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C2-DIFFERENTIABILITY OF QUATERNION FUNCTIONS
AND THEIR REPRESENTATION BY INTEGRALS AND
SERIES

O. DZAGNIDZE

Abstract. In the paper, the necessary and sufficient conditions
are established for a quaternion function to be C2-differentiable
or C2-holomorphic. The representations of C2-holomorphic qua-
ternion functions by double integrals and double power series are
obtained.
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1. INTRODUCTION

We consider a quaternion function u = f(z) of the quaternion variable z,

3 . 3 . . . . .
where z = Y7 _ Trin, w(z) = Y p_ouk(2)ix and ig = 1, i3 = i3 = i3 = —1,
iliQ = ig = —ig’il, ’iz’ig = ’il = —igig, igil = i2 = —’ilig. After introducing

the complex variables z1 = xo 4+ 141 and 25 = x2 + x371, the quaternion z
takes the form
z =21 + 2919 (1.1)

or, briefly, z = (21, 22). Hence the four-dimensional real Euclidean space
R* is identified with the two-dimensional complex space C? having points
z = (21, 22)-

The conjugate quaternion zZ = xy — x191 — x2t2 — x3t3 will have the form
Z = Z1 — 2919, Where Z1 = g — x141. We also have the equality

Z9lo = 1929. (1.2)
Therefore z; + z015 = Z1 — i2Z2. The equality z = 0 is equivalent to two

equalities z; = 0 and z, = 0.
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The product of the quaternion z = z; + 2915 by the quaternion w =
w1 + waig, which we denote by zw, is defined by the formula [1, p. 37]
zw = (z1w1 — Waze) + (w221 + 22wW1 )iz. In particular, for complex variables
z1 and z9 we have

2122 = 2221, 21 € Cl, 29 € ct. (13)

The set of all points z = (21, 22) € C? with the property ||z — 2°|| < 4,
where ||z = 21/l + Izl ]l = leol + Joil, 1zl = os] + |as], is called
the d-neighborhood of a point 20 = (29, 28) € C? denoted by U(z°, ). We
denote by the symbol U(2°) the neighborhood of a point 2° in general.

Analogously to equality (1.1), the function u = f(z) takes the form

[ =f1+ faia, (1.4)
where
Ji(z1, 22) = uo(21, 22) +i1u1(21, 22)
and
fa(z1, 22) = ua(z1, 22) +i1us(z1, 22).

2. DIFFERENTIABILITY OF QUATERNION FUNCTIONS

In this paper we establish some properties of quaternion functions f =
f1 + fois with respect to the complex variables z; and z,. For this, we
use the necessary and sufficient condition of existence at a point 2% = 2§ +
2%i; + 23z + 2i3 of the differential df(2") (with respect to the collection
(zo,x1, %9, x3) of real variables). This condition means the finiteness of the
angular gradient (i.e. the finiteness of all its components) of the function f
at a point 20 and is written as

anggrad df (2°) = (fz, (%), fz, (), f£,(=°), f5,(=°)). (2.1)

This anggrad f(z°) is a particular case of the general case where the

function F(t), t = (t1,...,t,), given in a neighborhood of a point t° =

(19,...,t9) € R™ has the finite angular partial derivative [2, p. 24; 3, p. 61]
with respect to each tj

F(t) — F(t(t}))

FL (") = lim 2.2
tr () th—t) e — 9 (2.2)
[ty —t91<c;ltx—t7]
Jj#k
where t(t9) = (t1,...,tp—1,t%, tk+1,...,tn), provided that it is assumed
that this limit exists and is independent of an arbitrarily chosen collection
c=(C1y.+.yCho1,Clit1,---,Cn) Of positive constants.

Since the difference t;, —t9 in equality (2.2) is a real number, the necessary
and sufficient condition of R™-differentiability (shortened to differentiability
in the sequel) has one and the same form for real, complex and quaternion
functions.
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Thus, for a quaternion function f = wug 4 w191 + ugis + ugiz to be differ-
entiable at the point z = xg+x1i1 + T2i2 + x3i3 the necessary and sufficient
condition is the existence, at z, of finite angular partial derivatives féﬂ (2),
Fo(2), Joy(2), f2(2), where f4 = (uo)s, + i1 (un)l, +ia(ua)l, + is(t3)s,,
k=0,1,2,3.

Along with this, when the function f is differentiable at a point z, the
following equality [2, p. 25; 3, p. 64] is fulfilled for its differential df (z)

df (2) = f5,(2)dxo + f5, (2)dxy + f7,(2)das + f3, (2)das,

df (z) = dug(2) + i1duy (2) + iadus(2) + izdus(2). (23)

It can be easily verified that the existence of an angular partial derivative

9L of a quaternion function f with respect to a variable x; is equivalent

oz,
to the concurrent existence of the angular partial derivatives % and %
of the complex functions f; and fo with respect to the same x; and the
equality
of _0fi  Of
— = —— 4+ —12, k=0,1,2,3, 24
8Z‘k 8xk 8Z‘k > T ( )

holds, where
Oh _Ou ;0w

= — 2.
95, 0, omy (2:5)
(9f2 8u2 . Bug
— = — —_— 2.6
o7, 05, | oz, (26)

Moreover, the differentiability of a quaternion function f at a point z is
equivalent to the differentiability of the complex functions f; and f; at z
and we have the equality

df (2) = df1(z) + df2(2)iz, (2.7)
where

df1(z) = dug(z) + i1dus (z), df2(2) = duz(z) + i1dus(z). (2.8)

3. C2-DIFFERENTIABILITY OF QUATERNION FUNCTIONS

Definition 3.1. A quaternion function f(z) = fi1(z) + fa(2)ia, 2 =
(21,22) = 21 + 2902, is called C2-differentiable at a point 2% = (29,29) =
2V + 29iy if there exist quaternion numbers dy + d}iz and dg + djis, such

that the equality
i £2) = F(20) = 5 (o — 20)(dh + diia)
e == 20]

is fulfilled.

=0 (3.1)
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In that case, we call the sum
2
S — 20) Ay + dyiz) (3.2)
k=1

the C2-differential of the quaternion function f at the point 2°.
The following statement is true.

Theorem 3.2. For a quaternion function f(z) = f1(z) + f2(2)ia to be
C2-differentiable at a point 20 it is necessary and sufficient that one of the
following three conditions be fulfilled:

(i) The complex functions fi(z) and f2(z) are C2-differentiable at the
point 29;

(ii) The equalities

af af
() + i (:7) = 0 (33)
and of of
AR (3.4
are fulfilled at the point 2°;
(iii) The equality
0 0
) = der gL () +dag L () (33)

holds, where
of _0fi [ O0fi. Of Ofi  Ofa.
T~ = t5=U, = =5tz u
821 82’1 82’1 822 322 822
and for a complex function g(z1, z2) of two complex variables z; and zo the
formal angular partial derivatives 88—291 and 88—992 with respect to z1 and zo are
defined by the equality [4]
99 _ 1 (39 i 39) 99 _1 (89 i ag)
821 on 8x1 ’ 822 8x2 8x3
Proof. (i) Equality (3.1) is equivalent to the fulfillment of the following two
equalities

(3.6)

(3.7)

fi(2) = f1(2°) = S5 di(zr — 2))

le)rrzlo Iz — 29| =0 (3:8)
and )

lim fa(2) = fo(2°) = i1 di(2r — 27) -0 (3.9)

zZ— 20 HZ — ZOH ’ ’

which are respectively equivalent to the C2-differentiability of the complex
functions f1(z) and fo(z) at the point 20 [4, equality (3.2)].
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(ii) According to the statement (i), the C2-differentiability of a quaternion
function f = fi+ faip at a point 20 is equivalent to the C2-differentiability of
the complex functions f; and f. On the other hand, the C2-differentiability
of the complex function f; at the point 2° is equivalent to the fulfillment of
the equalities [4, equality (3.1)]

Of ofi, oy _ o 9h oft, o

T, 7)) Hinge () =0, (@) +in g () = 0. (3.10)
Analogously, for the complex function fy we have

2P 2, 0y _ o Of2 . Of2 oy

0%, 2= (20) +i g (=) =0, a@( +“8§:\3(Z ) = 0. (3.11)

If we perform the right multiplication of equalities (3.11) by iz and sum
the resulting equalities with equalities (3.10), then we will obtain equalities
(3.3) and (3.4).

(iii) Again, by virtue of statement (i), the C?-differentiability of the
quaternion function f is equivalent to the CZ2-differentiability of the com-
plex functions f; and fo. But the complex function f; is C2-differentiable
at the point 2° if and only if the equality [4, equality (3.7)]

2 8f1
0y _ 0
df1(z") = 2 93, (27)dz, (3.12)

is fulfilled.
Analogously, for the complex function f, to be C2-differentiable at a
point 20 it is necessary and sufficient that the equality

dfa (> Z af 2( (3.13)

be fulfilled.
Using (1.3) we can rewrite equalities (3.12) and (3.13) in the form

dfi of Of2 Ofs
df1 =dz = + dz dfy = dz1 == + dz . 3.14
If1 = 1a + 28 , dfz = 1a + 2322 (3.14)
Hence we obtain the equality
dfl + df'LlQ — le a(fl tf27'2) + dZQ a(fl thZQ) ,
071 0%
from which by virtue of (2.7) we obtain equality (3.5). O

Remark 3.3. The equivalence of the C2-differentiability of a quaternion
function f = f1+ fois with the concurrent C2-differentiability of its complex
components f1 and fo (see statement (i) from Theorem 3.2) has no analogue
for the C!-differentiability in the domain. That this is so follows from the
fact that a C'-differentiable real function in a domain is necessarily constant
in this domain.
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Theorem 3.4. The C2-differential of a quaternion function f is equal
to the differential of this function.

Proof. For the coefficients dj, and dj, figuring in equalities (3.8) and (3.9)
we know the equalities [5, p. 31]

afl 0 / afZ 0
= — d = — .

aZk (Z )7 k azk (Z )

But for a C2-differentiable complex function the partial derivative with
respect to the variable zj is equal to its angular partial derivative with
respect to the same z [4, equality (2.1)]. Therefore the C2-differential of
the function f = fi + f2io defined by equality (3.2) at the point z° is written

as )
f o
k=1

But the latter expression is equal by virtue of equality (3.5) to df(z°). O

dy,

4. C?-HOLOMORPHY OF QUATERNION FUNCTIONS

Definition 4.1. A quaternion function f(z) = f1(2) + fa(z)iz will be
called C2-holomorphic at a point z° or in a domain D c C? if f is C2-
differentiable in the neighborhood of 2% or at every point of the domain D.

The following statement holds true.

Proposition 4.1. For a quaternion function f(z) to C*-holomorphic at
a point 2° or in any domain D C C? it is necessary and sufficient that one
of conditions (i)—(iii) from Theorem 3.2 be fulfilled in the neighbothood of

20 or at every point of the domain D.

In particular, we have

Proposition 4.2. The C2-holomorphy at a point or in a domain of a
quartenion function f(z) = f1(2) + fa(2)ia is equivalent to the concurrent
C2-holomorphy at the same point or in the same domain of the complex

functions f1(z) and fa(z).

5. INTEGRAL REPRESENTATIONS OF C?-HOLOMORPHIC QUATERNION
FuNcTIONS

Theorem 5.1. Let a quaternion function f(z) = fi1(2) + fa(2)iz be C2-
holomorphic in a domain D C C? which is the Cartesian product of simply
connected domains D1 C C' and Dy C C'. Then at any point z = (21, 22)
the representation

ferm) =13 | [ =S ftee. G

— z1)(t2 — 22)
'y I's
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is fulfilled, where I'y and I's are any closed paths in Dy and Ds, respectively,
which envelop the points z1 and zo.

Proof. By Proposition 4.2. we have the equalities [5, p. 28]
(t ,t
fl(Zl,ZQ 47(_2 // fl L2 dtldtg, (52)

1—21 2—22)

Iy I's
fa(t1,t2)
dt1dts. 5.3
fa(z1, 22) = 47r2// (1= 21)(l — ) V112 (5.3)
Iy Ty

By virtue of equality (1.3) we can write fi(¢1,t2)dt1dta = dt1dta f1(t1,t2)
and fo(t1,ta)dt1dta = dtidts fo(t1,t2). Hence, from equalities (5.2) and (5.3)
we obtain the equality

f1(21,22) + fa(z1,22)i2 =
= ~ L / ( dhadty [f1(t1,t2) + fa(t1,t2)ia],

471'2 tl—Zl)(t2—22>
Ty

which is equivalent to equality (5.1) O

Theorem 5.2. If a quaternion function f(z1,22) = f1(z1, 22)+ f2(21, 22)i2
is C2-holomorphic in the Cartesian product D1 x Do of simply connected
domains Dy C C* and Dy C C', then its partial derivatives f. and f, are
also C2-holomorphic quaternion functions in Dq x Dy C C2.

Proof. According to Proposition 4.2, the C?-holomorphy of a quaternion
function f imples the C2-holomorphy of the complex functions f; and f,

d,
given by equalities (5.2) and (5.3). Therefore their partial derivatives %,
21
dfi  dfs dfs

——, == and == are C%-holomorphic complex functions in D; x Dy. Thus
82’2 82’1 622
equalities (3.10) and (3.11) which are fulfilled for the functions f; and fo will

also be fulfilled for their partial derivatives % % df? de
82:1 822 821 82’2

follows that, as was shown when proving Theorem 3.2, these partial deriva-
tives satisfy equalities (3.3) and (3.4), i.e. are (C2—holomorphic quaternion
functions by virtue of statement (ii) from Theorem 3.2. O

Hence it

6. REPRESENTATION OF C2-HOLOMORHIC FUNCTIONS BY POWER
SERIES

Theorem 6.1. Let a quaternion function f(z) = fi1(2) + fa(2)iz be
C2-holomorphic in a domain D C C? which is the Cartesian product of
simply connected domains D1 C C* and Dy C C'. Then at any point z =
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(21,22) € D from the neighborhood of 2° = (29,29) € D the representation
of f by the power series
o0
flaz2) = Y (21— 2)™ (22 — 29) " Com, (6.1)
m,n=0
is fulfilled, where the quaternion coefficients ¢,y of the function f are defined
by the equalities

dtidts
t1,t2), 6.2
4x? // (t; — 20)m+1(ty — 2Q)nt1 f(t,t2) (6.2)

'y Iy

(6.3)

mlnle,, =

m—+n
(s my

_22

Proof. By virtue of Proposition 4.2, the complex functions f; and fo are
C2-holomorphic or, which is the same, C?-analytic in the domain D. Hence
we have the equalities
o0
fi(z1,22) = Z Yemn (21 — 29)™ (22 — 29)", (6.4)
m,n=0
o0
folz1,22) = D Pemn(zr — 290)™ (22 — 29)", (6.5)
m,n=0
where the complex coefficients of the functions f; and fo are given by the
formulas

1 fi(ti,t2)
n = dt,dts, 6.6
Cmn 47T2// tl_Z m+1(t2—Z )n+1 1@t2 ( )
2, fa(ti,t2)
= dtidts. .
471.2 // t1 _ Z m+1(t2 )n+1 1482 (6 7)
Iy s

Using (1.3) and the equality fi + f2iz = f, from (6.4), (6.5) and (6.6),
(6.7) we obtain respectively equalities (6.1) and (6.2). As to equality (6.3),
it is obtained from the well known formulas [5, p. 31]

O™ (b, ta)
t1 Z? )

min e = (

ot ots =
2=29
m!n!?c = (aeran(tl?t?))
dbs Cmn —
ooty =2y
2= Zg

taking into account the equalities

A _0h O, df _ 0 b,
le (921 821 Z dZQ 82’2 622 2
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