Proc. A. Razmadze Math. Inst. 112(1997), 148–150

A. Meskhi

TWO-WEIGHT INEQUALITIES FOR POTENTIALS ON THE LORENTZ SPACES DEFINED ON HOMOGENEOUS GROUPS

(Reported on May 30, 1996)

In the present note in some particular cases the necessary and sufficient conditions are found for pairs of weights ensuring the validity of two-weight inequalities for potentials in the Lorentz spaces defined on homogeneous groups.

The two-weight problems for potentials in the Lebesgue spaces are already solved (see [1–6]).

In the sequel we shall need the notions of a homogeneous group G and of weighted Lorentz spaces L^{pq}_ω (G) defined on it. All these notions can be found in the previous report.

For the measurable function f : G → R the integral transform

T_αf(x) = ∫ G f(y) r(xy^{−1})^{Q−α} dy, 0 < α < Q,

is referred to as the potential defined on G, where dy is the Haar measure on G.

Basic Theorem. Let 0 < α < Q, 1 < r <^Q_α ,^1_{r∗} =^1_r −^α_Q , 1 < s < ∞, 1 < p ≤ r^∗, 1 < q ≤ ∞, provided max(r, s) ≤ min(p, q). If the weight functions v(x), ω(x), u_1(x), u_2(x) satisfy the following conditions:

(1) sup_{t>0} ‖ ‖u_2(·)r^{α−Q}(·)χ_{{r(y)>t}} (·) ‖ ‖_{Lpqv (G)} ‖ ‖ ‖ 1 u_1(·)ω(·) χ_{{r(y)<t}} (·) ‖ ‖ ‖_{Lr′ s′ω (G)} < ∞;

(2) sup_{t>0} ‖ u_2(·)χ_{{r(y)<t}} (·) ‖ L^{pq}_v (G) ‖ ‖ 1 u_1(·)ω(·) r^{α−Q}(·)χ_{{r(y)>t}} ‖ ‖ L^{r′s′}_ω (G)

< ∞;

(3) there exists a positive constant b such that for an arbitrary t > 0 the inequality

t^{Q[ αQ − 1r + 1p ]} sup t c0 <r(x)≤8c_0t ( u_2(x)v^{1p} (x) ) ≤ b inf t c0 <r(x)≤8c_0t ( u_1(x)w^{1r} (x) )

holds.

Then the inequality

‖u_2(·)T_αf(·)‖_L^{pq}_{v (G)} ≤ c‖u_1(·)f(·)‖_Lrs_{ω (G)}, (1)

1991 Mathematics Subject Classification. 31B20, 42B20, 43A80, 46E40. Key words and phrases. Homogeneous group, weighted Lorentz spaces, potentials, two-weight inequalities.

where the constant c > 0 does not depend on f, is fulfilled.

If inequality (1) holds, then conditions (1) and (2) are fulfilled.

Corollary 1. Let the numbers α, r, s, p, q satisfy the conditions of the theorem and let u_1(t), u_2(t), v(t) be positive, increasing on (0, ∞) functions. The inequality

‖u_2(r(·))T_αf(·)‖_L^{pq}_{v(r(·)) (G)} ≤ c‖u_1(r(·))f(·)‖_Lrs_{(G)}, (2)

where the constant c > 0 does not depend on f, is fulfilled if and only if

sup_{t>0} ‖ ‖u_2(r(·))r^{α−Q} (·)χ_{{r(y)>t}} (·) ‖ ‖_{Lpqv(r(·)) (G)} ‖ ‖ ‖ 1 u_1(r(·)) χ_{{r(y)<t}} (·) ‖ ‖ ‖_{Lr′ s′ (G)} < ∞ ( r^′ = r r − 1

, s^′ = s s − 1 ) . Corollary 2. Let the numbers α, r, s, p, q satisfy the conditions of the theorem and let u_1(t), u_2(t), v(t) be positive, decreasing on (0, ∞) functions. Inequality (2) is fulfilled if and only if

sup_{t>0} ‖ ‖u_2(r(·))χ_{{r(y)<t}} (·) ‖ ‖_{Lpqv(r(·)) (G)} ‖ ‖ ‖ 1 u_1(r(·)) r^{α−Q}(·)χ_{{r(y)>t}} (·) ‖ ‖ ‖_{Lr′s′ (G)} < ∞.

Corollary 3. Let 0 < α < Q, 1 < r <^Q_α ,^1_{r∗} =^1_r −^α_Q , 1 < p ≤ r^∗, 1 < q ≤ ∞ provided r ≤ min(p, q), and let v(t) and ω(t) be positive, increasing on (0, ∞) functions. The inequality

‖T_αf(·)‖_L^{pq}_{v(r(·)) (G)} ≤ c‖f(·)‖_Lr_{ω(r(·))}

holds if and only if the condition

sup_{t>0} ‖r^{α−Q}(·))χ_{{r(y)>t}} (·)‖_L^{pq}_{v(r(·) (G)} ‖ ‖ ‖ 1 ω(r(·)) χ_{{r(y)<t}} (·) ‖ ‖ ‖_{Lr′ω(r(·))} < ∞

is fulfilled.

References

1. M. Gabidzashvili, Weighted inequalities for anisotropic potentials. (Russian). Nauchnye Trudy Gruzinskogo Politekhnicseskogo Instituta 3(1984), 48–56.

2. V. Kokilashvili and M. Gabidzashvili, Two-weight weak type inequalities for fractional type integrals. Preprint No. 45, Math. Inst. Czech. Acad. Sci., Prague, 1989.

3. V. Kokilashvili and M. Krbec, Weighted inequalities in Lorentz and Orlicz spaces. World Scientific, Singapore, New Jersey, London, Hong Kong, 1991.

4. R. L. Wheeden, A characterization of some weighted norm inequalities for fractional maximal functions. Studia Math. 107(1993), 251–272.

5. I. Genebashvili, A. Gogatishvili, and V. Kokilashvili, Criteria of general weak type inequalities for integral transforms with positive kernels. Georgian Math. J. 1(1994), No. 1, 9–29.

6. A. Gogatishvili and V. Kokilashvili, Criteria of weight inequalities for integral transforms defined on homogeneous type spaces. In: Topological Vector Spaces, Algebras and Related Areas. Longman, Pitman Research Notes in Math. 316(1994), 251–362.

Author’s address:

A. Razmadze mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia