤ min{p, q}, α > 0. If the following conditions are satisfied: (i) sup_{t>0} ‖ϕ(x)x^{α−1}χ_{(2t,∞)}(x)‖_Lpq_ν ‖ψ(·)χ_{(0,t)}(·)‖_{Lr}′_s′_μ < ∞;

(ii)

sup_{t>0} ‖ϕ(x)χ_{[t/2,2t)}(x)‖_Lpq_ν ‖ψ(·)χ_{[t/2,t)}(·)(t − ·)^{α−1}‖_{Lr}′_s′_μ < ∞,

then operator R_{αϕψμ} is bounded from L^{rs}_μ to L^{pq}_ν . Conversely, if R_{αϕψ} is bounded from L^{rs}_μ to L^{pq}_ν , then the condition (i) is satisfied.

1991 Mathematics Subject Classification. 42B20, 42B25, 46E30. Key words and phrases. Riemann-liouville operator, Lorentz space, boundedness, compactness.

Theorem 2. Let r, s, p and q satisfy the condition of Theorem 1, α >^1_r . Suppose that ψ is positive decreasing function on (0, ∞).

(a) For the boundedness of R_{αϕψ} from L^{rs} to L^{pq}_ν it is necessary and sufficient that

A = sup_{t>0} ‖ϕ(x)x^{α−1} χ_{(t,∞)}(x)‖_Lpq_ν ‖ψ(·)χ_{(0,} t_{2 )}(·)‖_{Lr}′_s′ < ∞.

Moreover, ‖R_{αϕψ} ‖ ≈ A.

(b) R_{αϕψ} is compact from L^{rs} to L^{pq}_ν if and only if A < ∞ and lim_{a→0} A_a = lim_{b→0} A_b = 0, where A_a = sup_{0<t<a} ‖ϕ(x)x^{α−1}χ_{(t,a]}(x)‖_Lpq_ν ‖ψ(·)χ_{(0,} t_{2 )}(·)‖_{Lr}′_s′ and A_b = sup_{t>b} ‖ϕ(x)x^{α−1}χ_{(t,∞)}(x)‖_Lpq_ν ‖ψ(·)χ_{(b/2,t/2)}(·)‖_{Lr}′_s′ .

Analogous theorem in the case, when ϕ ≡ ψ ≡ 1, dν = vdx in Lebesque spaces was proved in [1].

Let R_{αϕψ} = R_α, if ϕ ≡ ψ ≡ 1. The following theorem is valid.

Theorem 3. Let 1 < p < ∞, 0 < α <^1_p , v and w be positive increasing functions on (0, ∞). Operator R_α is bounded from L^p_w to L^p_v if and only if

A_1 = sup_{t>0}

(^∞∫ t v(y) y^{(1−α)p} dy ) 1_p (^{t2}∫ 0 w^{1−p′} (y)dy

) 1_{p′}

< ∞.

Moreover, ‖R_α‖ ≈ A_1.

Theorem 4. Let 1 < q < p < ∞, α > 1/p. Suppose that w is positive increasing function on (0, ∞). The following statements are equivalent:

(a) R_α is bounded from L^p_w to L^q_v ; (b) R_α is compact from L^p_w to L^q_v ; (c)

B = (^∞∫ 0 (^∞∫ 2x v(t) t^{(1−α)q} dt ) p_{p−q} (^x∫ 0 w^{1−p′} (t)dt

)^{(q−1)p}_{p−q}

w^{1−p′} (x)dx

)^{p−q}_{pq}

< ∞.

Moreover, ‖R_α‖ ≈ B.

Necessary and sufficient conditions for the weight pairs (v, w) which guarantee the boundedness of operator R_α (0 < α < 1) from L^p_w to L^q_v , when 1 < p < q < ∞ was found in [2]. Similar problem for 1 < p ≤ q < ∞ and α > 1 was solve in [3] (for α = 1 see [4-6]).

The compactness weighted criteria for operator R_α in the case, when α > 1 was derived in [7]. In [8] analogous problem was solved for α = 1.

References

1. A. Meskhi, Solution of some weight problems for the Riemann-Liouville and Weyl operators. Georgian Math. J. 5(1998), No. 6, 565–574.

2. I. Genebashvili, A. Gogatishvili, and V. Kokilashvili, Solution of two-weight problems for integral transforms with positive kernels. Georgian Math. J. 3(1996), No. 1, 319–342.

3. K. F. Andersen and H. P. Heinig, Weighted norm inequalities for certain integral operators. SIAM J.Math.Anal. 14 (1983), No. 4, 834–844.

4. V. M. Kokilashvili, On Hardy’s inequalities in weighted spaces. (Russian) bull. Acad. Sci. Georgian SSR 96(1979), 37–40.

5. J. S. Bradley, Hardy’s inequality with mixed norms. Canad. Math. Bull. 21(1978), No. 1, 405–408.

6. V. G. Maz’ya, Sobolev spaces. Spinger, Berlin, 1985.

7. V. D. Stepanov, Weighted inequalities of Hardy type for higher derivatives and their applications. Soviet Math. Dokl. 38(1989), 389–393.

8. D. E. Edmunds, W. D. Evans, and D. J. Harris, Approximation numbers of certain Volterra integral operators. J. London Math. Soc. 37(1988), No. 2, 471-489.

Author’s address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia