Proc. A. Razmadze Math. Inst. 112(1997), 138–140

V. Kokilashvili and A. Meskhi

TWO-WEIGHT INEQUALITIES FOR THE HARDY OPERATOR ON THE LORENTZ SPACES DEFINED ON HOMOGENEOUS GROUPS

(Reported on April 4, 1996)

Let G be a homogeneous group representing a connected, simply connected nilpotent Lie group on whose Lie algebra g is given one-parameter group of extensions δ_t = exp(A ln t), t > 0, where A is a diagonalized linear operator on g whose eigenvalues are positive (see, e.g., [1], p. 5).

For the homogeneous group G the mapping exp oδ_to exp^{−1}, t > 0, is the automorphism on G which is again denoted by δ_t. The number Q = trA is said to be the homogeneous dimension of G.

On the homogeneous group we introduce the homogeneous norm representing a continuous function r : G → [0, ∞) which is smooth on G\{e} and satisfies the following conditions:

(1) r(x) = r(x^{−1}) for any x ∈ G; (2) r(δ_tx) = tr(x) for any t > 0 and x ∈ G; (3) r(x) = 0 ⇐⇒ x = e;

(4) there exists a constant c_0 > 0 such that for the arbitrary x and y from G the inequality r(xy^{−1}) ≤ c_0(r(x) + r(y)) holds.

Let us fix on the group G the normed Haar measure so that the measure of the unit ball B(e, 1) = {y ∈ G : r(x) < 1} is equal to 1. If E ⊂ G is a measurable set, then the integral on E taken with respect to the given measure we denote by ∫ E f(x)dx.

Almost everywhere positive, locally integrable function ω : G → R^1 will be called the weight.

Denote by L^{pq}_ω (G) the Lorentz space with the weight ω which represents the class of all measurable functions f : G → R^1 for which

‖f‖_L^{pq}_{ω (G)} = ( q ∞∫ 0 λ^{q−1} ( ∫ {x∈G:|f (x)|>λ}

ω(y)dy

)^q_p dλ ) 1_q < ∞,

1991 Mathematics Subject Classification. 43A80, 46E30, 47B38, 47G80. Key words and phrases. Homogeneous group, Hardy’s operator, Lorentz space, two-weight inequalities.

where 1 ≤ p ≤ ∞, 1 ≤ q < ∞, and

‖f‖_L^{p∞}_{ω (G)} = sup_{λ>0} λ ( ∫ {x∈G:|f (x)|>λ}

ω(y)dy

) 1_p

< ∞,

where 1 ≤ p < ∞, and dy is the Haar measure on G.

Let a(x), b(x), v(x), and ω(x) be the weight functions on G. Denote by H the Hardy’s operator defined as:

Hf(x) = H_{a,b}f(x) = a(x) ∫ r(y)≤r(x)

f(y)b(y)ω(y)dy.

Define similarly the conjugate operator H^∗:

H^∗f(x) = H^∗_{a,b}(x) = b(x) ∫ r(y)≥r(x)

f(y)a(y)ω(y)dy.

The following theorems are valid.

Theorem 1. Let r = s = 1 or r = s = ∞ or 1 < r < ∞ and 1 < s < ∞, p = q = 1 or p = q = ∞ or 1 < p < ∞ and 1 < q < ∞, provided max(r, s) ≤ min(p, q). For the validity of the inequality ‖Hf‖_L^{pq}_{v (G)} ≤ c_1‖f‖_Lrs_{ω (G)},

where the constant c_1 does not depend on f, it is necessary and sufficient to fulfil the condition

sup_{t>0} ‖ ‖a(·)χ_{{r(y)>t}}(·) ‖ ‖_{Lpqv (G)} ‖ ‖b(·)χ_{{r(y)<t}}(·) ‖ ‖_{Lr′s′ω (G)} < ∞ ( r^′ = r r − 1

, s^′ = s s − 1 ) . Theorem 2. Let the numbers r, s, p, q satisfy the conditions of Theorem 1. The inequality ‖H^∗f‖_L^{pq}_{v (G)} ≤ c_2‖f‖_Lrs_{ω (G)},

where the constant c_2 does not depend on f, can be fulfilled if and only if

sup_{t>0} ‖ ‖b(·)χ_{{r(y)<t}}(·) ‖ ‖_{Lpqv (G)} ‖ ‖a(·)χ_{{r(y)>t}}(·) ‖ ‖_{Lr′s′ω (G)} < ∞.

Criteria for the pairs of weights ensuring the boundedness of classical Hardy’s operators Hf(x) =

∫_x 0 f(t)dt, H^∗f(x) =

∫_∞ x f(t)dt from L^p_ω to L^q_v have been found by V. Kokilashvili [2], J. Bradley [3], V. Maz’ya [4] for p < q and by B. Mucknhoupt [5], G. Talenti [6] and G. Tomaselli [7] for 1 ≤ p = q < ∞, while analogous problems for the Lorentz spaces were studied by E. Sawyer [8], D. Edmunds, P. Gurka and L. Pick [9] (see also [10]).

Corollary. Let 1 < r, s < ∞, 1 < p, q < ∞, provided max(r, s) ≤ min(p, q). If c < −^Q_p , β = cr + r(^Q_{r′} +^Q_p ), then the inequality ‖ ‖ ‖ ‖r(·)^c ∫ r(y)≤r(·)

f(y)dy ‖ ‖ ‖ ‖_{Lpq (G)} ≤ c^3‖f‖^{Lrs}_rβ_{(·)}^{(G)},

holds, where the constant c_3 does not depend on f.

References

1. G. B. Folland and E. M. Stein, Hardy spaces on homogeneous groups. Princeton University Press and University of Tokyo Press, Princeton, New Jersey, 1982.

2. V. M. Kokilashvili, On Hardy’s inequalities in weight spaces. (Russian) Bull. Acad. Sci. Georgian SSR 96(1979), No. 2, 37–40.

3. J. S. Bradley, Hardy inequality with mixed norms. Canad. Math. Bull. 21(1978), No. 1, 405–408.

4. V. G. Maz’ya, Sobolev Spaces. Springer, Berlin, 1985.

5. B. Muckenhoupt, Hardy’s inequality with weights. Studia Math. 44(1972), No. 1, 31–38.

6. G. Talenti, Osservazioni sopra una classe di disuguaglianze. Rend. Sem. Mat. Fis. Milano 39(1969), 171–185.

7. G. Tomaselli, A class of inequalities. Boll. Un. Mat. Ital. 21(1969), 622–631. 8. E. Sawyer, Weighted Lebesgue and Lorentz norm inequalities for the Hardy operator. Trans. Amer. Math. Soc. 281(1984), 329–337.

9. D. Edmunds, P. Gurka, and L. Pick, Compactness of Hardy-type integral operators in weighted Banach function spaces. Studia Math. 109(1994), 73–90.

10. M. Krbec, B. Opic, L. Pick, and J. Rakosnik, Some recent results on Hardy type operators in weighted function spaces and related topics. In: Proceedings of the International Spring School. Function Spaces, Differential Operators and Nonlinear Analysis. Teubner - Texte zur Mathematik, Band 133, Stuttgart, Leipzig, 158–182.

Authors’ address:

A. Razmadze Mathematical Institute Georgian Academy of Sciences 1, M. Aleksidze St., Tbilisi 380093 Georgia