Proc. A. Razmadze Math. Inst. 117(1998), 123–125

D. E. Edmunds and V. Kokilashvili

TWO-WEIGHT COMPACTNESS CRITERIA FOR POTENTIAL TYPE OPERATORS

(Reported on November 13, 1998)

In the present note we give a characterization of couples of weights which guarantee the compactness of potential type operators without using the capacity notion.

For the classical results in the unweighted case we refer to [1] and for the weighted case in terms of capacity to [2].

Here we consider the model case of Riesz potentials

(I_γ f)(x) = ∫ Rn f(y) |x − y|^{n−γ} dy, 0 < γ < n,

although all the following problems are investigated in a more general case of integral transforms with positive kernels under some restrictions imposed on them.

Let now w be a weight, i. e., an almost everywhere positive locally integrable on R^n function. For any Borel set E we define the measure

wE = ∫ E w(x)dx.

In the sequel L^p_w (R^n) (1 ≤ p < ∞) denotes a set of all measurable functions f : R^n → R^1 for which

‖f‖_Lp_w = ( ∫ Rn |f(x)|^pw(x)dx

)_{1/p} < ∞

and L^{p ∞}_w (R^n ) - a set of all measurable functions f : R^n → R^1 by the condition

‖f‖_Lp∞_w = sup_{λ>0} λ(w{x ∈ R^n : |f(x)| > λ})^{1/p} < ∞. . The main sources of our investigation are the solutions of the two-weight boundedness problems for the above-mentioned operator (see, for example, [3]).

Theorem A. Let 1 < p < q < ∞. The operator I_γ is bounded from L^p_w (R^n) into L^{q∞}_v (R^n) iff sup x∈Rn r>0 A_1(x, r) < ∞, (1)

where

A(x, r) = ( ∫ B(x,r)

v(y)dy

)_{1/q} ( ∫

Rn\B(x,r)

w^{1−p′} (y) |x − y|^{(n−γ)p′} dy )_{1/q} ,

B(x, r) is a ball in R^n with a center in x and radii r.

1991 Mathematics Subject Classification. 42B20, 42B25, 46E30. Key words and phrases. Riez potential, compactness, two-weight inequality.

Theorem B. Let 1 < p < q < ∞. The operator I_γ is bounded from L^p_w (R^n) into L^q_v (R^n) iff (1) and the condition sup x∈Rn r>0 A_2(x, r) < ∞ (2)

are fulfilled, where

A_2(x, r) = ( ∫ B(x,r)

w^{1−p′} (y)dy

)_{1/p}′ ( ∫

Rn\B(x,r)

v(y) |x − y|^{(n−γ)q} dy )_{1/q}

For the domain Ω ⊂ R^n we introduce the quantities

A_1(x, r, Ω) = ( ∫ B(x,r)∩ Ω

v(y)dy

)_{1/q} ( ∫

Ω\B(x,r)

w^{1−p′} (y) |x − y|^{(n−γ)p′} dy )_{1/p}′ (3)

and A_2(x, r, Ω) = ( ∫ B(x,r)∩ Ω

w^{1−p′} (y)dy

)_{1/p}′ ( ∫

Ω\B(x,r)

v(y) |x − y|^{(n−γ)q} dy )_{1/q} (4)

Theorem 1. Let 1 < p < q < ∞, and Ω be a bounded domain. The operator I_γ is compact from L^p_w (Ω) into L^q (Ω) iff the conditions sup_{x∈Ω} sup_{r>0} A_1(x, r, Ω) < ∞, (5) and lim_{s→0} sup_{x∈Ω} sup_{0<r<1} A_1(x, r, Ω) = 0 (6) are fulfilled.

Theorem 2. Let 1 < p < q < ∞, and Ω be a bounded domain. The operator I_γ is compact from L^p_w (Ω) into L^q_v (Ω) iff the conditions (5), (6), sup_{x∈Ω} sup_{r>0} A_2(x, r, Ω) < ∞, (7) and lim_{s→0} sup_{x∈Ω} sup_{0<r<1} A_2(x, r, Ω) = 0 (8) are satisfied.

Theorem 3. Let 1 < p < q < ∞. The operator is compact from L^p_w (R^n ) into L^q_v (R^n ) iff it is bounded from L^p_w (R^n ) into L^{q∞}_v (R^n ) and the following conditions are fulfilled: lim_{s→0} sup_{x∈Rn}

0<r<1

A_i(x, r) = 0 (i = 1, 2), (9)

and lim |x|→∞ sup 0<r<1

A_i(x, r) = 0 (i = 1, 2) (10) Theorem 4. Let 1 < p < q < ∞. For the Riesz potential I_γ to be compact from L^p_w (R^n) into L^{q∞}_v it is necessary and sufficient that it be bounded from L^p_w (R^n ) into L^{q∞}_v (R^n) and for i = 1 conditions (9) and (10) be satisfied.

Corollary 1. If 1 < p < q < ∞ and Ω is a bounded domain, then the operator I_γ is compact from L^p(Ω) into L^q_v (Ω) iff

D(s) = sup_{0<r<1} x∈Ω γ^{q(γp−n)p} ∫ B(x,r)∩Ω

v(y)dy < ∞

for some s > 0 and lim_{s→0} D(s) = 0.

Definition 1. A measure ν satisfies the reverse doubling condition (ν ∈ (RD)) if there exist constants β_1 > 1 and β_2 < 1 such that

νB(x, r) ≤ β_2νB(x, β_1r)

for all x ∈ R^n and r > 0.

It is well known that the (RD) condition is weaker than the doubling condition. In the sequel we give easier criteria for compactness under additional assumptions for a couple of weights.

Theorem 5. If 1 < p < q < ∞, Ω is a bounded domain and the weights satisfy the (RD) condition, then for Iγ to be compact from L^p_w (Ω) into L^q_v (Ω) it is necessary and sufficient that the following two conditions be satisfied:

i) M(c) = sup x∈Ω 0<r<c

|B(x, r) ∩ Ω|^γn^{−1}(vB(x, r) ∩ Ω)^{1/q} ( ∫ B(x,r)∩Ω

w^{1−p′} (y)dy

)_{1/p}′_{< ∞} and ii) lim_{c→0} M(c) = 0.

An corresponding result for R^n holds as well.

Acknowledgement

The second author expresses his gratitude to the EPSRC UK, supported his visit the Centre for Mathematical Analysis and its Applications, University of Sussex, Grant GR/L58040

References

1. D. E. Edmunds and W. D. Evans, Spectral theory and differential operators. Oxford: Oxford University Press, 1987.

2. D. Adams and L. Hedberg, Function spaces and potential theory. Springer Verlag, Berlin, 1996.

3. I. Genebashvili, A. Gogatishvili, V. Kokilashvili, and M. Krbec. Weight theory for integral transforms on spaces of homogeneous type. Addison Wesley Longman, 1998.

Authors’ addresses: D. E. Edmunds Centre for Mathematical Analysis and its Applications, University of Sussex Brighton BN1 9QH Sussex United Kingdom

V. Kokilashvili A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia