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Abstract. A single-valued analytic function of general type is con-
structed which maps a half-plane onto a circular polygon with a finite num-
ber of vertices and with arbitrary finite angles at those vertices. It is proved
that this function is a general solution of the Schwartz equation.

Transcendent equations of higher order connecting geometrical character-
istics of circular polygons with unknown parameters of Schwartz equation,
are investigated. Possible intervals of variation of unknown accessory pa-
rameters are established.

A general mathematical method of constructing solutions of spatial ax-
ially symmetric stationary with partially unknown boundaries problems of
the theory of get flows and filtration is given.
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Preface

The present monograph includes chapters from some papers reflecting
the most important earlier and the latest results of investigations carried
out by the author.

A brief list of problems: :

1. Assume that an upper half-plane of the plane ( = ¢ + i7 is mapped
conformally by the function z = z({) onto circular polygons on the plane
z = x + iy. Moreover, let the points ¢, a1, as,...,a,, (where —oco < a1 <
ag < -+ < @y, < +00) of the real axis turn into the corresponding vertices of
a circular (or linear) polygon by, ba, ..., by. An unknown function z = z(¢)
satisfies the known Schwarts equation

2"(0)/2(€) = 3["(0)/# (O] /2 = R(©),
s 1
R(¢) =Y [(1=oR)(¢ —ar) /2 + e(¢ —ar) '], .
k=1
where ¢, are unknown accessory parameters, mv; are the given interior

angles of the circular polygon at the vertices b;. Equation (1) depends on
m

2(m — 3) unknown parameters ax,cg, »_ ¢ =0,,
k=

1
Zakck—l—OSl—vk )| =0, Zakck+ak 1—vp)] =0. (2)
k=1 k=1
An unknown function z = 2(¢), being a solution of equation (1), must
satisfy the linear boundary condition

A(t) 2(t) 2(t) — i B(t) 2(t) + i B 2(t) + D(t) = 0, (3)

where A(t), B(t), D(t) are the given piecewise-constant functions satisfying

the condition B(t)B(t) — A(t)D(t) = 1; z(t)B(t) are the complex-conjugate
functions, respectively, of z(t) and B(t).

2. A plane of stationary motion of incompressible liquid in a porous
medium, subject to the Darcy law, coincides with the plane of a com-
plex variable z = x + iy. The porous medium is assumed to be isotropic,
homogeneous and undeformable. The boundary £(z) of the domain S(z)
of liquid motion consists of a depression curve to be determined and of
the known segments of straight, semidirect and direct lines. In the do-
main S(z) with the boundary ¢(z) we seek for a reduced complex potential
w(z) = p(z,y) + i(z,y), where p(x,y) is the velocity potential, ¢ (x,y) is



a stream function satisfying the Cauchy-Riemann conditions and the con-
ditions

ar1p(x,y) + ar2p(,y) + apzx + apay = fr, k=1,2, (x,y) € £(z), (0.1)

where ay, frx, k = 1,2, j = 1,4 are the known piecewise-constant real func-
tions; fr, £ = 1,2, dapend on the parameter (), where @ is the liquid
discharge per filtration.

3. Solutions of spatial axially symmetric problems with partially un-
known boundaries become more complicated as compared with analogous
plane problems 1 and 2.

Such kind of problems are encountered in the theory of filtration, in get
flows theory, and also in various parts of mathematical physics.

In the present monograph we investigate the above-mentioned problems
and these which are tightly connected with them.

The monograph consists of five chapters.

Each chapter is supplied with an abstract, introduction, sections and
references.



CHAPTER [

SOLUTION OF THE SCHWARZ DIFFERENTIAL EQUATION

Abstract. A circular polygon of general form with a finite number of
vertices and arbitrary angles at these vertices is given. A single-valued an-
alytic function mapping conformally a half-plane onto the given circular
polygon is constructed in a general form. The function is proved to be
a general solution of the Schwarz equation. First we construct functional
series convergent uniformly and rapidly near all singular points and then
fundamental local matrices which are connected by analytic continuation.
The constructed analytic function satisfies nonlinear boundary conditions.
In a general form, we compose and investigate all higher transcendental
equations connecting geometric characteristics of circular polygons with un-
known parameters of the Schwarz equation. Possible intervals of variation
of unknown accessory parameters are established.

1. INTRODUCTION

Let on a complex plane w be given a simply connected domain S(w)
with the boundary [ consisting of a finite number m + 1 of circular arcs or
linear segments; note that the latter are regarded as degenerated circular
arcs. The vertices of circular polygons are denoted by b1, ba, ..., byy1, while
the sizes of inward with respect to the domain S(w) angles are denoted by
TV, TV, ..., TVmt1. The domain S(w) may be assumed to be bounded.
This can always be achieved by a suitable linear-fractional mapping.

Without restriction of generality, one can by means of a linear-fractional
transformation, combine one of the sides of circular polygons, say the side
(b bmy1), With a segment of abscissa axis, the origin coinciding with the
vertex by,. For v, # n, n = 0,1,2, and the side (b,,—1,bn) becomes a
segment of the straight line forming with the abscissa axis the angle mv,,.
This remark will be used in the sequel.

Find and investigate the function w(¢) which conformally maps the half-
plane $(¢) > 0 (or I(¢) < 0) of the plane ¢ = ¢ + i onto the domain S(w).
Using the theorem on the correspondence of boundaries of the domains
$(¢) > 0 and S(w), we denote by ax, k = 1,2,...,m + 1, the points of
the real axis of the plane ¢ = ¢ + i7 (in this case —0c0 < a; < as < -+ <
@y < +00) to which on the plane w there correspond the vertices of circular
polygons b, k = 1,2,...,m,m + 1. Suppose that the point a,,+1 = oo is
mapped into the point w = b,,+1. On every interval of the t-axis, the

8



Solution of the Schwartz Differential Equation 9

unknown function w = w(() takes between neighboring points ag, a1 the
values which lie on the corresponding circular arc [5,6].

A not complete bibliography dealing with those problems can be found
in [1-27].

The function w = w(() is the solution of the Schwarz equation [5-7, 9-11]

w”(¢)/w'(¢) = 1,5[w" (¢)/w'(O)]* = R(C), (1.1)
R(¢) = 3 [0,5(1 — ) /(¢ — ar)? + e /(¢ — ax)], (1.2)
k=1
where ¢, Kk =1,2,...,m are unknown real accessory parameters satisfying
the conditions
Em:ck =0, i[akck+0,5(1—y§)} =0,5(1 —v2,,1). (1.3)
k=1 k=1

By bk, by, k =1,2,...,m + 1 we denote the complex coordinates of the
vertices of a circular polygon at which two neighboring circumferences may
intersect; but if the neighboring circumferences are tangents at the vertex
w = bk, then bk = b;v

The function w = w(¢) on the boundary [ of S(w) must satisfy the
nonlinear boundary condition [19, 20]

iA{t)w(t)w(t) + Bw(t) — Bt)w(t) +iD(t) =0, —oco <t < +oo, (1.4)

B(t)B() — At)D(t) = 1, (1.5)

where A(t), B(t), B(t), D(t) are the given piecewise constant functions;
A(t), D(t) are real, while B(t) and B(t), w(t) and w(t) are mutually complex
conjugate.

It should be noted that (1.4) is the equation of the contour of the circular
polygon.

It is known that every function w(¢), conformally mapping $(¢) > 0 onto
a circular polygon, satisfies (1.1), and vice versa, every solution of (1.1) con-
formally maps the domain ¥(¢) > 0 onto a some circular polygon [10, p.
137]. Moreover, due to the boundary correspondence under conformal map-
ping, every solution of (1.1), w = w((), will satisfy the boundary condition
(1.4). Note hereat that when passing in (1.4) to complex conjugate values,
the equation (1.4) remains unchanged.

If w = wy(¢) is a particular solution of (1.1), then the general solution of
(1.1) is given by

w(C) = [pwr(C) + ql/[rwi(¢) + 5], ps —rg =1, (1.6)

where p, g, r, s are arbitrary, parameters of integration of the equation (1.1),
connected by the condition ps — rq = 1.




10 A. Tsitskishvili

Equation (1.1) is invariant with respect to a linear-fractional transfor-
mation of the independent ¢ and dependent w variable; given (, the coef-
ficients of the linear-fractional transformation are real, but given w, they
are complex. Therefore we can fix arbitrarily three of the parameters a,
k=1,2,...,m,m+1 one of which, a,,41 = o0, is already fixed. It remains
to fix the rest two parameters by taking, e.g., a1 = —m, a,, = m.

Thus it becomes evident that the equation (1.1) depends on 2(m — 2)
unknown parameters ag, ¢, k = 1,2, ..., m and a number of singular points
¢ = ay, equals m + 1.

The contour of the circular polygon [ consists of arcs of m + 1 circum-
ferences. For their definition, we need 3(m + 1) real parameters. As it will
be seen, there are exactly 3(m + 1) parameters at our disposal. Indeed, the
equation (1.1) depends both on 2(m — 2) unknown parameters ay, ¢, and
on m + 1 known parameters vi, k = 1,2,...,m + 1. In defining a general
solution of (1.1), there appear six more additional parameters of integration
(see (1.6)). Thus we have 2(m —2) + m + 1 + 6 = 3(m + 1) parameters [7].

If we assume that w’ = 1/u?({), then the solution of (1.1) reduces to
that of the Fuchs class differential equation [5-13]

W (¢) +0,5R(Q)u(¢) = 0. (L.7)

If we find linear independent partial v1({), v2(¢) solutions of (1.7), then
a general solution of (1.1) can be obtained by the formula (1.6) assuming

w1 (C) = v1(¢)/v2(C).

Below we will consider the Fuchs class equation of the kind

v (€) + p(Ov'(€) + q(Ov(¢) =0, (1.8)
where
Zﬂk/ ¢ —ag), = low/(C—ar)* +er/(C—an)];  (19)
k=1

Bk, ox are the given constants and ¢; are unknown p’(s) accessory parame-
ters.
Substituting

[\]

0(¢) = u(zt) exp [— ! j p<<>d<], (1.10)
0

the equation (1.8) reduces to the equation (1.7), where

0,5R(¢) = q(¢) = 0,5(p'(¢))* = 0,25(p(¢))*. (1.11)
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One frequently uses equations of the type (1.8) in which p(¢) and ¢(()
are of the form [4, 15]

p(O) =) (1 —w)/(C — ax),
k=1

Ly . (1.12)
q(s) =a'a” || (¢ — k) H —ag),
k=1 k=1
where
m
Zuk—&—a'—&—a”:m—l, o — o = vy, (1.13)
k=1
and A1, Ao, ..., \,,,_o are accessory parameters.

If we consider a circular polygon with equal angles nv; =7, j =1,2,...,
m + 1, then o/ = 0, and hence in this case it is necessary to consider the
limits lim(e/a”’A\g), k =1,2,...,m — 2 as &’ — 0. Therefore it is better to
write ¢(¢) in the form [7]

[/ 72 4+ 513 4 650+ 4 G3C + O]

q(¢) = o . (L14)
IT(¢C—ax)
k=1
where 0, k=1,2,...,m — 2 are unknown accessory parameters.

The Fuchs class equations are solved by means of the power series, hence
we represent (1.14) as a sum of partial fractions
m
9(Q) =D ¢/ (¢ —ay), (1.15)
Jj=1

where

ch =0, chaj =dad", (1.16)
; —

a’a”am2—|—5a +~-~+5m,fa 4+ G
cp = [ ! 8%k 2] (1.17)

m

[T (ar—ay)
J=1.j#k

The equation (1.1), as well as the method of constructing w(¢) for m = 2,
was obtained by H. A. Schwarz in 1873.

The equation (1.8) for m = 3 was considered by K. Heun in 1889 and by
Ch. Snow in 1952. But they failed in connecting the constructed local solu-
tions [3]. G.N. Goluzin [6] constructed w((¢) for equilateral and equiangular
circular polygons. V. Koppenfels and F. Stallmann constructed w(¢) for
some particular cases of circular polygons with angles, multiple of % [10].
Approximate methods for finding the parameters ag, ¢ can be found in [2].
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P. Ya. Polubarinova-Kochina has obtained important results in con-
structing w(¢) and in its application to the problems of filtration, when a
finite number of new singular points, the so-called removable points, are
added to the points ( = ag.

A general analytic solution of the equation (1.1) for circular polygons
with a finite number of vertices by k = 1,2,...,m+1is given in [19-26]. In
other works, one can get systems of equations for finding the parameters a;,
¢, Py q, 7, 8, j = 1,2,...,m. The method making it possible to construct
explicitly a solution of (1.1) for circular polygons with angles, multiple of
7/2, is described in [22].

Below we present our new, not published yet, results as well as those
published earlier [19-26].

2. APPLICATION OF MATRIX CALCULUS TO DETERMINATION OF THE
FUNDAMENTAL SYSTEM OF SOLUTIONS

Denote linearly independent local solutions of (1.8) near singular points
C=ap, k=1,2,...,m+1, by v;(¢), k=1,2; =1, ...,m+ 1, while the
solutions containing integration constants p, ¢, r, s satisfying ps —rq =1

u15(¢) = p1;(¢) + qu2;(C), u2;(¢) = rvi;(C) + sv2;(C). (2.1)

The ratios uij/us; are local solutions of (1.1) (see (1.6))

Linear independent local solutions of (1.8) are proved to be suitable only
near the points ( = ag, k=1,2,...,m+ 1.

The equation (1.8) can be written in the form of a system

V(O = XQP©), (2.2)
where
u1;(¢),  uy;(Q) _ (0, —q(¢)
x( )—<u2j<<>, u5j<<>>’7’(<)—(17 —p<<>>’ (2:3)
X0 = FX(0): 1y (6) = Sruns(0), (2.4)

and u(¢), uz(¢) are the linear independent solutions of (1.8).

Note that since the coefficients of (1.1) and (1.8) are real, it becomes
obvious that if w(¢) and wu;(¢), k = 1,2, are solutions of (1.1) and (1.8),
respectively then w(¢) and %g;({) are likewise the solutions of (1.1) and
(1.8) respectively.

In [26] we proved the basic

Theorem 2.1. If w({) = u1(¢)/uz(¢), where ui(¢) and uz(C) are linearly
independent solutions of (1.8), then the linear boundary condition (1.4) is
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equivalent to the conditions [19,20]
u1(t) = A[B(t)u1 (t) —iD(t)ua(t)], —oo <t < +oo, (2.5)
ua(t) = AiA(t)u (t) + B(t)ua(t)], —oo <t < 400, (2.6)

where A = A(t) takes on the intervals aj, a;y1 constant values equal to +1
or —1; ug (), wi(¢) are complex conjugates.

Proof. Assume A = A(t). We rewrite (2.5) and (2.6) as
up(t) = A@®)ui(t), uz(t) = At)us(t), —oo <t < +oo, (2.7)
where
ui(t) = B(t)m (1) — iD(0)ma(1), (2.5)
w5 (t) = iA(t)m (1) + Bty (1)

are linearly independent solutions of (1.8).
Substituting (2.7) in (1.8), we obtain

N (@i () + N (@) [2ui (@) +pt)ui(t)] =0, —oo<t<+4oo, (2.10)

N (B)uz(t) + N (@) [2(us (1) +pt)us(t)] =0, —oo <t < +oo, (2.11)

Multiplying (2.10) by w3(¢) and (2.11) by u}(¢) and then subtracting the
first equality from the second one, we get

2N () [[ug (1)) w3 (t) — [u3 (1)) ui ()] =0, (2.12)

The braces in (2.12) involve the Wronskian wluj (), u3(t)] # 0 for all ¢,
with the exception of { = ax, k= 1,2,...,m. Hence (2.12) implies

A(t) = const, te€ (aj,a541), j=1,2,...,m. (2.13)
From its side, (2.13) implies
N(#)=0, te(aj,a+1), j=1,2,...,m. (2.14)
If we calculate the Wronskian for (2.7) and take into account (2.14), we
will obtain A2 = 1, and hence A = +1. O
In §9, we will show which of the intervals (a;,aj+1), 7 = 1,2,...,m
requires A = 1 and which one A = —1.

As for the matrix x(¢) defined by (2.3), we can write the conditions (2.5)
and (2.6) as:

x(t) = 6(t)x(t), —oo <t < 400, (2.15)
where
G(t) = <£1((1;))’, ;1(7;;)) ,—00 < t < 400, (2.16)

is a given piecewise constant matrix; by (1.5) det G(¢t) =1, and G(¢)G(t) =
E, where E is the unit matrix and (¢) is a matrix, complex conjugate to
the matrix x(¢).
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For the intervals of the axis ( = ¢, the matrix G(t) can be defined as
follows:

G(t) = Gj = (Z‘ijj ;?J> , Q5 <t< aj+1, ] = 1,2, oo,m+ ]., (217)
where a1 = @py2 = a1 when j =m 4+ 1.

As it has been said above, without restriction of generality, we may as-
sume that G,, = E. Due to this fact, we can extend the matrix x(¢)
analytically through the interval (a,,, @my1) to the lower half-plane, or vice
versa.

The matrix x(¢) defined by (2.3) is a solution of (2.2). Since det x(¢) # 0
for all ¢ with the exception of the points { = ax, k =1,2,...,m+1, we can
see that x(¢) is likewise a fundamental matrix [8]. It is also known that if
the matrix x(¢) is a solution of (2.2), then the matrix C - x(¢) is likewise a
solution of (2.2), where C is a nonsingular constant matrix.

Below we will construct locally linearly independent solutions of (1.8),
Vii (€), ¢r;(C) respectively for the points ( = aj, j = 1,2,...,m,m + 1,
¢(=-¢e; =(a; +a;11)/2, j =1,2,...,m — 1, where k = 1,2, and then by
means of these solutions we will construct for (2.2) the corresponding locally
fundamental matrices:

o (Vi€ V(0 o [e13(0) 150
0= (120 v5j<c>)’ 1= (220 sogj@))’ 2.18)
J=1,2,3,...,mm+1, j=1,2,3,...,m—1

3. LocAL SOLUTIONS NEAR SINGULAR POINTS, WHEN THE
DIFFERENCE OF CHARACTERISTIC NUMBERS IS NOT AN INTEGER

Equation (1.8) near ¢ = a; can be rewritten as

(€= a;)*V"(¢) + (¢ = a)pi (OV'(C) + 4 (OV () = 0, (3.1)

where
=> (¢ —a)¥, Q) =D ari(C—ay). (32)
k=0 k=0

For the point { = a;,+1 = 00, by means of the transformation ¢ = 1/z,
we can write the equation (1.8) as follows [1, 7, 13]:

2V (z) + 22 =Y prat V(@) + D gt V(@) =0,  (3.3)
k=0 k=0
where

p(1/x) _$Z Foog(l/x)x Zqzoxk. (3.4)
k=0 k=0
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A solution of (3.1) respectively for the points { = a;, ( = o0, j =
1,2,...,m, is sought in the form [1, 7, 8, 12, 13]

Vi(Q) = (¢ — a;)™V;(¢ E}m D (3.5)

Voo (Q) = ¢ Ve (€) Zvnoo : (3.6)

Theorem 3.1. If near the point t = a; the equation (3.1) has a solution
of the type (3.5), then after its substitution in (3.1) the equality

¢ —ai) {ZMM — aj) }0 (3.7)

should identically be fulfilled.

From this equality we obtain an infinite recursion system of equations for
determination of v,;, n =1,2,....

Moj(aj) = 05 foj(c;),  fojlay) = ajley — 1) + aypoj +qo; =0,  (3.8)

Mj(a;) = v15(a;) - foj(ey +1) + 705 f1(e) =0, (3.9)
Msj(ei) = y25(a;) foj (o +2)+

Y1j(a) fij(a + 1) 4+ 705 f25(a;) =0, (3.10)

My (o) = vnj(y) foj(aj 4+ n) + Y-y (@) frjla; +n = 1) + -+

FYn—(=2)1 (@) fe—2)i (g +n — k4 2) + -+ +
F75(05) 13305 1)+ 303 Sy (07) = 0, (3.11)
fri(a) = aypi; + i (3.12)

Theorem 3.2. If for the point { = a; the determining equation (3.8) has
the roots anj, ag; (0 > aaj) such that ar; — g #n, n=20,1,2, then for
the equation (3.1) we construct by formulas (3.9)—(3.11), two local linearly
independent solutions of the type

Vg () = (€ — a;) ™03 Vi (€),
Vig(Q =14 4,(¢—ap)", k=12 (3.13)
n=1

In a complete analogy with the above theorem, we can formulate and
prove the theorem for the point ¢ = a1 = oo [1, 7-13].
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The convergence radius of the series ij (¢) is bounded by the distance
from the point ¢ = a; to the nearest of the points ( = aj_1, ¢ = a;41 [1,
7,8].

The coefficient vp; # 0 will be defined below.

4. CONSTRUCTION OF THE SECOND SOLUTION BY MEANS OF THE
FRrROBENIUS METHOD, WHEN THE DIFFERENCE OF CHARACTERISTIC
NUMBERS IS EQUAL TO AN INTEGER

As is known, when a;; — ag; =n, n =0,1,2, using the formulas (3.9)-
(3.11), one can construct at the point ( = a; only one solution V3;(()
corresponding to the root o; = ;.

In such cases, there exist two methods to construction the second solution
V2;(¢): the Frobenius method and the method of lowering the order of the
equation (1.8).

By the Frobenius method, V5;(() is sought as follows [8].

Consider the case where a; — a; = 0. In this case, for the point ( = a;
we seek for the second solution of (3.1). First we differentiate (3.5) with
respect to a; and then calculate the limit a; — a9; and obtain V5;(¢). Thus
we have

Va;(€) = Vi;(¢Q) In(¢ — a;) + (¢ — a;) 7y, x

x Z{diﬁj(%)} x (¢ — aj)™. (4.1)

o =0,
Consequently, the following theorem is valid.

Theorem 4.1. If for the point { = a; the determining equation (3.8) has
the roots such that a1; — ag; = 0 (at the point w = b;, the two neighboring
arcs are tangent, v; =0 ), then for the point { = a; there exists the second
solution Va;(C) of the form (4.1).

If for the point ( = a; the roots of (3.8) satisfy the condition o j—ag; = s,
s € {1,2}, then the second linearly independent solution of (3.1) is sought
in the form [8]

o0
V(¢ a) = 70;(C — aj)ay {Oéj — g+ Y i) (¢ —ay)"|. (4.2)

n=1
Substituting (4.2) in (3.1), we obtain for determination of v2(«;), n=
1,2,..., a recursion system of equations. This system can also be obtained
from (3.8)-(3.11), if instead of 'ygj (aj — rpj) we substitute 'yfbj (o), n=
1,2,.... From this system we determine 'ygj (oj), n=1,2,..., and substitute
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them in (4.2). Then we differentiate (4.2) with respect to a; and finally
calculate the limits as a; — ;. As a result, we get the solution V5;((),

Va;(¢) = ,Lim _’YOJ‘{(C —a;)% [a; — ag; + Z%j(%‘)(( —a;)"] x
’ 2 n=1

<~ ay) + (- ) 143 b2 (e~ ay)'] } (4.3)
n=1 J

Reasoning as above, we have proved the following

Theorem 4.2. If for the point ¢ = a; the equation (3.8) has the roots such
that an; — aj = s, s = {1,2} (two neighboring circular arcs are tangent
and v; = 1 and v; = 2 ), then for the point ( = a; the second linearly
independent solution of (3.1) is of the form (4.3).

5. CONDITIONS FOR THE ABSENCE OF THE LOGARITHMIC TERM IN THE
SOLUTION V,,;(¢)

The boundary [ of the domain s(w) may contain circular or rectilinear
cuts of s(w). For the cut end w = b;, equation (3.8) possesses the roots such
that a1; — ag; = 2. For the points ¢ = a;, P. Ya. Polubarinova-Kochina
has proved that solutions V5;(¢) contain no logarithmic terms. Moreover,
for these points she has obtained the equation connecting the parameters
aj, ¢j, v of some circular polygons.

Below, using the method different from that used in [15], we derive for
the end of the cut of the angle 27 an equation connecting parameters a;, c;,
v; for any circular polygons and then prove that the second solution V5;(¢)
constructed for this end should not contain a logarithmic term.

Denoting the first summand in formula (4.3) by V55(¢), we have

V21j(C) =705 (¢ — a;)" x
x|y = a2y + D72, (@5)(C — a)" ] (¢ - ay). (5.1)
k=1

For determination of the coefficients 77, ;(cva;), we need the formulas (3.9)~
(3.12) in which we replace vo; by vo; (o — ag;). Having defined 7, (a;)
and passing to the limit in 7,;(a2;), as a; — ag;, we obtain from (5.1) the
equality

U%;(C) = lim Vzlj(o = ’V%j(a?j) -V1;(Q) In(¢ — ay), (5.2)

aj—az;

where v1;(¢) is the solution of (3.1) for a; = a;.
Now we prove
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Theorem 5.1. A necessary and sufficient condition for the absence of a
logarithmic term in the solution vyj) constructed for the cut end is of the
form

Yoj
Va;(aj) = 7]><

x{=fuj(oz;) - frj(az; + 1)/ foj(agjr) + faj(az;)} =0, (5.3)
where frj(c), k=0,1,2, are defined by (3.8) and (3.12).

Proof. Let us prove the sufficiency of (5.3). From (5.2) it is obvious that
if (5.3) holds, then v%;‘ (¢) = 0 which proves the sufficiency of the condition
(5.3).

Let us prove now the necessity of the condition (5.3). As far as the
equation (3.1) for the cut end ¢ = a; must have two locally independent
solutions containing no logarithmic terms, we take this fact into account and
construct the solution vg;({) by using the formulas (3.9)—(3.11) for, only the
solutions of (3.1) constructed by (3.9)—(3.12) contain no logarithmic terms.

Really, all fnyj, n=1,3,4,..., with the exception of vgj (ar5), are defined
from the system (3.9)-(3.11). For definition of 73; we have equation (3.10)
in which the first term v3; () foj(c; 4+ 2) = 0 for aj = ag;. Hence the sum
of the last two summands in (3.10) must vanish,

Vij () frj (o2 + 1) + 705 f25 (r25) = 0; (5.4)
moreover, the equation (5.4) coincides with (5.3) if we substitute in it

77 (a;) defined by (3.9).
From (5.4), we have

@25 + ai; + quyp1; =0, (5.5)
where g2, q1, p1; are defined from the corresponding coefficients of (3.2).

Finally, define 73;(;) uniquely. To this end, from (3.10) we define
’}/Qj(Oéj) for Qi 7& Q2;. We have
- (o) (e + 1) + 705f25()

Y25 () = OS] (5.6)

|

For a; = a5, the numerator and the denominator in (5.6) vanish. Thus

we have indeterminacy 0/0. If we develop it by means of the de L’Hospital
rule, we will arrive at

Va5 (azj) = —0,570;[p1; (1 + 2q1;) + 2] (5.7)

Thus by formulas (3.9)—(3.11), we define v9;({) uniquely and complete
the proof of the necessity of the condition (5.3).

For the cut end ¢ = a;, one can construct vy;(¢) by means of the Frobe-
nius method under the condition (5.3). Indeed, if the condition (5.3) is
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fulfilled, then the first summand in (4.3) vanishes, while the second one
takes the form

(oo}
Vai (Q) = (€ — a)™ 0 [1 +3 - aﬂ”} (5:8)
n=1
where all the coefficients ’y,%} n=1,2,..., are defined by
lim d[ ()] =72 n=1,2,3 (5.9)
i —[yni ()] = v =1,2,3,.... .
aj—aoj dOéJ Tng\ % 7 J

Among them 737 is defined by

73]* = —0,5[p1;(p1j + 2q15) + D251, (5.10)

which coincides with (5.7) since 7p; in (5.8) is a factor standing out of
brackets.

6. SEARCHING FOR THE SECOND SOLUTION v2;({) BY THE METHOD OF
LOWERING THE ORDER OF (1.8) WHEN a1 —ag; =58, s =0,1,2

There naturally arises the question whether there is a more simple way
of constructing vs;({) than that indicated by Frobenius. They may say
that there is a second method, that is the method of lowering the order of
equation (1.8) [7, 9, 10, 11, 12].

Using this method, one can get the well-known Liouville formula which
in turn results in the following expression for vy;(():

v25(¢) = Aoju1;(¢) In(¢ — aj) + v3;(Q), (6.1)

where v1;(¢) is the solution corresponding to the root ci;, Ag; is an un-
known constant, and vgj (¢) for the case a1; — ap; = 0 takes the form

v3;(¢) = (€ — a;)**v0; Z hnj(t —aj)", hij =1 (6.2)
n=1

For the cases a1; —ag; = s, s = 1, 2, the solution vgj (¢) is defined as follows:

v%](g) = (C - aj)azj’}/oj Z hn](( - a‘j)na hO] = 1a (63)
n=0

where the coefficients h,; n = 1,2,..., can be defined theoretically by the
Liouville formula. but practically they cannot be defined in such a way.

Some well-known authors [9, 10, 12] recommend to substitute (6.1) in
(3.1) and to obtain the recursion formulas which no longer has those defects
we spoke about. Unfortunately, these statements are not true for a1 ;—o; =
s, s = 1,2. Such an approach leaves again the coeflicients hy;, ho; for
foj(aej + 8), where fo;(ag; +s) =0, s = 1,2, undefined.
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Indeed, the substitution of (6.1) in (3.1) results in
(C—ajy )a“_%A {207,(¢) +015(Q) (p1;(¢) — D }+
+{(03;(0)" + p1; (O (03;(0)) + q15(C)03,;(¢) } = 0, (6.4)

where
vi;(€) = 705 (¢ — a)*T15(C), T1(C) =1+ D AL (C—a)",  (65)
n=1
v1;(¢) =705 (¢ — a;)*¥ ~103;(¢)

01;(¢) = o5 + Z Yoj (a1 +n)(C —a;)™. (6.6)
n=1
Formulas for ©3;(¢), (05;(C))’, (05;(¢))"” are defined similarly.
After the substitution of vy;(¢), k = 1,2, in (6.4), we obtain
Z Qri (¢ —az)" =0, (6.7)
k=0
The equation (6.7) implies
ij = A()jl(k—s)j + Mkj = 0 (68)
For k = 0, we have
Qoj = Aojl0-s); + Moj =0, 5=0,1,2; (6.9)

moreover,
l(k—s)j =0, k—s<0.
The coefficients My;, kK = 0,1,2,..., can be defined by the formulas
(3.8)-(3.11), while coefficients [(;_); are defined by

loj = 2015 + poj — 1 = a1 — awy, (6.10)
li; = ’Y%j[Q(au +1) + poj — 1] + puy, (6.11)
laj = 73;[2(0n; 4 2) + arj(poj — 1)] +71,p15 + P2 (6.12)

Inj = Ynj[2(c1; + 1) + 15 (poj — 1)] + Y(p_1);02Pnj + -+
+’72]0413p(n 2)j + ’Yl]aljp(n 1) +pnja (613)

According to (6.8), in order to define the parameter Ay; for the cases
s =1 and s = 2, respectively, we have the following equations:

Aoj + h1jf()j(a2j +1)+ f1j(042j) =0 (6.14)
2A0j + hgjfoj(()ézj + 1) + hlj . flj(Oézj + 1) + fgj(agj) =0. (6.15)
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From (6.14) and (6.15) we can see that the recursion formulas (6.8) do
not permit one to define v9;({) in the cases a1; — ag; = s, s = 1,2. Hence
it remains to use the Frobenius method. But one can act differently: first
calculate the coefficients hyj;, s = 1,2, by the Frobenius method and then
the rest coefficients hy;, n > 3, by the formula (6.8). The parameter A,
can be defined as

Aoj = —frj(aa;), s=1. (6.16)
Apj = —hijfoj(az; +1) = faj(a;), s=2. (6.17)

If we use the above-indicated method, then in the solution v1;(¢) instead
of ~p; we have to take vp;Ao; and instead of vy;(¢) (formula (6.1)) the
formula

v2j(§) = 'Ulj(C) In(¢ - aj) + 7()j”§j(§)~ (6.18)

7. LOCAL MATRICES

For multi-valued functions exp[oy; In(¢ — a;)] encountered in local solu-
tions, we select single-valued branches such as

explog; In(t —a;)] >0, t>aj;
explag; In(t — a;)]F = exp|Firay;] explag;In(a; — )], t < aj;
exp[— oo ln(—t)]]i >0, —oo<t<as;

:l:_

[ exp[—athoc Int]] XP[£i7(— koo )] €XP[— koo INt]. @ < t < 400.

e
Besides the matrix (2.18), we introduce the matrices

03 (t) = (”Tj(f% ”:1’5‘(’5§> . a1 <t<aj (7.1)

U;j (t), Uz?’(t
where
v (1) = (aj — )™ 705015 (1), (7.2)
v (1) = —(a; =)™ 70,7 (1) (73)
Vs (t) = dlu; (t)]/dt,
U (1) = g + Y vii(ang +n)(t —ay)",
n=1

Between the matrices 0;(t) and 07 (t), there is a relation
Gji(t) = 19%9;(75), aj—1 < t < aj, (74)
0L (t) = 9505 (), am <t < oo
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Matrices ﬁji for au1j — gy # 5, 5 =0,1,2, are defined by
+ exp(:tiwalj) 0
vy = < 0 exp(timag;) )’ (7.6)
For a1 — anj = 5, s =0, 1,2, they are defined by the equality

+ _  dimas; 1 0
v =e 2 (:I:m' 1) . (7.7)

Matrices 19?[ for the cut end w = b; are defined as follows: if the use is
made of the equation (1.7), then the characteristic numbers can be defined
as aq; = 3/2 and as; = —1/2. To this case there correspond matrices
19;': = FiE; however if we use the equation (1.8), then characteristic numbers
are defined as a1 = 2, ap; = 0 with the corresponding matrices 19;': =F.

The elements of the matrix 07 (¢) involving logarithmic terms are defined
by the formulas

v3;(t) = v0;{(a; — )™ [(t — a;)*01; (t) In(t — a;) + 03, (1)] }, (7.8)
vg (£) = =05 (a; — £)° "
x{[ a; —t)’e ”35%]( )In(a; —t) + Elj(t)] + ?Jgj(t)}, (7.9)

In the local solutions vy;(¢) and ¢y, (¢), there respectively appear the
constants 7; and ¢g; defined with the help of the Liouville formula

Yo; = { H i — ag |6* 1/2 (7.10)

k=1,k#j

woj = { [T le; - a1 (7.11)

k=1

8. CONSTRUCTION OF THE FUNDAMENTAL MATRIX

Construct the matrix
ur(¢)  ui(C ))
= , 8.1
w0= (110 &
where u1 (¢) and ug(() are linearly independent solutions of (1.8); moreover,

1 (€) = duy (¢)/dC and w5 (C) = dus(C)/d.
The domain of convergence of the matrices 0;(t), H;(t) has always a
general part in which we can write the equalities

0;(t) = T*H](t), Hj(t) = Tojgjfl(t), aj—1 < t < a;, (82)
07 (t) = T_0obo(t), —o0<t<ay,
07 (1) = Toolpn(t), am <t < +o00, (8.3)
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where T, Toj, T_oo, Too are the real constant matrices defined by the
equalities (8.2) and (8.3); in this case, we have to fix ¢ in the domain where
the two local matrices converge.

Define the matrix (8.1) along the axis ¢ of the plane (:

XE() =TOE(®), 65 (t) =0,(t), am<t<+oo (8.4)
XE() = TOEE (), am-1 <t < am; (8.5)
XE) = TOET 00 1 (t), T =T Tom, Gm1 <t <am; (8.6)
XT() = T Tty 10,1 (t), @2 <t < am_1; (8.7)
xT(t) = TOET,, .. . TyEei(t), —oo <t < ay; (8.8)
XT(t) = TOET,, .. 0T o00(t), —o0 <t < ay;
XE(t) = TOET,, .. 9L T 9 (1), am <t < oco. (8.10)

The upper signs (£) in the matrices (8.4)—(8.10) denote the limiting
values of the matrix x(¢) from the upper and lower half-planes, respectively.
The matrix T is defined by the equality

T = (p q). (8.11)

r s

Obviously, the matrices (8.4)—(8.10) are the solutions of (2.2).

9. SOLUTION OF THE BOUNDARY VALUE PROBLEM

Theorem 9.1. The solution of the equation (2.2) satisfying the boundary
condition (2.15) is given by formulas (8.4)—(8.10).

Proof. We begin with the interval (a,,, +00). We have
T05,(t) = GmT0,(t), 0,(t) = 05,(2),

Gn=E, T=T, a,<t<+oo, ©-1)
For the interval (a,,—1, an,), there takes place the equality
TY) 0% (1) = G 1 T, 05, (1), am—1 <t < am, (9.2)
The equalities (9.1) and (9.2) result in the matrix equation
(W) =TG, G i T (9.3)

It is seen from (9.3) that the matrices (9;})? and G;,'G,,—1 are similar.
In a fashion analogous to the matrix equation (9.3), we find the corre-
sponding matrix equations for the remaining points ( = a;, j =1,2,...,m,
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m + 1. We have

T Tt | = GonoTO;, T

m—1>

T T\ Ton19 o = G379, T0u 0, Trn—16,,

m—1 m—2»

T} T T 103 ST Ty =

= G179 Ty, \Ton 101 o Tono ... 07, (9.6)
T Tt Ty T oo, =
= G T, Ty Ton1 ... TV (9.7)

These equations can be written in terms of the equation (9.3), for exam-
ple, the equation (9.4) can be written in the form
(W 1)* =T (95) 7 T Gl G2 T, T
As is said above, the matrices G can be defined first to within the factor

A = %1, and then exactly. To define G}, exactly, we proceed from equation
(3.8). Having defined xy;, it is necessary to construct the equation

det(G;'Gj_1 — AE) = 0. (9.8)
Denote the roots of (9.8) by A; and consider the equality
ar; = (2m) " n Ay, (9.9)

The right-hand side of (9.9) is defined to within an integer summand. A
suitable choice of A = 1 makes it always possible to fulfill the equation
(9.9) and to define the matrices G, j = 1,2,...,m,m + 1, exactly. But
this operation should be done successively beginning, for example, with the
matrix G,,_1.

It should be noted at this point that two neighboring circular arcs forming
a cut with the end w = b; (in particular, segments of straight lines) belong
to the same circumference. This implies that G(t) = G; for { > a; and
G(t) = AG, for ¢ < aj, where A = 1. If the use is made of the equation
(1.7), then the equation (3.8) has the roots 3/2 and —1/2, but if we use the
equation (1.8), then the equation (3.8) has the roots 2 and 0. In the first
case A = —1, while in the second one \ = 1.

We rewrite the matrix equation (9.3) as follows:

T} = G TY,, (9.10)
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From (9.10), we have

pexp(imaim) = Bm—1pexp(—imaim) — iDm_17 exp(—irayy),  (9.11)
rexp(imaiy,) = iAm_1pexp(—inaim) + Bm_1rexp(—itaim),  (9.12)
gexp(iTagm) = Bpm—1qexp(—imagy,) — iDy—1sexp(—imag,),  (9.13)
sexp(imaom) = iAm_1qexp(—iTag,) + Bm_1sexp(—imagy).  (9.14)
If we divide the corresponding parts of (9.11) and (9.12), (9.13) and
(9.14), then we can see that the ratios p/r and ¢/s on the interval (a,,—1, a,)

satisfy the boundary condition (1.4):
p _ Bm—lp/r - Z'Bm—l q _ By, - 1Q/3 — 1Dy (915)

7 iAm_1p/T+Bmo1 8 iApm-1q/$+ Bm-1

The same boundary condition is satisfied by the coordinates of the points
w = by,, w="b! . Hence

p/r =bm, q/s=0b,. (9.16)

On the plane w, the origin of coordinates coincides with the point b,y,,
therefore b, = 0, b/, = co, and hence

p=0, s=0. (9.17)

If the determining equation (3.8) has for the point { = a,, the roots such
that a1; — g #n, n=0,1,2, then we can define the matrix Gp,—1:

_ (Bm-1 0
Gm1—< 0 Bm_1> (9.18)
Consider the matrix equation (9.4):
Ten®h | = GonoTum®;,, 1y T = T Ty (9.19)

Reasoning as above, from (9.19) we have the following system of equa-
tions:
p*m/r*m = bm—h Q*m/s*m = bin_p (920)

where pum, Qem, Tsm, S«m are the elements of the matrix T,,.
The equalities (9.20) can be rewritten as
* * * %S
PxPm + @xTm — b1, PxPm + @xSm :b/m_17 (921)
T«Pm + S«Tm T«Qm + SxSm
where p., q«, T, s« are the elements of the matrix T, = T,!.
Taking (9.16) into account, we can rewrite (9.21) as

T« Pmbim + 8:Tmby, by TsQmbm + SxSmbl,
- m—1»

=0 .. 9.22
TuDm + SxT'm Talm + SxSm et (9.22)
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We rewrite (9.22) as

TsDm (bm — bm—1) + 857 (0], — bi—1) = 0, (9.23)
TeGm (b — 0l _1) + Se8m (b, — b, 1) = 0. (9.24)

The condition of compatibility of the system of equations (9.23) and
(9.24) with respect to r, and s, has the form

PmSm Uy —bm—1 b — b,

"'mdm B bm - bm—l b;n - blm_l

(9.25)

Exactly in the same way as above, from the matrix equation (9.5) we
obtain a system of equations:

Px(m—-1)Pm—-1 + Qx(m—1)Tm—1

= b _ 5
r*(m—l)pmfl + S*(m—l)rmfl me?

P+(m—1)dm—1 “!‘Q*(mfl)sm—l Y

- Ym-=2

(9.26)

Tx(m—1)dm—1 + Sx(m—1)Sm—1

Taking into consideration (9.20), after certain transformations we rewrite
(9.26) as:

r*(mfl)pm—l(bm—l - bm—2) + 5*(m71)rm—1(bin_1 - bm—2) =0, (927)
r*(m—l)Qm—l(bm—l — blm_Q) + 5*(m—1)5m—1(b;n—1 - b;n—Q) =0. (928)

The condition of compatibility of the system of equations (9.27) and
(9.28) with respect to 7, (m—1) and s,(,—1) is of the form

/ /
Pm—1Sm—1 o bm—l — bm_g bm_1 — bm_2

= . . 9.29
'm—19m—1 bin—1— bm—2 b;nfl - b;n,Q ( )

Reasoning analogously we can successively consider all matrix equations
(9.6) and (9.7).

The equations (9.25) and (9.29) represent invariant cross-ratios of four
points belonging to the same circumference at which the latter intersects
two neighboring circumferences.

From the matrix equations (9.3)—(9.7), we get all needed equations with
respect to ay, ¢ and to the integration parameters p, q, r, s, as well. For
every point ¢ = a;, the obtained system of two equations is homogeneous
with respect to the elements of the matrix 7). Its compatibility conditions,
for example, for the points { = a,, and { = a,,—1, are of the form (9.25)
and (9.29). These equations have been obtained under the assumption
Qi — Q25 7571, n:O,l,Q.

Consider the case where a; —ag; =n, n=0,1,2.
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Using the representation (8.4)—(8.10) for the interval (a;_1,a;), the un-
known matrices xT(¢), x~ (¢) must satisfy the boundary condition

p*j Q*j eiﬂ'OLQJ 1 0 —
7“*]' S*j w1

B] 1 _iDj_l ﬁ*j q*j e~ imaz; 1 0 (930)
iAj 1 Bj Txj  Sxj - 17 .

where p.j, ¢ij, T+j, S+; are defined by (8.4)—(8.10).

Reasoning in the same way as in deducing (9.11)—(9.14), we can see that
the ratios .

w7 x5 (9.31)

Tsj + TSy Sxj
satisfy the boundary condition (2.15). The same condition will likewise be
satisfied by the coordinates of the point w = b; as well as by those of the
points b;_1 or b;_;. Thus we obtain the following system of equations:

e el T A (9.32)
Taj + T2Suj Sxj

where b} are equal either to b;_1 or to b7_;.

The system (9.32) is also homogeneous with respect to the elements of
the corresponding matrices T; whose compatibility conditions by this time
does not provide the relations similar to (9.25)—(9.29).

As is said above, matrix equations similar to (9.3)—(9.7) can be obtained
for all points, with the exception of the points ( = ax. To these points there
correspond the ends of the cuts w = b; for which v; = 2. For such points we
have conditions of the absence of logarithmic terms in the solutions v2;((),
for example, the equation (5.5); the second equation will be given below.

From the matrix representations of X +(t) we first define u} (t), u3 (t) and
then compose the relation wt (t) = uf (t)/ud (t).

Suppose that the function w™(¢) on the interval (ag,ag41) is defined by

wh (t) = [AJv) () + Bjvg; (1)]/[cjvr; (1) + Djvs; (1), (9-33)

Using the formula (9.33) and calculating the limit as ( — a;, we get the

equation
bj = B} /D;. (9.34)

The corresponding equations for another points ( = a; can be obtained
analogously.

Finally, for every point t = a; we obtain two real homogeneous equations
with respect to pj, g;, rj, s;j, for instance, the equations (9.11)—(9.14). From
the conditions of compatibility of homogeneous equations for v; # 0,1,2,
we obtain invariant cross-ratios for four points of one and the same circle,
for example, equations (9.25)—(9.29). In the case v; = 0,1, 2, the condition
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of compatibility of two equations provides certain condition rather than a
cross-ratio.

Thus we can take from each system one equation and the compatibility
condition, i.e, two equations for each point { = a;. The number of equations
equals 2(m + 1), and the number of unknown parameters ag, cx, p, q, 7,
s (ps —rq = 1) will be 2m — 1. Consequently, the number of equations is
greater by three than the number of unknown parameters. This is connected
with the fact that the bypass of all singular points ax, k = 1,2,...,m,
is equivalent to going around the point { = oo. This yields one matrix
equation. Therefore these three equations are consequences of the remaining
ones. This means that if we find all a, ¢ and p, g, r, s and substitute them
in the remaining system of equations, then they will identically be equal
to zero. The appearance of three superfluous equations can be explained
exactly in the same way as in the case of linear polygons. (I

Having found the system of equations for definition of ax, ci, p, q, 7, s, we

have to define the intervals of variation of the parameters cx, k = 1,2,...,m,
then to solve the system with respect to ag, ck, k =1,2,...,m, and finally
to specify p, ¢, r, s. Recall that p;, g;, r;, s, j =1,2,...,m + 1, depend
implicitly on the parameters ag, ¢, k=1,2,...,m.

Theorem 9.2. If the contoure of the domain s(w) of a circular polygon
contains a cut with the end w = b; an; — aa; = 2, then the second linearly
independent solution ve;(() of (3.1) at the point ¢ = a; does not contain the
logarithmic term.

Proof. Suppose the contrary. Let vyj() contain a logarithmic term. For the
point ¢ = a,;, we construct first a local fundamental matrix 6;(¢) and then
the matrices x*(t) = BojH;-r(t), X~ (t) = Bo;0,(t), where By;, By; are the
constants of the matrix constructed by (8.4)—(8.10). The matrices x*(¢),
X~ (t) must satisfy the boundary conditions

Boj0f (t) = G;Bo;0; (t), 0F(t) =05 (t), t>ay, (9.35)

Boj’ﬂj (t) = ngojﬁj_e;(t), t < a;. (936)
The equalities (9.35) and (9.36) imply that
19? = \J; either A=1 oreither A= —1. (9.37)

When aq; = 3/2, ag; = —1/2, and A = —1, the equality (2.37) yields

ZGZ (1)>=z(im (1)) (9.38)
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It follows from (9.38) that m = 0, which is not true. In case a;; = 2,
ag; = 0 and X = 1, the equality (9.37) implies

(732 (1)> B (—im (1)) (9.39)

It again follows from (9.39) that m = 0, which is not true. Hence our
supposition is invalid and the theorem is complete. O

Theorem 9.2 has been proved in somewhat different way by P.Ya. Polu-
barinova-Kochina.

10. REPRESENTATION OF THE SOLUTIONS vg;((), j =1,m+1, BY
MEANS OF FUNCTIONAL SERIES

It is known that the series vg;(¢), k = 1,2, 5 =1,2,...,m, m+1 converge
near the points ( = a;, j =1,2,...,m+ 1, while the series ¢, ({) converge
near the points ¢ = e; = (a; + aj4+1)/2. The radii of convergence of these
series are bounded by the distance from the given point ¢ = a; (or from the
point ¢ = e;) to the nearest points {( = a;_1, ( = a;41.

The constructed series vy;(¢), ¢k;(¢) converge slowly thereby making
numerical calculations more complicated. As n increases, the coefficients
’yfjj sometimes increase strongly, although their factor (¢ — a;)”, on the
contrary, strongly decrease as n increases. Electronic computers are unable
to multiply vfjj by (t — a;)™ despite the fact that these series converge. To
remove this deficiency we suggest to represent these series as rapidly and
uniformly convergent functional series.

Theorem 10.1. If one considers the Fuchs class equation (1.8), with p({),
q(¢) defined by (1.9) (or by (1.12)), and represent it near the points ( = a;
and ¢ = oo in terms of the series (3.2) and (3.4), respectively, then the
local solutions vy;(C), 7 =1,2,...,m+1, can be represented as rapidly and
uniformly convergent functional series, the formulas (3.9)—(3.11) remaining
valid.

Proof. Consider the structure of the recursion formulas (3.9)-(3.11). The
sum of the first subscripts for the expression y(x—_y); - fnj(e; +k —n) is
always equal to k, that is, to the exponent (t — a;)*.

the series (3.5) the functional series

Consider instead of

oo

vi(t) = (t—a;)0;(t —a;), Tt —a;) =D it —a;), (10.1)

n=0
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where, owing to (3.9)—(3.11), v,; is defined in terms of v1,v25, .-, Y(n-1)>
and the latters in terms of fy;(;), where

fkj(t—aj,aj) :ajpkj(t—aj)—quj(t—aj), (10.2)
- t—a; \n
Pt —a) = 3 (11— ()
k=1,k=j 7Ok
k=]
Poj =1 —vj, (10.3)
it —a;) = Y (=1)"*x
k=1,ks#j
t—a; \n
x{ok(n —1) + cx(a; — ap) }( =) (10.4)
a; — G
2737 b
qoj = 0]‘7 q1j = Cj (10.5)
‘ ‘ <1 k37, (10.6)
a; — ag
|t —a;] < Mipfla; — a1, laj — ajal} (10.7)

It is seen from (10.6) that the functional series (10.1) converges uniformly
near the point ¢ = a; and rapidly in comparison with the series (3.5).

The functional series for the point ( = a,,+1 = oo can be constructed
analogously.

In all subsequent formulas instead of the solution vy;({) we will represent
the functional series (10.1).

Obviously, the functional series for regular points ¢t = e;, e; = (a; +
a;+1)/2, 7 =1,2,...,m — 1, converge likewise uniformly and rapidly. |

11. DETERMINATION OF INTERVALS OF VARIATION OF ACCESSORY
PARAMETERS

It was proved in [26] that vi;(¢), k =1,2, j =1,2,...,m+1, were entire
functions of the accessory parameters, cx, k = 1,2,...,m, and in [23] we
determined possible intervals of variation of these parameters.

Consider two cases: 1. There is a circular polygon with the angles v; =1,

7=12,...,m+ 1. We pass to that consisting of one circle. In this case,
the equation (1.1) takes the form
w(C) = (AC+ B)/(C¢+ D), (11.1)

where A, B, C, D are unknown integration constants of (1.1).
Substitution of (11.1) in (1.1) results in the identity

ig—a] = 0. (11.2)
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From (11.2) follows
Ck :07 k:1727...7m.

2. On the plane w, there is a linear polygon. The accessory parameters
vanish for this case and the solution of (1.1) is given by the Christofel-
Schwarz’s formula

C m
w(@) =M [ T[(c~aptac+ . (113
o =1

Substituting (11.3) in (1.1), we get

Cr=—(; =1 > (n—1)/(a; —ax) (11.4)

k=1,k+#£j
It follows from this reasoning that
either c;f <¢ <0 or c;. >c; > 0. (11.5)

To the equation (1.8), there corresponds the following Schwarz’s equa-

tion:
1’1((8 - 3(38 )2 =2¢(¢) = p'(¢) = 0,5[p(O)P?, (11.6)

where p(¢) and ¢(¢) are defined by (1.9) or (1.14).
For the equation (11.6) we consider the same two cases as above.
1. For this case, we have

a"=0, ¢ =0. (11.7)

Thus with respect to dx, k = 1,2,...,m — 3, we have obtained the fol-
lowing homogeneous system:

510 2 G 30 02 =0, k=1,2,...,m. (11.8)
The equation (11.8) implies
Sp =0, k=1,2,...,m—3. (11.9)
2. In this case, we arrive at
o #£0, a"#0, ¢, =0. (11.10)
It follows from (11.10) that we get
o' a2 4+ 510+ g + O =0 (11.11)

The system which this time is inhomogeneous with respect to o, k =
1,2,...,m — 2 (11.11) is solved with respect to o, kK = 1,2,...,m — 3,
hence in this case too one can determine possible intervals of variation of
the accessory parameters.
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12. CONCLUSION

Having known w(({) along the whole real axis ¢ of the plane ¢, one can
find w = w(¢) for all ¥(¢) > 0 by the well-known formula [10, p. 152,
formula (12.5.10)]

17 n Tdz
= — —_—. 12.1
w©) =1 [ v (12,1
Along the whole real axis, w = wt(¢) is defined by (8.1):
wt(t) = uf (t)/ug (t), —oo <t < 400, (12.2)

where u (t), and uj (), as linearly independent solutions of (1.8), are de-

fined uniquely by (8.4)—(8.10).

As is seen from the above-said, an algorithm for constructing the single-
valued analytic functions w = w(() is given in a general form. These func-
tions represent general solutions of (1.1) and map conformally the half-plane
¢ =t +i7 onto circular polygons with a finite number of vertices and any
angles at those vertices. At those vertices the system of equations is com-
posed which connects geometrical characteristics of circular polygons with
unknown parameters of the Schwarz’s equation. Rapidly and uniformly
convergent functional series are also constructed.

Possible intervals of variation of the accessory parameters are defined.
Consequently, the solution of (1.1) and the construction of w = w(({) are
reduced, with regard for the boundary conditions (1.4), to the solution of
a system of higher transcendental equations with respect to the parameters
ag, cp, k=1,2,...,m.
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CHAPTER 11

SOLUTION OF SOME PLANE FILTRATION PROBLEMS
WITH PARTIALLY UNKNOWN BOUNDARIES

Abstract. Plane problems of the stationary filtration theory with par-
tially unknown boundaries are considered. The porous medium is assumed
to be homogeneous, isotropic and non-deformable. The motion of the fluid
obeys the Darcy law. The simply connected domain occupied by the mov-
ing fluid is bounded by a simple sectionally analytic contour consisting of
unknown depression curves, line segments, half-lines and straight lines. The
paper describes mathematical methods allowing one to find unknown parts
of the boundary of the fluid motion domain and determine geometric, kine-
matic and physical characteristics of a moving fluid. In solving the corre-
sponding mathematical problem, the use is made of a general solution of the
non-linear Schwarz differential equation. The general solution is constructed
in the paper.

1. INTRODUCTION

In this chapter we consider some plane problems of the theory of filtra-
tion theory for stationary motion of an incompressible fluid in a porous
medium obeying the Darcy law. The porous medium is assumed to be non-
deformable, isotropic and homogeneous. The formulation and fundamental
investigation of these problems belongs to P. Ya. Polubarinova-Kochina [1-
5].

The plane of motion of the fluid coincides with that of the complex vari-
able z = = 4 iy. We introduce the complex potential w(z) = ¢(x,y) +
1 (z,y), where p(z,y) and ¥ (x,y) are the velocity potential and the flow
function, respectively. The functions ¢(z,y), ¥(z,y) are connected by the
Cauchy—Riemann conditions.

If the analytic function w(z) is known, then by virtue of the equalities

/ : dp 0y dp W
ap(x,y)— k(p/7+y)+c, (AJ(Z)—U w, u_az_ay7 U_ay_ 856
we can find all characteristics of the filtration flow, i.e., filtration velocity,
pressure, stress, discharge of the fluid upon filtration, etc. Here k is the
filtration coefficient, ¢ is an arbitrary constant, p is the hydrodynamic pres-
sure, « is the specific weight of the fluid, u, v are the components of the
vector of filtration velocity, w’(z) is the complex velocity.
34
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The boundary of the domain of the flow involves unknown parts, and de-
pression curves with equations to be found. We denote the simply connected
domains of fluid, of complex potential and of complex velocity respectively
by S(z), S(w) and S(w), and their boundaries respectively by I(z), I(w) and
l(w). Here w = w'(z). Below the boundary I(z) of the domain S(z) will
be assumed to be a simple, sectionally analytic, closed contour consisting
of a finite number of unknown depression curves, line segments, half-lines
and straight lines. The domain S(z) may be bounded or unbounded. In the
particular case where all parts of the boundary I(z) are known, the domain
S(z) is a linear polygon.

In the domain S(z), we seek for an analytic function w(z) = ¢(z,y) +
1(x,y) satisfying two linearly independent boundary conditions of the

type [2]
ang(z,y) + a2¥(z,y) + a1z + aray = f1, (z,y) € 1(2), (1.1)
a219(7,y) + a2 (v, y) + agsw + a2y = f2, (2,y) € 1(2), (1.2)

where a;, fi, 1 = 1,2, k =1,2,3,4, are the known piecewise-constant real
functions, which are constant on every part of the boundary, and the rank
of the matrix
= <011 a2 a3 al4>
a1 Q22 G23 (24
is equal to two.

If a part of the boundary I(z) of S(z) is known, then in one of the
conditions (1.1) or (1.2) the coefficients at the functions ¢(z,y), ¥(z,y) for
the known part of the boundary I(z) turn out to be equal to zero.

There is a theory [1-6] which allows one to determine the boundary
l(w) of S(w) and a part of the boundary l(w) of S(w) without solving
the basic problem. Moreover, one can determine the coordinates of those
vertices of the domain S(w) to which there correspond angular points on
the boundary [(z) of S(z). As for the vertices of the domain S(w) (the cut
ends with the angles 27) to which there correspond ordinary (non-angular)
points on the boundary [(z) of S(z), the coordinates of these vertices remain
undetermined until the problem is solved completely.

When determining the boundary I(w) of the domain S(w), we have used
some known results from the complex analysis [2, 21, 30, 31, 32].

Under the conditions imposed on the domains S(z) and on the corre-
sponding boundaries [(z), one can claim that the function w(z) is analytic
in S(z), continuous in the closed domain S(z), satisfies w’(z) # 0 everywhere
including the boundary I(z) except its angular points, and is analytically
continuable across any part of the boundary I(z) not containing angular
points.

As far as the functions w(z) and w’(z) map conformally the domain S(z)
and its boundary I(z) (the conformity is violated at the angular points of
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I(z)) respectively onto the domains S(w) and S(w) with the boundaries I(w)
and [(w); these functions are analytically continuable across the parts of the
boundaries not containing angular points [30, Ch. II, §28-29].

In the sequel, for the complex-conjugate functions we will use the nota-
tion f(Z) = fl(xvy) + ifQ(xay)a f(Z) = fl(xay) - ifQ('ray)7 while for the

derivatives of functions and matrices, the notation f'(z) = % (2).

Theorem. If an analytic function w(z) satisfies in the domain S(z)
two linearly independent boundary conditions (1.1)~(1.2), then the function
w(z) = W'(z) maps the boundary I(z) of S(z) into the boundary of the
domain S(w) consisting of a finite number of circular arcs, line segments,
half-lines and straight lines, that is, to the domain S(z) with the boundary
I[(z) there corresponds a circular polygon on the plane w(z).

Proof. If we take arbitrarily a part of the boundary [(z) of S(z) and
differentiate the conditions (1.1)-(1.2) along that part with respect to the
real parameter s, then we obtain

(a11u — a12v + a13) cos(z, 8) + (a11v + arou + agq) cos(y,s) =0,  (1.3)
(a21u — agav + aszs) cos(z, s) + (ag1v + agou + agy) cos(y, s) =0, (1.4)

where s is the arc length of the arbitrarily taken part of the boundary of
S(z), cos(z,s) = dz/ds, cos(y, s) = dy/ds.

In order for the system of equations (1.3), (1.4) to have a nonzero solution
with respect to cos(z, s) and cos(y, s), it is necessary and sufficient that the
determinant of this system be equal to zero,

Ag = (a11u — 6120 + a13)(a21v + 22U + a24)—

—(CLzlu — 4220V + a23)(a11v + ajpu + a14). (15)
From (1.5) we obtain
Ao(u® +v*) + Bju+ Biv+ Dy =0, (1.6)
where
Ay = ail a2 Dy = aiz  aiq (1.7)
as1  as2|’ azs  aoq|’ )

BT _ a1 a4 + a1z a2 ’ (1.8)

a21 A24 a3 A22
B; _ 214 ai2 + a1z Al ) (1.9)

24 A22 a23 A21

The second order curve decomposes into two straight (real or imaginary)
lines if and only if Af = —AgA/4 =0, where A = (Bf)? + (B3)? — 44 Dy.

If Ay #0, A3 > 0, and A and Ay are of the same sign, then we have
an imaginary circle; if A2 > 0, A} and Ay are of different signs, we have a
circle [7, 8].
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The center coordinates (ug,vg) of the circle (1.6) and its radius R are
defined by

ug = —Bi/[2a0], wo=—B3/[240), R=VA/[24).

The circle (1.6) will be tangent to the axis of abscissas ou if (B})? =
440Dy and tangent to the axis of ordinates ov if (B3)? = 4A4¢Dy.

In deducing (1.6), a part of the boundary of S(z) has been taken arbi-
trarily. To some other parts of the boundary of S(z), on w there correspond
arcs of the circles, i.e., the domain S(w) is a circular polygon. In the case
where Ay = 0 along the whole contour I(z), we have a linear polygon.

The equation (1.6) can be written as follows:

i2Agww — Byw + Bow + 12Dy = 0, (1.10)
where
w=u—1i, wW=u+iv, By=B;—iB], (1.11)

From (1.10) we find that w = %, where A = ByBg — 449Dy =
(Bf)? + (Bf)? — 44Dy # 0.
Note that in the general case the equality

A=4A2R*=1 (1.12)

is not valid.

We will get back to the equality (1.12) later on.

Here we make the following remark. Using a linear-fractional transfor-
mation, one can always transform the domain S(w) in such way that a part
of the boundary I(w) on the plane w will coincide with the abscissae axis
along which w = w, i.e., v = 0. This remark will be used later on.

Below we will come across the class of matrices G;, j = 1,2,...,n,...,
satisfying the following conditions: G;G; = G;G; = E,detG; = 1, G;Gy, #
GGy, k # j, (G;Gi)(G;Gy) # E, k # j where G, is a matrix which
is complex conjugate to the matrix G, and E is the unit matrix. The
properties of the matrices G, j = 1,2,... are very close to those of the
complex-orthogonal ones [32].

The matrices G; can be represented as

_(B; —iD, .
GJ(Z'A]- B'>’ i=12...

J

where A;, D; are real and By, Ej are complex-conjugate numbers.
Denoting characteristic numbers of the matrix G; by Axj, k = 1,2, we
obtain )\1j + )\2]' = Ej + Bj, /\1]‘)\2]' =1.
It follows from the property of the matrix G that Aa; = A1;. Therefore
)‘UXU = 1, |A\;;| = 1 and hence \x; = exp[i2may; ], where ay; are real
numbers.
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If we take two arbitrary matrices G; and Gy, from the above-mentioned
class and consider the matrix g;i; = GGy, then we can see that the char-
acteristic numbers p; of the matrices g;, satisfy the conditions ui; =
exp[i27fk;], where Bi; are real numbers.

2. STATEMENT OF THE BOUNDARY VALUE PROBLEM

Let a moving fluid occupy a simply connected domain S(z) with the
boundary [(z) consisting of a finite number of known and unknown simple
analytic Jordan arcs.

An analytic function w(z) maps conformally the domain S(z) onto a do-
main S(w), and its boundary /(z) into the boundary !(w) of S(w). Note that
a part of angular points of the boundary [(z) are mapped by the function
w(z) into angular points of I(w), while the remaining angular points are
mapped into non-angular points of the boundary I(w) [1-6].

Analogously, the analytic function w(z) = w'(2) = u(x, y) —iv(x, y) maps
conformally the domain S(z) onto a domain S(w), and its boundary I(z)
into the boundary [(w) of S(w). Moreover, the function w(z) maps a part
of angular points of the boundary I(z) into those of [(w), and the remaining
angular points are mapped into ordinary non-angular points of the boundary
[(w). The function w(z) can map some non-angular points of the boundary
I(z) into angular points of the boundary [(w) with interior (with respect to
the domain S(w)) angles 27 [1-6].

Below, the points of the boundaries I(z), I[(w), {(w) will be assumed to be
singular if to these points on either of the boundaries I(z), l(w), I(w) there
correspond angular points.

Let us take arbitrarily a singular point on the boundary I(z) of the do-
main S(z), for example, I(z, E1). Let to a point I(z, E1) on the boundaries
l(w), l(w) there correspond the points I(w, E}), I(w, EY'). When the domain
S(z) goes around in the positive direction starting from the point I(z, Ey),
then the boundaries {(w), I(w) go around in the positive direction starting
from the points l(w, EY), l(w, EY). We enumerate all the singular points
on the boundaries I(z), I(w), {(w) as follows: [(z, Ey), l(w, E},), l(w, EY),
k=1,2,...,n,n+ 1.

Of all singular points [(2.Ex), l(w, E}), k = 1,2,...,n,n + 1, we select
such ones to which on the boundary I(w) of the domain S(w) there cor-
respond ordinary non-angular points. Such singular points are commonly
called removable singularities. Let the number of such points be equal to
my. When the boundary I(z) goes around in the positive direction, we enu-
merate the removable singular points as €7,€3,...,¢y, ,€n,,. The interior
angles on [(z) and /(w) at the removable singular points are equal to 7/2
[1-6].
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In tracing {(w) we enumerate all angular points: I(w,wy), & = 1,2,...,
mq + 1, while in tracing /(w) we enumerate them as follows: I(w,wy) = by,
k=1,2,....m,m+ 1, where by, k = 1,2,...,m,m + 1, are the complex
coordinates of the vertices of the domain S(w).

The equation (1.6) determines completely the circle. Two circles pass
through every vertex of the domain S(w) (two straight lines upon degener-
ation), and each of them forms four angles. We have to choose one of them.
To this end we, first of all, use the equation (1.6) and then the value of the
corresponding angles of the domains S(z), S(w). By means of these angles
we can determine the angles at the vertices of the domains S(w), S(w) [1-6].
Despite the fact that some of the interior angles of S(w) are unknown, we
have at hand the angle values for the corresponding vertices of the domain
S(w). By means of the latter we can determine the unknown interior angle
at the vertex of the domain S(w) [2]. This henceforth allows us to take for
granted that all the interior angles and the coordinates of the vertices of
S(w), excluding the cut ends with interior angles 27, are determined.

Denote the interior angles at the vertices b;, j = 1,2,...,m,m + 1, of
the domain S(w) by nv;, j =1,2,...,m,m + 1, respectively.

Note that the two neighboring circles passing through the point b inter-
sect at the point b}, which in the general case is beyond the boundary I(w).
If these circles are tangent, then b, = b}.

In general it is quite difficult to find an analytic function w(z) = ¢(z,y)+
1 (z,y) by the boundary conditions (1.1)—(1.2). Therefore one introduces
an auxiliary complex plane ¢ = ¢ + ir. The half-plane Im(¢) > 0 of this
plane is mapped conformally onto the domains S(z), S(w), S(w). Denote
the domain Im(¢) > 0 and its boundary respectively by S(¢) and (¢).

In what follows, we will need the following result from the papers [21,
30, 32].

If D and D* are simply connected domains whose boundaries consist of a
finite number of analytic Jordan arcs, then there exists a unique conformal
mapping w = f(z) of the domain D onto the domain D*, transferring
three boundary points z, k = 1,2, 3, of D into three boundary points Wy,
k=1,2,3 of D*. The points z; and wy, are given arbitrarily, their order in
tracing the boundaries of the domains being preserved.

Let the analytic functions z(¢), w(¢), w(¢) = w'(¢)/2'(¢) map confor-
mally the domain S(¢) (Im(¢) > 0) onto the domains S(z), S(w), S(w),
respectively. Moreover, let the points of the boundary I(¢) of S((), that is
the points of the real axis ¢ of the plane {, t = e, k = 1,2,...,n,n+ 1
(oo < e <eg <-+- < epp1 = 00), be respectively mapped into the points
l(z, Ey), lw, E}), l(w,E}), k =1,2,...,n,n+ 1, of the boundaries [(z),
l(w), l(w) of the domains S(z), S(w), S(w).

The boundary values of the functions z({), w(¢), w(¢), as { — t, are
denoted by z(t) = z(t) + iy(t), w(t) = p(t) + w(t), w(t) = u(t) — w(t),
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and by z(t), w(t), w(t) we denote the complex functions, conjugate to the
functions z(t), w(t), w(t).

The boundary conditions (1.1)—(1.2) with respect to the analytic func-
tions w(¢) and z(¢) can be written in the form [2]

Im[myy (D)w(t) + maz(t)z(t)]
Im[m21(t)w(t) + mo9 (t)Z(t)}

fi(t), —oo<t< +o0, (2.1)
fa(t), —oo <t < +o0, (2.2)

where mkl(t) = akg(t) + i(lkl(t), mkg(t) = ak4(t) + ’iakg(t), fk(t)7 k=12,
are piecewise constant functions with the discontinuity points ¢t = ey, k =
1,2,...,n,n+1.

In the domain S(¢) we have to find analytic functions z(¢), w(¢) satisfying
the boundary conditions (2.1)—(2.2). By means of these functions, the points
2((), w(¢) are mapped respectively into the points ¢t = eg, k = 1,2,...,n,n+
1. Moreover, each part of the boundary must necessarily be mapped into the
corresponding parts of the boundaries I(z, Ey), l(w, E},), k=1,2,...,n+1.
The unknown parts of the boundaries [({), —0o <t < ey, ex <t < ept1, k=
1,2,...,n and the parameters t = e, k = 1,2,...,n, are to be determined.

If we succeed in constructing analytic functions z({), w({), which map
conformally the domain S(¢) respectively onto the domains S(z), S(w), then
the boundary values z(t), w(t) of these functions will satisfy the conditions
(2.1)—(2.2). Moreover, if the functions z(¢), w(¢) are known, then we are
able to construct the function w({) = w’(¢)/2'(¢).

If one or several coefficients my;, k = 1,2; j = 1,2, are equal to zero,
and myq(t)maz(t) — mia(t)mei(t) # 0, then by the conditions (2.1)—(2.2)
the functions w(¢), z(¢) can be constructed by means of the Cauchy type
integrals. There are particular cases where all my;(t) # 0,k =1,2,5=1,2,
but, nevertheless, one manages to construct the functions w(¢), z(¢) in an
elementary way [12].

As we will see below, in a general case we have succeeded in constructing
first the analytic function w(¢), then, by means of this function, we have
constructed analytic functions w’(¢), 2’(¢) and, finally, we have found the
functions w(¢) and 2(¢).

The notion of singular and removable singular points of the boundary
[(z) has been introduced above. As is said, to singular points of the bound-
ary [(z) there correspond singular points ¢ = ex, k = 1,2,...,n,n + 1,
of the boundary I({). They can be divided into two groups: removable
and unremovable. We have enumerated the removable points by ¢ = e,
n=1,2,...,mq, and the unremovable ones by t = ar, k =1,2,...,m,m+1.
To the points t = ag, k = 1,2,...,m+ 1, on the boundary /(w) there corre-
spond the points [(w,wy) = by while to the points t = e, k = 1,2,...,m,
there correspond the points I(z,z) = €5, k = 1,2,...,m;. By our choice,
the point t = e,41 = a1 = 00 is an unremovable singular point. Among
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the points t = ag, k = 1,2,...,m, we select and fix arbitrarily two points,
because one point t = a,,+1 = 00 is already fixed.

An investigation of the problem (2.1)—(2.2) from the point of view of the
Riemann-Hilbert problem can be found in [17, 18].

Introduce an analytic vector ®(¢) and a vector f(t) as follows:

B(¢) = [W(¢),2(¢)], m(Q)>0; () = @(C),2(C)], m(¢) <0,
FE) = [f1(0), f2(B)], —o0 <t < +o0.

The conditions (2.1)—(2.2) with respect to the vector ®(¢{) can be writ-
ten as

D(t) = A7V () A ()D(t) + 26AT (1) f(t), —oo <t < +o0, (2.3)

where

m11(t) m12(t)
A.(t) = (mm(t) mgg(t)) , —00 <t < 400,

is a non-singular piecewise-constant matrix, A; ! is the inverse to A,

~1(1) 1 (m22 (t) maa(t)

* - mgl(t) mll(t)

det AL () >7 —00 < t < +00,

and A,(t) is the complex conjugate to A.(t).
It can be easily verified that

_ _ 1 —Bo(t) —i2Dg(t)
AT DA = 3 A (D) (izAg(t) —BO(()t) ) ) T <t < oo,

where Ag(t), Bo(t), Do(t) are defined by (1.7)—(1.9) and (1.11).
We can directly verify that the equalities

A(t) = Bo(t)Bo(t) — 4A0(t) Do(t) = det A, (t) - det A, (1),
det[AZY(t) - A, (t)] = [det A, (£)]/[det A, (t)]

are also valid.
Differentiating the equality (2.3) along the ¢, u-axis and writing it in
terms of projections, we obtain

W'(t) = [=Bo(t)w'(t) —i2Dg(t)2'(t)]/ det AL(t), —oo <t < +o0, (2.4)
2'(t) = [i2a0(t)w' (t) — Bo(t)z'(t)]/ det A.(t), —oo0 <t < +o00. (2.5)

After division, from (2.4) and (2.5) we get

(t)  i240(t) (1) — Bo(t)2'(t) —00 < t < 400. (2.6)

W'(t)  —Bo(t)w'(t) — i2Do(t)2'(t)
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The equality (2.6) can also be written as

w(t) = ~Bo()w(t) = 2Do (1)
12A0w(t) — BO (t)
where w(t) = w'(t)/2'(t).

As we will see below, by means of the solution of the well-known Schwarz
differential equation we can find an analytic function satisfying (2.7) on the
t-axis, provided the condition

A(t) = Bo(t)Bo(t) — 440(t)Do(t) =1, —oo <t < 400,  (2.8)

is fulfilled.
However, the condition (2.8) may not be fulfilled. If we divide the nu-
merator and the denominator in (2.7) by \/A(t) and introduce the notation

, —o0o <t < 400, (2.7)

B(t) = —By(t)/\/A(t), B(t) = —By(t)/\/A(t), —co <t < +o0, (2.9)
A(t) = 2A(t /\/71& D(t) = 2Dy (t)//A(t), —o0 <t < +00, (2.10)
then the condition

A(t) = B(t)B(t) — A(t)D(t) =1, —o0 <t < 400, (2.11)

will be fulfilled.
With regard for (2.9) and (2.10), we can rewrite (2.7) as

— ' ()), —00 < t < 400, (2.12)

and (2.4) and (2.5) as

det A, (t)/det A, (t)[ B(t)w'(t)—iD(t)2'(t) ], —co<t<+oo, (2.13)

! t):\/det A (t)/det A (1) [iA(t)w' (1) +B(t)2'(t) ], —co<t<+oo. (2.14)
A solution of the system (2.13)-(2.14) will be sought in the form

W(t) = 'y(t)w (t), 2'(t)=~(t)z1(t), —oo<t< +o0, (2.15)
where wi (£), z1(£) and ~(¢) must satisfy the boundary conditions
wl( ) = B(t)wi(t) —iD(t)z1(t), —oo <t < 400, (2.16)
21(t) = iA(t) w1 (t) + B(t)z1(t), —oo <t < +o0, (2.17)
= \/det A (t)/ det Au(t) y(t), —oo <t < +oo. (2.18)

Note that the value of the function w(t) = w’(¢)/2’(¢) does not change
after the representation (2.15), and hence so does (2.12). A little later we
will prove that (2.12) implies (2.16)—(2.17) [13-16].
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If we denote the values of the matrix A, (t) for the intervals —oco < t < ey,
ej <t<ejr1, j=1,2,...,n, respectively by A,¢41), Asj, 5 =1,2,...,n,
then we can write

det A,; = | det A,;| explip;], detAi*j = |detA7*j\ exp[—ip;],
|det A,j|/|det Asj] =1, j=1,2,...,n,n+1,
\/det A,j/det A= \/exp[fz?cpj} =expl|—ip;], j=1,2,....,n+1.  (2.19)

Taking into account (2.19), we rewrite (2.18) as

~(t) = exp[icpo(t)]m, —00 < t < 400, (2.20)

where ¢g(t) is a piecewise constant function defined by

det A, (t)/ det A.(t) = exp[—ipo(t)], —o0 <t < +00.
After taking the logarithm of (2.20), we get

Inv(t) —Iny(t) = —ipe(t), —oo <t < +o0. (2.21)

We will not introduce here the notion of index but will act formally and

will find from (2.21) a particular solution belonging to some class, and then

we will define more exactly which solution out of all possible solutions of

(2.21) is just needed.

The particular solution of the boundary value problem (2.21) can be

obtained by the formula [17]
+oo
(=1) [ ¢+io(t)dt
27 t+i t—C¢

—0o0

Iny(¢) = (2.22)

From (2.22) we find that
(¢) = const(C — e1)” (¢ — e2)™ -+ (¢ — en) ", (2.23)

where 1 = (¢ny1 — 1)/2m, B = (pj—1 — ¢j)/27, j = 2,3,...,n, and
@j, j =1,2,...,n+ 1 are the values of the function ¢o(t) on the intervals
ej <t<ejt1,j=1,2,...,m —oo <t < ey, respectively.

The numbers ¢;, j = 1,2,...,n+1, in (2.23) will be chosen appropriately
after finding the functions w’(¢) and 2/(().

It follows from the above-said that to construct in the domain S(¢) the
analytic functions w(¢) and z(¢) satisfying the boundary conditions (2.1)—
(2.2), it is necessary first to construct in the domain S(¢) the functions
w1(C), z1(¢) satisfying the conditions (2.16)—(2.17). And, as we will see
below, to construct the functions wq(¢) and z1(¢), it is necessary first to
construct in the domain S(¢) the function w(¢) = w'({)/2'(¢) = w1(¢)/z1(C)
satisfying the boundary condition (2.12).
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3. INVESTIGATION OF THE VALUE PROBLEM (2.16)—(2.17)
We write the boundary value problem (2.16)—(2.17) in the vector form:

(I)l(t) = g(t)(l)1<t), —0<t< +00, (31)

where

®1(¢) = [wi(€), 21(Q)], Im(¢) > 05 @4(C) = [wi(C), z1(C)], Tm(C) <0,

_ (B(t) —i2D(t)
g(t)_<iA(t) B(t) ) —00 < t < +00.

For the intervals a; < t < aj41, j = 1,2,...,n, —00 < t < a1, denote
the values of the matrix g(t) respectively by g;, 7 =1,2,...,n,n+1. There
is a close connection between the characteristic numbers of the matrices
gj_lgj_l, 7 =1,2,....,n+ 1, and the interior angles at the vertices of the
circular polygon S(w). Indeed, consider the characteristic equation for the
point t = e; [2, 17, 18]:

det(g; ' (1)g5-1(t) = A E) = 0, (3:2)

where A; is a parameter and E is the unit matrix.

The equation (3.2) can be also written as det(g;—1(¢t) — Ajg,(t)) = 0.
Hence, taking into account the fact that detg; =1, j =1,2,...,n+ 1, we
obtain )\? — ao)\j +1= O, ap; = Ejlej +§ij,1 - Ajlej — Aijfl,
which implies that A1;A2; =1, Ay + Ag; = ag;, where Ay; and Aoj are the
characteristic roots of (3.2).

Consider the numbers ay; = 2%” In Ar;, which are defined to within inte-
ger summands.

It has been proved in [2] that ay; are real numbers satisfying oy; — g =
Vj.

Let us get back to the removable singular points €1, €2, ..., €m, For these
points the neighboring matrices g;_; and g; are diagonal, and t = e; = ¢;,
)\kj = 717 k= 1,27 Qlj = 71/2, Qo = 71/2 [1*5] MOI‘GOVGI‘, Ao(t) = O,
Bl(t) =0, BQ(t) 7& 0, DO(t) = 07 ’U(t) = 07 u(t) # 0 or AO(t) = 07 BQ(t) = 07
By (t) #0, Do(t) =0, u(t) =0, v(t) # 0, where t € (aj_1,a;+1).

Introduce a new sought for vector ®5(¢) = [w2(¢), 22(¢)] by

®1(¢) = x1(€)®2(¢), (3-3)

where
xi() = [t —e)(t—e2) - (t—em)] 7% xat) >0, t>em,. (34)
The boundary condition (3.1) for ®5(¢) takes the form

Dy(t) = G(t)Do(t), —o0 <t < +00, (3.5)

where G(t) = [x1(t)]"tg(t)x1(t), —o00 < t < 400, also is a piecewise con-
stant matrix with the discontinuity points a1, as,as, ..., aGm, Gmy1 = 00.
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The matrix G(t) differs from the matrix g(¢) only by the fact that some
matrices g; are multiplied by —1 and the others remain unchanged.

If some elements of the matrix G(t) are equal to zero and det G(t) # 0,
then the problem (3.5) is solved completely by the Cauchy type integrals,
and the equations for the determination of the unknown parameters are
derived [17]. Besides these cases, there are the ones where all elements of
the matrix G(¢) differ from zero and the problem (3.5) is solved simply.
Such cases involve circular polygons, when the boundary S;(w) consists of
a finite number of arcs of concentric circles with the center M (wg) and
straight cuts passing through M (wp) upon their extension. By means of
the logarithmic function such domains Sy (w) can be transformed into linear
polygons. Moreover, there exist many domains So(w) which by the linear-
fractional transformation reduce to a set of domains S;(w). Hence, using
the Christoffel-Schwarz formula [12], for the domains S;(w), Sa(w), we
construct the functions w(().

We will now proceed to the solution of (3.5). If a circular polygon is
bounded, then 0 < v, < 2. Below we will consider the case where one or
several vertices of the domain S(w) are at the point w = co. This may
happen if two neighboring circular arcs degenerate to half-lines or straight
lines. Moreover, if the sides of the corresponding angle are parallel, then the
vertex of the interior angle is assumed to be equal to zero. If, however, the
sides at the vertex b, = oo diverge and intersect at a finite point b;, upon
their extention, forming the angle w1} turned to the vertex by, then we will
assume that wv, = —7v}); hence, v, may take the values —2 < vy, < 2.

It is known that the construction of the sought for function w(¢) is re-
duced to the solution of the nonlinear Schwarz equation which in its turn
reduces to a Fuchs class equation. Therefore for the domain S(w) we con-
struct the Fuchs class equation

V() + POV (€) + ax(QV(¢) =0, (3.6)

where
m

11—y g
P* = 7-77 * = 2 )
=Y w0-3 2

¢j, 3 = 1,2,...,m, are the unknown accessory real parameters which for
the present satisfy the conditions

ch =0, chaj = 1009, (3.7)
j=1 j=1

m
E vitar+az=m-—1, a;—as= V1.
j=1
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Denote by V1(¢), V2(¢) linearly independent solutions of the equation
(3.6) and construct the function wi(¢) = V1(¢)/V2(¢). The function wi ()
is a particular solution of the following Schwarz equation:

w”(¢) §(w”(0
w'(¢) 2\ w'(C)

which is constructed with regard for the equation (3.6).

)2 = 2¢.(¢) = PI(¢) = 5P, (3.8)

pw1(¢)+q
rwi(Q)+s’
where p, q,r, s are the constants (complex in general) of integration of (3.8)

satisfying ps —rq = 1.

The equation (3.8) is invariant under linear-fractional transformations
both of the function w(¢) and of ¢. Note that the coefficients of the trans-
formation of w(¢) may be either complex or real, while those of the transfor-
mation of ¢ may be only real. Moreover, the equation (3.6) is also invariant
under the transformations of ¢ with real coefficients [19-22].

In constructing a general solution of the equation (3.8), we have already
used its invariance property with respect to w({). Exploit now the invari-
ance of the equation (3.6) with respect to ¢. Using this property, we choose
arbitrarily and fix three of the parameters t = ag, k =1,2,...,m+1, while
the remaining (m — 2) ones are to be defined. Moreover, the coefficients of
the equation (3.6) involve the parameters ¢;, j = 1,2,...,m which for the
present satisfy only two conditions (3.7), so one can define only two of them.
The remaining (m — 2) parameters are also to be defined. Consequently, the
coefficients of the equation (3.6) depend on 2(m — 2) unknown parameters.
The parameters p, ¢, 7, s are to be defined. Thus, to construct w(¢) we
must define only 2(m+1) parameters, while to construct the functions w’(¢),
2'(¢) we must add the parameters connected with the removable singular
points. Their number is m;.

The general solution of the equation (3.8) is given by w(¢) =

4. SOLUTION OF EQUATION (3.6)

Each of the Fuchs class equations (3.6) near every singular point ¢ = ay,
k=1,2,...,m+1, and near any ordinary point, where p.(¢), ¢.(¢), are an-
alytic, have two linearly independent local solutions. They are constructed
by means of infinite series whose coefficients are defined in the well-known
manner. The series converge in the circles with centers at the points for
which they have been constructed. Radii of these circles are determined by
the distances to the singular points nearest from the centers.

Denote by Vi;(¢), k =1,2, j = 1,2,3,...,m + 1, linearly independent
local solutions of the equation (3.6) for the singular points ( = ag, k =
1,2,...,m+1, and by ¢;({), k=1,2,j=1,2,...,m—1, the ones for the
points t = aj = (a; +a;11)/2,j=1,2,...,m — 1.
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Assume u1;(C) = pv1;(¢) + qu2;(C), u2;(¢) = rv1;(¢) + sv2;(C), where
p,q,T, s are the integration constants of (3.8).
The differential equation (3.6) can be written in the form of a system

X' (€) = x()P(C), (4.1)

where
u1(Q) ui(C)) (0 —%(C))
- , PO = , 4.2
0= (1@ 6) Po=( 0 2
u1(¢) and ug(¢) are linearly independent solutions of (3.6).
First we find the solution of (4.1), that is, we construct the matrix x(¢).
Then by means of this matrix x(¢) we seek for a solution of the boundary
value problem (3.5).

It is known that if the matrix x.({) is a solution of (4.1), then the matrix
Tx«(C) is also a solution of (4.1), where

T:(p q), detT = 1. (4.3)
r S

If we construct the local linearly independent solutions vy;(¢) and ¢; ()
of the equation (3.6) for the points ( = a;j, j = 1,2,...,m+ 1, and ¢ =

*

aj = (aj + aj41)/2, respectively, then the local fundamental matrices for

(4.1) will take the form

v15(¢) vi(()) ;
;)= (" ISTY 19 m+,
(0= (@ o) " w
¢15() @i‘(C)) , .
H,(C) = ASIY =12, m— 1.
0= (00 o) "
Assume that the inequality |a,,| > |a1| holds. Then at the point a¥, = —|an,|

we construct the local series ¢.r((), k = 1,2, and the corresponding local
matrix H,(¢). Radii of convergence of these series will be determined by the
distance from the point ¢t = a}, to the singular point ¢ = a;. Analogously,
if |a1| > |an,|, then at the point a = |a1| we construct local series ¢ ((),
k = 1,2, and the matrix H. Radii of convergence of these series will be
determined by the distance from the point a} to the point ¢ = a,,.

After this we can see that there exists a finite number of circles with the
centers ¢ = a;, j =1,2,...,m+1,(=aj = (a; +a;4+1)/2,j =1,2,...,m,
covering completely the abscissae axis. Note that by the circle with the
center ¢ = oo will be meant the exterior of the circle |¢| < r, where r will
be assumed to be equal to the greatest of the numbers |a1], |am|.

The equation (3.6) near the point ¢ = a; can be written as

(€= a;)*0"(¢) + (¢ = az)p; (OV'(¢) + ¢;(Q)v(¢) = 0, (4.5)
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where
©=>_mi(C—a)" ()= a;(¢—ay)F. (4.6)
k=0 k=1

The solutions of the equations (4.5) and (4.6) for the point = @41 = 00
can be written by means of the transformation ¢ = 1/¢;, as follows [29, 27|

Co'(Gr) +<12—2p;m<1 [quc] (47)
where
p«(1/1) clzp,mcl, q.(1/¢1) clzq,mcl (4.8)
k=0

The solutions of the equations (4.5) and (4.7) for the points ( = aj,
j=1,2,...,m, ( = co are sought respectively in the form [22, 27

v;(t) = (t — a;)*7;(t Z Ynj(t — a;)", (4.9)

Voo () =t~ oo (¢ Z Yt ™. (4.10)

Substituting (4.9) in (4.5), we obtain

¢ —aj) [ZM’W ¢ —aj) }ZO,

whence there follows an infinite recursion system of equations to define ~,,5,
n=12...,

Mo; (aj) =05 foj(a;) = 0 foj(e;) = (e — 1)+a;poj+qo; =0, (4.11)

M (aj) = 715(a5) fosi(e + 1) +705f15(a;) =0, (4.12)

My; (o) =725 () foj (a + 2)+715 () frj (g + 1) 4705 f25(a;) =0, (4.13)

Mij(c) = vnjlag) foj(ag +n) +Ym-1)(ay) frjla; +n—1) + -+

V- k-2)) () fr—2)j (0 +n —k+2) + -+
+71;5 (a]>f(n 1) (04] + 1) + 'YOan] (a]) =0, (414)
fri(ag) = ajprj + qrjy  qoj = 0. (4.15)

If the determining equation (4.11) has the roots ayj, ag; (o1 > ;)
such that a; — ag; # n, n =0,1,2, then by the formulas (4.12)—(4.14) we
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construct for the equation (4.5) two local linearly independent solutions of
the form

k() = (t = a;) ™ 50,085 (1), g () =1+ Y vkt —a;)",  (4.16)
n=1
k=12, j=1,2.....m.

The proof for the convergence of the series (4.16) can be found in [19,22].
The convergence radii of the series vy;(() are determined by the distance
from the point ¢ = a; to the nearest of the points t = a;_1, t = a;41.

In the case where the equation (4.11) has the roots such that aq; =
oj, we differentiate it with respect to o, calculate and obtain the second
solution,

25 () = v1;(¢) In(¢ — a;) + v3,(¢),

> d
5;(¢) = (€= a;)* 705 Y Ej[w(ag‘)}aj:az,- (¢ —ay)™.
k=1

The first one v1;(¢) is of the form (4.16).

Finally, if the equation (4.11) has the roots such that aq; — ag; = s,
s = 1,2, then the first solution in these cases can again be determined by
(4.16), and the second one is sought in the form [23]

vi (1) = 0 (t — a;) oy — azj + Y mja)(t = ay)"). (4.17)

n=1

To calculate 7,;(c;), in (4.11)-(4.14) we substitute instead of ~o; the
product 7o;j(c; — ;) and then define successively vy,;(a;), n = 1,2,....
The defined in such a manner 7,;(a;) we substitute in (4.17), differentiate
with respect to a; and then calculate the limit as o; — a;. We obtain

way(0)= i p{ (=) [y an4 3 20p ()0 0,)"| it =)
J J n=1

Tt —a;)™ [1 " i; dijhnj(aj)](t - am] . }

To define vkeo(t), k = 1,2, we act as in defining vg;(¢) but in this case
the use is made of the equation (4.7) and the representation (4.10).

Consider the case where the contour of the circular polygon contains a cut
with the vertex b;, where o; — apj = 2. For this case, P.Ya. Polubarinova—
Kochina has proved that the solution v;(¢) must contain no logarithmic
term. She has also obtained an equation connecting the parameters a;, ¢; [2].
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The necessary and sufficient conditions for the absense of the logarithmic
term in the solution vq;(() is of the form [9, 11]

Y1j(02g) frj(az; + 1) + foj(az;) =0, (4.18)

where 71 (vg;) is defined by (4.12), and f1;(ag; + 1), foj(c2;) by (4.15).
After some transformations, (4.18) takes the form go; + qu +qi;p1; =0.
To construct ve;(¢) for the cut end, it suffices to calculate 'ygj (a2;). The

other coefficients ’Y%j (), n =1,3,4,5,... are calculated by the formulas

(4.14). The equation (4.13) is fulfilled under the condition (4.18), since

Joj(az; +2) = foj(a1;) = 0. To define 77 ;(crz;) uniquely, we have to solve

(4.13) for any «; # a; with respect to vg;(c;):

—lny(eg) frilay +1) 4705 f25(e)]
foj(aj +2)
In (4.19), the numerator and the denominator vanish as a; — ag;. Hence

there is an indeterminacy. Uncovering the indeterminacy by the L’Hospital
rule, we get 73; = —0,5[p1;(p1j + 2q15) + p2y]-

Yoi(aj) = : (4.19)

5. LOCAL MATRICES

From the set of branches of the functions exp[as; In(t — a;)] appearing in
the local solutions vy;(¢) we choose as follows:

explog; In(t —a;)] >0, t>aj,
[explau; In(t — a;)]]F = exp[Fimay;] explag;In(a; — )], t < aj;
exp[—apoo IN(—1)]F >0, —o0 <t <ay;
[exp[— koo In(t — a;)]]F = exp[Him(— oo )] €XP[— koo INt], @y, <t < +o00.

Besides the matrices (4.4), let us introduce the matrices

. Ik
o5(t) = (vl] ® M (t)) . aj—1 <t<aj,

J ij*(t) 1)/2]*(15)
where
v (t) = (aj — )" 70,0k (1), vi5(t) = —(aj — )" y0,;035(t),
d . - n
vy (0) = Zlomi ()] TG00 = oy + Y vy (amy + ) (= )"
n=1

Between the matrices ©;(¢) and ©j(¢) there is a connection

07 (1)=0705(t), aj_1<t<aj, OL()=0L0%(t), am<t<+ooc.
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Here the matrices jS for cij — anj # 5, 5 =0,1,2, are defined by
ai . exp(:l:malj) 0
i 0 exp(timag;)

while for o;; — ag; = 5,5 =0,1,2, by

Ot 1 0
+ _ _Fimas;
by = (iwi 1)'

For the cut end w = b;, the matrices Qf are defined as follows. If
the characteristic numbers are of the form ai; = 3/2, ag; = —1/2, then
Gji = Fil, where E is the unit matrix, and if a;; = 2, az; = 0 then
0 =E.

The elements of the matrix 67 (t) containing the logarithmic terms are
defined by

35(8) = 703 { (@ = )" 1(¢ = 0)°%1, (1) In(a; — 1) + 5, (1),

V55 (8) = —05(as — 1 [(a — %€, (1) In(a; — 1) + T (0)] + 7,0}

In the local solutions vk;(¢), ¢, (¢) there appear the constants vo;, ¢o;
which are defined by means of the Liouville formula

m —1/2 m —1/2
Yoj = { I 1wille; - akll_”_k} ;o = { I1la5 - akll_”’“} :
k=1

k=1,k#j
If v; = 0, then we take |v;| = 1.

6. CONSTRUCTION OF THE FUNDAMENTAL MATRIX
Construct the matrix
u1(C) %@)
- 7 6.1
w0 = (00 O o
where u1(¢) and uz(¢) are linearly independent solutions of (3.6).

The convergence domains of the matrices ©;(t) and H;(t) have always a
common part in which we can write the equalities

@;(t) = T;‘Hj(t), Hj(t) = Toj@jfl(t), aj—1 < t < aj, (62)
O7(t) =T-mH_n(t), H_m(t) =T-O(t), —oo<t<ay, (6.3)
05 (1) = ToOm(t), am <t < 400,
where T, Toj, T_pm, T—oc, T are the constant real matrices defined from
the equalities (6.2) and (6.3). Note that in these equalities ¢t may be fixed

arbitrarily in the domains where both local matrices occurring in the above-
mentioned equalities converge.
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Define the matrix (6.1) along the t-axis of the plane ¢ as follows:
XE(t) =TO%(t), ©51t) =06,,(t), am <t<+oo;
XE() = TO305,(1), am—1 <t < am;
XE(t) =TO0ET,0m-1(t), T =T5Tom, am-1 <t < am;

........................................................... (6.4)
XT(t) = TOET,, - - Th0EO5(t), —oo <t < ay;
XT(t) =TOET,, - 070 _,, T oO(t), —oo<t<ay;

+

XE(t) =TOET,, - 0T 0L (), am <t < oo.

The signs (£) in the matrices (6.4) denote the limiting values of the
matrix x(¢) in the upper and in the lower half-planes, respectively. The
matrix 7" is defined by (4.3).

7. SOLUTION OF THE BOUNDARY VALUE PROBLEM

Direct checking shows that the matrices (6.4) satisfy the equation (4.1).
Therefore, the parameters a;, ¢j, j = 1,2,...,m, p, q, v, s being chosen
appropriately, the same matrices must satisfy the boundary condition (3.5).
Indeed, we begin our proof with the interval (a,,, +00). We have

T (t) = G,,TO,,(t), 6} (t) =0, (), G,=ET=T,

Gy < t < 400. (7.1)

For the interval (a,,—1, a;,) we obtain
T O (t) = Gr1T0,,0% (1), am—1 <t < am. (7.2)

The equations (7.1) and (7.2) result in
O =T7'G G T (7.3)

from which we can see that the matrices (6;)%, G;,'G,,—1 are similar.

In a similar way we find the matrix equations for the remaining points
(=a;,j=m—-1,m—2,...,2,1, ( = co. We have
1O T,,.0) | = Gm_oT0, Trb.. _,, (7.4)
TO0} Tn0m-1Tm-10 o = G3T0,. 0,0, Trn10,, o,
TOT00) \Ton10) 5T o.. . T10] =

= G110, T8, 1Tm-10,, _sTm—o...Th0], (7.6)
TOLTn0) T Tl =G0, T00, Tt T ool (7.7)
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The matrix equations (7.4)—(7.7) can be written as

OF =T, 05 'T G, G 2T6,, T (7.8)

m—1

Here we make the following remark. In composing the matrix equations,
we have to into account that two neighboring circular arcs forming a cut
with the end w = b; belong to one circle.

We rewrite (7.3) as 0}, = G,,,_1T0,,, whence

pexp(imaym) = Bm_1pexp(—imaim) — iDpm—17 exp(—imaym,), (7.9)
rexp(ima,) = tAm_1pexp(—imaim) + Bm—1rexp(—imaqy,),  (7.10)
qexp(imagy,) = Bm_1qexp(—inagy,) — iDpy_1sexp(—imagy,),  (7.11)
sexp(imaam) = 1Am—1qexp(—imaam,) + Bm_15exp(—imagy,).  (7.12)

If we divide the corresponding parts of the equalities (7.9), (7.10) and
(7.11), (7.12), we can see that the ratios p/r and ¢/s in the interval (a;,—1, am)
satisfy the boundary condition (3.5),

p _ Emflp/r_iDmfl q _ Emflq/s_iDmfl

r iAm—lp/T + Bm—l ’ S - iAm—lQ/S + Bm—l .

The coordinates of the points w = b, and w = b/, also satisfy this condition;
hence

p/r =bm, q/s=1b, (7.13)
where b/, is the second intersection point of the two neighboring circles.

Take advantage of the remark made at the beginning of Section 1. The
origin on the plane w coincides with the point w = b,,. Therefore b,, = 0
and b/, = co. Hence p =0, s = 0.

Remind that by by, bj, k =1,2,...,m+ 1 we have denoted the complex
coordinates of the angular points of the circular polygon at which two neigh-
boring circles may intersect, and b} is more often exterior to the contour
l(w).

Note that if (am,—1,am), then for the interval v, # 0 we can always

suppose that
 (Bma 0
Gmfl - ( 0 Bm—1> .

Consider the matrix equation (7.4),

T+

*MOy 1

= GmoTum: Tom = TO}T,,. (7.14)

m—1
From (7.14) there follows the following system of equations:
p*m/r*m = bm-1, Q*m/s*m = blmfl, (715)

where pam, Gsms Tsm, S«m are the elements of the matrix T, .
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Taking into account (7.14), we rewrite the equalities (7.15) as

* + q«7 * + @q«S
Pbn Gl _y o Palin Sy (7.16)
T«Pm + S4Tm Txqm + S«Sm
where p., ., Ts, s« are the elements of the matrix T = T} .

Bearing in mind (7.13), the equalities (7.16) can be written as

TsPmbm + STmbl, TeQmbm + S«Smbl,

5t Y T g e, b (7.17)

After simplification, the equalities (7.17) take the form
TsDm (bm — bm—1) + 847 (0], — by—1) = 0, (7.18)
TG (bm — by 1) + Susm (b, — bl _1) = 0. (7.19)

The condition of the compatibility of (7.18) and (7.19) with respect to
Ty, Sy is of the form

PmSm bfm —bm—1 by, — b;n_l

= 7.20
TmQm  Om —bm—1 b, — bl ( )
From the matrix equation (7.5) we get the system of equations:
Px(m—-1)Pm—1 + Gx(m—1)Tm—1 iy
— Um-—-2,
Ts(m— m— + Sx(m—1)Tm—
(m—1)Pm—1 (m—1) 1 (7.21)
Px(m—-1)qm-1 + Qx(m—1)Sm—-1 %
- Ym—2

Tx(m—1)dm—1 T Sx(m—1)Sm—1
where py(m—1), Qx(m—1)s Tx(m—1), Sx(m—1) are the elements of the matrix

m—1-
After some transformations, (7.21) can be rewritten in the form

T*(m—l)pm—l(bm—l - bm—2) + 5*(m71)rm—1(b{m—1 - bm—Z) = 07
-T*(m—l)qm—l(bm—l - blyn—Q) + S;(77L—1)5m—1(b/7n—1 - b;n—?) =0.
The above equalities imply

/ /
Pm—-1Sm—-1 bmfl - bm72 bmfl - bm72

"m—19m—1 bm—1 — bm—2 b;nfl - binfz. (722)

All the matrix equations can be considered analogously.

The equations (7.20) and (7.22) are exactly the invariant anharmonic
ratios of the four points of the circle at which it intersects two neighboring
circles.

From the matrix equations one can obtain all the required equations with
respect to ag, ¢ and to the integration constants p, ¢, r, s. For every point
¢ = a; we obtain a system of two equations which are homogeneous with
respect to the elements of the matrix Ty. Their conditions of compatibility,
for example, for the points ¢ = am,, ¢ = am-1, are of the form (7.20) and
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(7.22). These conditions have been obtained under the assumption that
Qi — Qg5 7& s, S #0,1,2

Consider now the case where aj — ag; =5, s =0,1,2.

According to the representation (6.4), the unknown matrices x* (¢), x ™~ (¢)
for the interval (a;_1,a;) must satisfy the boundary condition

<P*j Q*j) eima; (1 0> _

Tyj  Sxj w1

_ ijl _iDjfl ﬁ*] 6*3 672’71’042]‘ ]‘ O
iAj,l ijl ?*j §*j —mi 1)’

where p.j, G«j, T+j, S«; are defined by (6.4).
Reasoning as when deducing (7.1)—(7.8), we see that the ratios

Pj TG4
Tyj+T0S4; 7
Qx4

+L satisfy the boundary condition (3.5). But the coordinates of the point
*J

w = b; and the coordinates b; 1 and b);_; will also satisfy (3.5). Hence we
obtain the system of equations
Doj £ _ g i e (7.23)
Tyj + TS Sxj
where b} is equal either to b;_; or to b;;l.

The system (7.23) is also homogeneous with respect to the elements of
the corresponding matrices T%;, but the compatibility condition this time
fails to provide us with the ratios like (7.20) and (7.22).

As is mentioned above, the matrix equations similar to (7.1)—(7.7) can be
obtained for all points ( = a, with the exclusion of those ( = a,, to which
there correspond the cut ends w = b; with v; = 2. For such points there are
the conditions for the absence of logarithmic terms in the solutions v2;((),
for example, the equation (4.18). This gives us one condition for one point;
the second equation will be given below.

From the matrix representations x*(¢) we define first u; (t), u3 (t) and
then construct the relation w () = uj (¢)/ug (¢).

According to the representation (6.4), let the function (a;,a;41) for the
. I I _ ASvl(9)+Bivii(t)
interval w™(t) be defined by wt(t) = W
calculate the limit as ¢ — a;, then we will the equation

b, = B! /D’ (7.24)

If, using this, we

The corresponding equations for the other points ( = ax, k =1,2,3,...,
m,m + 1, can be obtained in a similar way.

Consequently, for every point ¢ = a; we obtain two real equations,
homogeneous with respect to pj, g¢j, r;s;, for example, (7.3)-(7.7). For
v; # 0,1,2, from the condition of compatibility of homogeneous equa-
tions there follow invariant anharmonic ratios for four points of a circle,
for example, (7.20), (7.22). In the case where v; = 0,1, 2, the condition of
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compatibility of the two equations provides us with well-defined, but not
anharmonic, ratios.

Finally, we can take from every system of two equations one equation and
add one more equation of compatibility , i.e., we will have two equations
for every point ¢ = a;. The number of equations will be 2(m + 1) and the
number of unknown parameters ag, ¢k, p, ¢, 7, S, ps —rq = 1, will be equal
to 2m —1. Hence the number of equations will be greater by three than that
of the unknown parameters. This is connected with the fact that the going
around the singular points ( = ax, k = 1,2,...,n in the positive direction
is equivalent to that of the point ( = oo in the negative direction. This
provides us with one matrix equation. Therefore any three equations from
the obtained system of equations are consequences of the remaining ones.

The appearance of the three additional equations can be explained as in
the case of linear polygons.

Having found the system of equations to determine ay, cg, p, ¢, 7, S, it is
necessary to define the intervals of variation of the parameters cg, to solve
the system with respect to ag, ¢ and finally to determine p, ¢, 7, s. Remind
that p;, q;, 75, 55, 7 = 1,2,...,m + 1, depend implicitly on the parameters
ak, ¢k, kK =1,2,...,m via the coefficients of the generalized hypergeometric
series . The variation intervals of the parameters cx, k = 1,2,...,m, can
be defined according to [16].

It is known that the series vi;(¢) and j = 1,2, ..., m, m+1, converge near
the points ¢ = a;, and j = 1,2,...,m,m+1, respectively. The convergence
radii ¢y (C) of these series are determined by the distance a} = (a;+a;11)/2
from the point ¢ = a; (or from the point a}) to the nearest points ¢ = a;_1,
¢=ajt1.

The series vy; are the entire functions of the parametersc;, j = 1,2,...,m,
and converge slowly with respect to (. This makes numerical calculations
very difficult. As n grows, the coefficients sometimes strongly increase,
though their multipliers ({ — a;)™, on the contrary, decrease. Computers
are unable to multiply 'yﬁj by (t — a;)"™ despite the fact that these series
converge. To eliminate this defect, we suggest to write these series in the
form of rapidly and uniformly converging functional series.

Consider the structure of recursive formulas (4.12)—(4.14). The sum of
the first lower indices in the expressions (x—_n);fnj(@ + k —n) is always
equal to k, i.e., to the exponent (¢ — a;)*. Instead of the series (4.9), let us
consider the functional series of the form

v;(t) = (t — a;)™v;(t — ay),

Ti(t) =D =Y mi(t — aj), (7:25)
n=0 n=0
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where according to (4.12)—(4.14) 7, is defined via v1;, v25, . . . , Y(n—1); While
the latters are defined via fg;(c;), where

frj(t = aj, ;) = ajpr;(t — a;) + qr; (t — aj),

n t—aj; \"
Pnj(t — a;) = Z (1) (1*1/1@)( ’ ) » Poj =1—wp,
_ . aj — Qg
k=1,k#j
n—1 t_a’j "
qnj(t - a’j) = Z (_1) Ck( ) 9 doj = 07 q1j; = Cj,
_ . aj — Qf
k=1, k]
|t —a;| <minfla; —a;j1l,]a; — a1}, (7.26)
t_ .
‘ Y1, k4] (7.27)
a; — ag

We can see from (7.27) that the functional series (7.25) converges in the
domain (7.26) more rapidly in comparison with the series (4.8).

The functional series for the point ( = a,,+1 = oo is constructed analo-
gously. In all the above formulas instead of vy;(¢) we will have to substitute
the functional series (7.25). It is obvious that the functional series for the
ordinary points ¢t = a}, a

5oar = (aj +aj41)/2, j = 1,2,...,m — 1, will also
converge uniformly and rapidly.

8. ON A CONNECTION BETWEEN THE CONDITIONS (2.12) AND
(2.16)—(2.18)

We write the matrix x(¢) defined by (4.2) as

X(€) = Tx2(C), (8.1)
where the constant matrix T is defined by (4.3), and the matrix x2(¢) by

_ (v(©) vi(Q)
0= (1 1o):
v1(¢) and v3(¢) being the linearly independent solutions of (3.6) along the

t-axis are defined by (6.4).
The equality (8.1) implies

u1(€) = pui(Q) + qua(),  u2(¢) = rvi(C) + sv2(Q). (8.2)

The functions u;(¢), us(¢) are again linearly independent solutions of the
equation (3.6) provided ps — rq # 0, where p, ¢, r, s are arbitrary complex
numbers. Below we will assume that ps —rqg = 1.

The functions w1(¢) = v1({)/v2(¢) and w({) = u1(¢)/u2({) satisfy
Schwarz’s equation (3.8), where wy (¢) will be its partial and w(() its general
solutions.

Remind also that w(¢) = «'(€)/2'(¢) = w1(¢)/z1(¢) = wa(¢)/22(¢),
where wg(s), zx(€), k = 1,2, are defined by (2.15) and (3.3).
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Now we present the proof of a theorem proven by us in [13-16]. It can be
formulated as follows: if the equality (2.12) holds, then so do the equalities
(2.16)—(2.17), and vice versa, (2.16)—(2.17) imply (2.12).

The second part of our theorem is evident, therefore we dwell on proving
the first part.

The equality (2.12) with regard for w(¢

ui(t) _ B(t)ur(t) — iD(t)us(t
uz(t)  iA(tyua(t) + B(t)uz(t)

Assume that
ui(t) = A ui(t), uz(t) = At)us(t), —oo <t < +oo, (8.3)

(
where i (t) = B(t) 1 (t) —iD(t)ua(t), u5(t) = iA(t)ur () +B(t)us(t), —o0 <
t < +o0.
If we substitute (8.3) in (3.6), we obtain
N (Bui () + N @R[ ()] + pe(Hui®)] =0, —oo <t < oo,  (8.4)
N (Hus(t) + N (O[2[u3 ()] + pe(Wu3(t)] =0, —oo <t <4o0.  (8.5)

Multiplying (8.4) by u3(t) and (8.5) by ui(¢) and then subtracting the

second equality from the first one, one gets
2N (1) [[uy ()] us(t) — [us ()] ui (£)] = 0. (8.6)

In the braces of (8.6) there is the Wronskian w*[uj(t), u3(t)] # 0, there-
fore (8.6) implies N (¢t) = 0, —o0o < t < 400, which yields A(¢t) = const,
t € (aj,a;41).

Note that

w*ug (t), uz(t)] = w[u (), uz ()] = w[ua (), uz(t)], (8.7)
since the equality (2.11) holds.

If for (8.3) we calculate the Wronskian with regard for (8.7), then we
obtain A*(t) = 1, t € (aj,aj4+1), which in its turn, implies A\(¢) = +1,
t € (aj,a;41).

But the functions A(t), B(t), D(t) are defined uniquely from the condi-
tions (1.1)—(1.2), hence A(t) is also defined uniquely.

u1(¢) /uz(¢) can be rewritten as

, —oo<t< 4o0.

9. DEFINITION OF THE FUNCTIONS w((), 2(C)

The function w* (¢) along the real t-axis is defined by w () =u] () ug (t),
—00 < t < +00, where uf (t), uj (t) are defined by (6.4).
Given wt(t), we can find w(¢) for all Im(¢) > 0 by [24, 30]

+oo
1 ndt _ .
w(C) = — /w+(t)mv ¢=¢&+n.

—0Q0
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Note that one can construct a canonical matrix for the problem (2.3) and
solve the inhomogeneous boundary value problem (2.3) by using the Cauchy
type integral. This has been done in our paper [13]. In the present work,
we seek for a solution of the inhomogeneous problem (2.3) in a somewhat
different way [2].

Multiply the functions uj (¢), u3 (t) by and x{ (t), where v+ (¢) is defined
by (2.23) and X (¢) by (3.4).

The matrix x(¢) defined by (6.1)—(6.10) satisfies the boundary condition
(3.5), since the equalities (7.1)—(7.2) are assumed to be fulfilled. This means
that the columns of the matrix x({) defined by (6.1)—(6.10) satisfy the
boundary condition (3.5).

In order to obtain a sought for solution ®5(¢) of the boundary value
problem (3.5), we have to take the first column elements of the matrix x(¢)
and construct the vector ®3(¢) = [u1(¢), u2(¢)], Im(¢) > 0.

We have taken the first column elements of the matrix x(¢) because the
ratio w(¢) = u1(¢)/u2(¢) provides the general solution of the Schwarz differ-
ential equation (3.8), while the ratio v} (¢)/ub(¢) does not satisfy Schwarz’s
equation. This implies that ws(¢) = u1(¢), 22(¢) = u2(¢).

The vector ®1(¢) = x1({)P2(¢), where x1(¢) is defined by (3.4), satisfies
the boundary condition (3.1), and the components of the vector ®(() are
defined as w1 (¢) = x1(Qw2(¢), 21(¢) = x1(¢)22(¢), Im(¢) > 0.

The vector ®'(¢) = v(¢)®1(¢), where ®'(¢) = d®({)/d(, satisfies the
boundary condition

() = A7V A (D) P (1), —o0 <t < 400,

where v(¢) is defined by (2.23).
Hence, the components of the vector ®'({),

w'(€) =v(Ox1(Qua(¢), 2'(€) = v(Oxa(¢ua(C), Im(¢) =0,

satisfy the boundary conditions (2.4)—(2.5).

According to [2], we are aware of the behavior of the functions w’((),
Z'(¢) at all singular points ¢ = e, k = 1,2,...,n,n + 1. Therefore the
choice of the arguments ¢;, j = 1,2,...,n + 1, of the complex numbers
det A;(t) should be performed with regard for the behavior of the functions
W'(€), #/(¢) at all singular points. In this way we construct uniquely the
functions w’(¢), 2’(¢). Thus we can write

dwt (t) = uf )y (O)xT (H)dt, —oco <t < +o0, (9.1)
dz(t) = ug ()T (t)x (t)dt, —oo <t < 4o0. (9.2)

Obviously, the functions (9.1) and (9.2) satisfy the boundary conditions
(2.4)—(2.5).
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Integrating the equalities (9.1)—(9.2) in the intervals (—oo,t), (e;,1), j =
1,2,...,n, we obtain

W () = / wF (O (OXT O dt+ 0t (—00), —co<t<er,  (9.3)
2t (t) = / ui YT ()xT (O)dt + 2t (—00), —oo <t < e, (9.4)

w+(t):/uf(t)v’L(t)xf(t)dt—i—wj(ej), j=1,2,...,n, e;<t<ejy1; (9.5)

z+(t):/ug'(t)fﬁ(t)xf(t)dtJrz;'(ej), J=12,...,n, e;<t<ejyi, (9.6)

where wt (—00), 27 (—00), wT(e;), 27 (e;) are the right limits of the corre-
sponding functions at the points —oo, e;, 7 =1,2,...,n.

It is also evident that the functions w™(¢), 27 (¢) defined by (9.3)-(9.6)
satisfy the boundary conditions (2.1)—(2.2).

In (9.3)—(9.6) we can separate the real and the imaginary parts and obtain
the expression for the functions ¢(t), ¥(t), x(t), y(t).

Moreover, taking t = ey in (9.3)-(9.4) and ¢t = ej41 in (9.5) and (9.6),
we get

e = [l O ONF Ode+ 0% (-o0), (0.)
2 (er) = 7UT(t)W(t)xf(f)dt+Z+(—OO)7 (9.8)
wh(ejs1) = 71u{(t)7+(t)xf(t)dt+w+(ej), j=1,2,...,n, (9.9)
2Heji1) = 71u;(t)y+(t)x1+(t)dt+,z*(ej), j=1,2,...,n, (9.10)

where w'(e;41), 27 (ej41) are the left limits of the functions wt(t), 27 (¢)
at the point ¢t = e;41.



Solution of Some Plane Filtration Problems 61

In (9.3)-(9.6) the integrands are supposed to be integrable at the left
ends of the intervals. If it is not the case, then we can take as the lower
limits either the right end or an interior point of the corresponding interval.

For the unknown parameters a;, ¢; appearing in (3.6), we have obtained
a system of higher transcendental equations, e.g., the equation (7.24). As
to the parameters ¢ = e; not coinciding with the parameters ¢t = a; and
which functions v(¢) and x1(¢) depend on, and the parameter ) connected
with the discharge of the fluid, we have obtained the system (9.7)—(9.10) for
their determination.

Having found all the unknown parameters which the functions uj (¢),
ug (t), v+ (1), x7 (t) depend on, by (9.3)-(9.6) we can determine the equa-
tions of the unknown parts of the boundary of the domains s(z), s(w), s(w)
as well as other geometric and mechanical parameters of the fluid flow.
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CHAPTER I11

CONNECTION BETWEEN THE SOLUTIONS OF THE

SCHWARZ NONLINEAR DIFFERENTIAL EQUATION AND
THOSE OF THE PLANE PROBLEMS OF FILTRATION

Abstract. Using linearly independent solutions of the Fuchs class linear
differential equation which contains a term with the first order derivative
of the unknown function, we propose effective methods for solving both the
Schwarz nonlinear equation, whose right-hand side is a doubled invariant
of the Fuchs class linear differential equation, and the plane problems of
filtration with partially unknown boundaries. The modulus of the difference
of the characteristic numbers of the Fuchs class linear differential equation
for every singular point is equal to the corresponding (divided by 7) angle
at the vertex of a circular polygon. For the first time it is shown that
the coefficients at the poles of second order of the doubled invariant of the
Fuchs class linear differential equation and those on the right-hand side of
the Schwarz equation coincide completely.

Relying on the property mentioned above, we suggest simpler methods
of solving the problems of the theory of stationary motion of incompressible
liquid in a porous medium with partially unknown boundaries than those
described by us earlier for the solution of the same problems.

1. ON THE CONNECTION BETWEEN SOLUTIONS OF THE FucHS CLASS
LINEAR DIFFERENTIAL EQUATION OF GENERAL TYPE AND THE
NONLINEAR SCHWARZ DIFFERENTIAL EQUATION

The filtration theory uses analytic function w(z) = u — v, z = x + iy,
where w(z) the is complex velocity, and u and (—v) are its components
satisfying the Cauchy-Riemann conditions [1-6].

Let on the plane w = u—iv be given a simply connected domain s(w) with
the boundary [(w) consisting, in a general case, of circular arcs of different
radii. Such a domain is called a circular polygon. By Ax, k = 1,m, we
denote the angular points of the boundary I(w) and by 7y, k = 1,m, the
interior angles, respectively. In the general case it can be assumed that
-2 <y; <2, [1-31].

We seek for an analytic function w({) which maps conformally the half-
plane Im(¢) > 0 of the plane ¢ = ¢ 4 i7 onto the domain s(w) with the
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boundary I(w). Denote by ¢ = ay, k = 1,m, the points of the axes ¢ = ay,
k = 1,m, of the plane ¢ = t + it which are mapped respectively into the
points Ay, k = 1,m, where —o00 < a1 < as < -++ < @y, < +00. The point
t = oo is assumed to be mapped into a nonangular point of the boundary
I(w) of s(w), which may lie between the points A,, and A;, although one
can consider the case in which ¢ = oo is mapped into an angular point Ay.

Using the linear-fractional transformation, we can map A,,, A, the arc of
the circumference of the boundary I(w) of s(w), onto a straight line or onto
a part of a straight line, parallel to or coinciding with the real axis v = 0.

For the sake of brevity, without restriction of generality, from the very
beginning we assume that the side A,,A; of I(w) is parallel to or coincides
with the axis v = 0. Therefore the function w({) can always be extended
analytically through the intervals —oco < t < a1, a,, <t < 400 to the lower
half-plane Im(¢) < 0. Throughout the paper, it will be assumed that if
¢ € Re(, then ¢ =t.

The unknown function w(¢) must satisfy the well-known Schwarz equa-
tion [12-17]

{w, ¢} =w"(Q)/w'(¢) — 1,5[w" (¢)/w'()]* = R(C), (1.1)
R(¢) = {0,5(1—v7)(¢ —ar) >+ cr(C —ar) ™'}, (1.2)
k=1

where a; and ¢, kK = 1, m, are unknown real parameters to be defined later
on.

The extension of the function R(¢) in the neighborhood of the point
t = oo in terms of the powers of 1/ yields

n=1

The coefficients N, k = 1,2, 3, must satisfy the conditions
Ny =) =0, Ny=Y [arck+0,5(1—1})] =0,
k=1

k=1 (1.3)

m
N3 = Z[aiek +ap(l—vf)] =0,
k=1
because the point ( = oo is the image of a nonangular point of the boundary
I(w) [12-16].
According to the Riemann theorem, three of the parameters t = ag,
k = 1,m, can be chosen arbitrarily and fixed. From the system of equations
(1.3), the parameters c1, ¢z and c3 in the system of equations (1.3) can be
expressed in terms of the remaining a; and cg. Consequently, the number
of unknown parameters ay, and ¢ is equal to 2(m — 3).
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By substitution w’(¢) = 1/[u(¢)]?, the equation (1.1) can be reduced to
the linear Fuchs class equation

u’(¢) +0,5R(C)u(¢) = 0. (1.4)
By means of linearly independent particular solutions of (1.4), u1(¢) and

u2(¢) with the Wronskian uq (¢)u5(¢) — u2(¢)uj(¢) = 1, we can construct
the general solution of (1.1) as follows:

w(¢) = [Aur(¢) + Buz(Q)]/[Cui(¢) + Dua(¢)], (1.5)

where A, B, C, D with AD — BC' = 1 are the integration constants of the
equation (1.1).

The general solution (1.5) of the equation (1.1), along with the 2(m — 3)
essential parameters ay, ¢, k = 1, m, depends in the general case on three
unknown complex parameters A, B, C, D with AD — BC =1, i.e. on six
real parameters. Thus the number of unknown parameters is equal to 2m.

The equation of the boundary I(w) of s(w) can be written as

w(¢) = [w(¢)Bo + iDo]/[—iAgw(¢) + Bol, ¢ € l(w), (1.6)

where w = u — v, W = u + iv, By = (C& +iBg)/2, Bo = (C§ —iBg)/2,
Ao, Bj, Cj, and Dy are the given real piecewise constant functions which,
without restriction of generality, satisfy the condition BoBy — AgDg = 1.

The coordinates of the centers (ug, vg) and the radii of the circumferences
(1.6) can be determined as follows:

up = —Bg/[240), Vo = —C§/[2A0)],

Ro = \/[(B3)? + (Ci)? — 440 Do)/ A2,
Suppose that we have constructed linearly independent solutions v} and
u3(¢) with the Wronskian uj(¢)(u5(¢)) — (u3(¢)) us(¢) = 1. Then w(({) =
ui (¢)/u3z(Q),
ui(Q)/u3(C) = [Boui(C) + iDous(C)]/[iAoui(¢) + Bouz(¢)].  (1.8)
The methods of constructing w(¢) in the general case were described in
our works [25-31].
The differentiation of (1.8) yields
1/[u3(¢)]? = 1/[—iAgui(¢) + Bouz(¢)]*. (1.9)
The equalities (1.6)—(1.9) imply that
ui(¢) = £[Boui(C) +iDou3(¢)], u5(¢) = £[~iAoui(C) + Bous(¢)]. (1.10)
In [24], we have proved the equality (1.10) in somewhat different way.

The signs 4+ and — are fixed uniquely by means of the boundary conditions.
Let us consider the Fuchs class second order differential equation [14-16]

v"(€) + p(Ov'(€) + a(Qv(¢) =0, (1.11)

(1.7)
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where
p(() = Z[l — () + @2)](¢ —a;) 7,
o (1.12)
q(¢) = Z[Oéljazi(C —a;) P+ (¢ —a;)7"].

For the points t = a;, j = 1,m, t = oo to be regular singular points, it
is necessary and sufficient that p(¢) and ¢(¢) have the form (1.12) and the
parameters ¢, j = 1,m, satisfy the condition [11-20]

My=> ¢ =0. (1.13)

Suppose that the parameters a;, oy, ¢, k=1,2, j = 1, m, are real and
t = aj, j = 1,m, are the same as in (1.2). Using the linearly independent
particular solutions (1.1) v1(¢) and v2(¢), we construct the general solution
of the Schwarz equation

w(C) = [Arwi(€) + B1]/[Crwi(€) + D1, (1.14)

where w1 (¢) = v1(¢)/v2({) is a particular solution of the Schwarz equation
with the right-hand side equal to

and A,, By, C1, D1, A1Dy — B1C; # 0 are the integration constants of
(1.14).
The Wronskian for (1.11) has the form

v1(Q);(€) = vl (Qv2;(¢) = e [ [ (€ — az) @2, (1.16)
j=1

In [14, p. 300] it is stated that to reduce the right-hand side of (1.15)
to the function R({) appearing in (1.2), we have to choose two functions
p(¢) and ¢(¢) which make the problem indeterminate. In [14], the author
considers the linear second order equation of general type. But if one takes
(1.11), where a1, ag;, j = 1,(m + 1), satisfy the conditions

a1 — Qo =V, j=1,m,  Qigni1) — Qoma1) =1, t=amy1=00,

m (1.17)
A1 (m+1) = 3, A2(m+41) = 2, Z[l - (alj + 0421‘)] =6,
k=1

then the right-hand side of (1.15) is, as it can be directly verified, represented
in the form

{w, ¢} =2q(¢) —p'(¢) — 0,5[p(¢)]* =
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= Z{U, 5[1 — (i — @2:)?)(¢ = aj) " + ¢ (¢ —aj) ', (1.18)
where

¢ =2¢5—0; Z Brla;—ar)™", Be=1—(car+az), k=T, m. (1.19)
k=1,k#j

Since aq; — o = 14, j = 1, m, the coefficients at (¢ —a;)~2 in (1.2) and
(1.18) coincide.

The expansion of the function 2¢(¢) — p’(¢) — 0, 5[p(¢)]? in the neighbor-
hood of the point ¢ = oo into the series with respect to the powers 1/¢
results in

24(¢) = P'(¢) = 0,5[p(¢)]* = Y M. (1.20)

1
The point ¢ = co is not a branching point of (1.11), therefore the condi-
tions

My=>"¢"=0, Mjy=> [anci’ +0,5(1—17)] =0,
7=t - =1 (1.21)
M = laiel” + an(1 = vi)] =0
k=1

must be fulfilled.

The condition M7 = 0 coincides with (1.13). Below we will see that the
last two equations of (1.21) can be obtained in somewhat different, natural
way.

As is known, an equation of the type (1.11) can be reduced to that of
the type (1.4). The expression ¢(¢) — 0,5p(¢) — 0,25[p(¢)]? is, in a certain
sense, an invariant of (1.4) [23, p. 243]. Indeed, using the substitution
v(¢) = exp[—0,5 [ p(¢)d¢lve(¢) [23], we reduce the equation (1.11) to the
type

Vg (€) + (a(¢) = 0,25p*(¢) — 0,5p'())wo(¢) = 0. (1.22)

If the characteristics auj, asj, 7 = 1,m, of the equation (1.11) satisfy
the conditions oy + ag; =1, j = 1, m, then p/'({) = 0, p({) = 0 and hence
R(C) = 2q(<)a 20; = Gy, .7 = 17m'

The parameters a;; and ag; in the case of the equation (1.1) are defined
by the equalities aq; = 0,5(1 + v;), ag; = 0,5(1 — v;), a1; + az; = 1,
Q1 — Qg5 = Vy, j = 1,m.

In (1.6) there take place indeterminate constants c.;, j = 1,m, which
can be defined by the equality (1.16).
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Indeed, if we divide both sides of the equality (1.16), by ({ —a;)*1ita2i~1
and then pass to the limit { — a;, we will get a system of equations for
determination of ¢,;, j = 1,m.

Note here that the equalities (1.10) can be generalized even in the case
where aq; + ag; # 1.

2. SOLUTION OF PLANE WITH PARTIALLY UNKNOWN BOUNDARIES
PROBLEMS OF FILTRATION

Consider some plane problems of the theory of stationary motion of in-
compressible liquid in a porous medium subjected to the Darcy law. The
porous medium is assumed to be undeformable, isotropic and homogeneous
[1-7].

The plane of the liquid motion coincides with the plane of the complex
variable z = +4y. In the domain s(z) with the boundary [(z) we seek for a
complex potential w(z) = ¢(x,y) + iv(z,y), where (x,y) and ¥ (z,y) are,
respectively, the velocity potential and the stream function which satisfies
the boundary conditions given below. The functions ¢(x,y) and ¥ (x,y)
are connected by means of the Cauchy-Riemann conditions. If the analytic
function w(z) is found, then due to the dependencies [1-7]

p(r,y) = —k(p/v+y)+c w(z)=u—iv,
Y TR R @
Cox Oy’ oy Oz’
where p is the hydrodynamic pressure, « is the specific weight of the liquid,
u and v are the vector components of filtration velocity, w’(z) = w(z) is the
complex velocity, k is the coeflicient of filtration, and ¢ is an arbitrary con-
stant, all the characteristics of the filtration stream can be found, namely:
filtration velocity, pressure head, pressure, liquid discharge for filtration and
unknown parts of the boundary [(z) of s(z) [1-7; 24-31]. Below we shall
consider the reduced complex potential w(z), the complex potential divided
by the coefficient of filtration. Next we assume that the boundary I(z)
of s(z) is a simple, piecewise analytic contour consisting of a finite num-
ber of unknown depression curves, segments of straight lines, half-lines and
straight lines. The domains s(z), w(z) and w(z) = w'(z) may be bounded
or unbounded. In particular, if the boundary I(z) has no depression curves,
then the domain s(z) turns into a linear polygon.
In the domain s(z) we have to find an analytic function w(z) = p(z,y) +
itp(x, y) which must satisfy the boundary conditions [1-7]

ar1p(x,y) + apo(x,y) + arsr +aray = fro, k=12, (x,y) €l(z), (2.2)

where ay;, fi, 7 = 1,4, are the given piecewise constant real functions.
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Before we proceed to the solution of the basic problem of filtration, we
can determine the boundary I(w) of the domains s(w) and also a part of
the boundary l(w) of s(w) [1-7].

Using the functions w(z) and w'(z) = dw(z)/dz, the domain s(z) with
the boundary {(z) is mapped conformally respectively onto the domain s(w)
and s(w) with the boundaries [(w) and I(w), where the domain s(w) is a
circular polygon with the boundary I(w) consisting of a finite number of
circular arcs, segments of straight lines, half-lines and straight lines.

If we take arbitrarily any part of the boundary I(z) of s(z) and differenti-
ate (2.2) along that part of the boundary I(z) with respect to the parameter
s, where s is the arc length of the curve, we get

(a11u — a12v + a13) cos(z, 8) + (a11v + arou + aq) cos(y,s) =0,  (2.3)
(a21u — agav + ags) cos(x, s) + (ag1v + agou + agy) cos(y, s) = 0,

where dx/ds = cos(zx, s) and dy/ds = cos(y, s).
For the system (2.3) and (2.4) to have a nontrivial solution with respect

to dz/ds and dy/ds, it is necessary and sufficient that the determinant of
the system at the given part of the boundary be equal to zero,

Ay (u? +0%) + Ajgu + Ao + Ay = 0. (2.5)
The coefficients axj, k = 1,2, j = 1,4, are given by (2.2), and therefore
the coefficients A11, A1z, A13, and A4 are fixed.
The equation (2.5) can be written in a complex form
w = [Bw+i241] [ - 2iAnw + B] ", (2.6)
where w = u — v, W =u+iv, B = A13+ 1419, B = A3 — 1412,
Ayl = anjag — aziare, Aiz = 11024 — A21014 + a13a22 — 23012,
Ai3 = a14a22 — azsa12 + ai13az; — ag3a11, A4 = ai3azs — azzais. (2~7)
The coordinates (u.,v«) of the center and the radius R, of the circum-

ference (2.5) for the chosen by us part of the boundary {(w) are defined as
follows:

Uy = —A12/[2A11], v = —A13/[2411],

R, = %\/[AIQ/AHP + [A13/A11]? — 4414 /A1 (28)

We can require the condition BB — 44,414 # 0, and not the condition
BB —4A11 414 = 1 because the parameters ay;, k = 1,2, j = 1,4, are fixed
by the condition (2.2).

To solve the problems of filtration, one usually introduces the plane
¢ = t + i and maps conformally the half-plane Im(¢{) > 0 onto the do-
mains s(z), s(w) and s(w). We denote the conformally mapping functions

respectively by z(¢), w(¢) and w(¢) = w'(¢)/2'(¢), where dw({)/d¢ = w'(¢)
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and dz(¢)/d¢ = 2'(¢). By, k = 1,n, denote angular points of the boundary
[(z), {(w) and I(w) of the domains s(z), s(w) and s(w) which will be met
at least on one of the above-mentioned boundaries I(z), I(w) and I(w), as a
result of a circuit in the positive direction. By ¢ = ex, k = 1,n, we denote
the points of the t-axis of the plane ¢ which are mapped, respectively, into
the points By, k = 1,n, where —oo < e; < ey < --- < e, < +00. The point
t = ep4+1 = o0 is mapped into the nonangular point which lies on some part
of the boundary B, B.

The boundary values of the functions z(¢), w(¢) and w(¢), as ¢ — ¢,
¢ € Im(¢) > 0 will be denoted by z(t) = z(t) + iy(t), w(t) = w(t) + ib(t),
w(t) = u(t) —iv(t), while the complex conjugates to the functions z(t), w(t)
and w(t) will be denoted by z(t), w(t), and w(t).

Introduce the vectors ®(¢) = [w({),2(¢)], ®(¢) = [w(t),2(t)], D' (¢) =
[W(€), 2" ()], @(¢) = [w'(€), 2 ()], f(t) = [f1(t), f2(t)]. Then the boundary

conditions (2.2) can be written as follows:

(ar2 + iak1)w(t) + (arg + iags)z(t) = (ag2 — iakl)w-‘r

+(aks — iag3)z(t) + 2ifr(t), —oo <t < +oo, k=1,2. (2.9)
The condition (2.9) can by means of the vector ®(z) be rewritten as
d(t) = g(t)®(t) +2iGf(t), —oo <t < +o0, (2.10)

where g(t) = G~'(t)G(t) is a piecewise constant nonsingular second order
matrix with the discontinuity points t = ey, k = 1,n. G~1(¢) is the inverse
to G(t) matrix and G(t) is the complex-conjugate to G(t) matrix.

Below, instead of ax;(t), k = 1,2, j = 1,4 we will write ay;, k = 1,2,
j=14

The matrices G(t) and G~1(t) are defined by the formulas

a1z +iayy, aig +ias
G(t) = . . 2.11
®) <(122 +iaz1, a24+ za23> (2.11)
and
- 1 a24 + 1023 —(a14 +ia13)
G lt) = ——— o . . 2.12
®) det G(t) (—(azz +1ia21), a2 +ian (2:12)

The matrix g(t) in the interval (a;, a;11) is defined as

— 1 AT A
(Y =G71G, = —— 11 12 C <t ; 2.1
g]( ) Gj G; det Gj(t) (Z 1;%, gljl y 05 <T<Qjt1, (2.13)
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but for j = n — 1 we have
*(n—1 n— An—
Alg )= (—1)(AT; t 4 iAY, l)a
*(n—1 n—1 *(n—1 n—1
Alé )= (_2)A§4 )) Azg ):2A§1 )

. ’ (2.14)
Aﬁn_ )= Q24012 + 23011 — A14G22 — Q13021+
+ Z‘(11231112 — Q24011 + A21014 — a13a22)~
The function Zﬁnfl) is the complex-conjugate to Aﬁ"_l).
Differentiation of (2.10) yields
(1) = g(t)d (t), —o0 <t < +00. (2.15)

It can be easily verified that the equality g(t) = [g(t)]™! = G ' G holds,
where [g(t)] ! is the matrix, inverse to g(t), and g(¢) is the matrix, complex-
conjugate to g(t).

For the point ¢ = e; we compose the characteristic equation

det(g; ' (ei +0)gj(e; — 0) — AE) =0, (2.16)

where gjjrll (ej +0)g;(e; — 0) is a matrix, F is the unit matrix, X is the pa-
rameter, and g;(e; +0), gj—1(e; —0) are the limiting values of matrices g;(t),
gj—1(y) at the point ¢t = e; from the right and from the left, respectively;
gj_l(ej + 0) is the inverse to g;(e; + 0) matrix.

If we denote by A, the characteristic numbers of the matrix g(,—1)(t),
then the equalities

Mn + don =[A1" 7D + AV 2det Gy,
>\1n . /\Qn :detén_l/det Gn—h
AtnlAenl =1, [detg(t)| =1, Ain-Aon = 1/[An - Az,
1/>\1n + 1/)\271 = Xln + X2’ru )\171 + /\2n = )\1n>\2n(xln + X2n)

hold [1-31].
Let us introduce the characteristic numbers oy, = ﬁ InAgn, kK =1,2.
Then ai,, + a2, = agj, where o = ﬁ arg det(G,/G;),

1
Qi = Q2 = 5 In(A1n/Aapn) = Vn, (2.17)

where 7y, is the interior angle of the contour [(w) of s(w) at the point 4,,.
The roots A\gyn, k = 1, 2, for the point ¢t = e,, are calculated by the formula
[1-7]

Nen = [A3"7 + A7 =

ii\/4 det G, det Gy, — (A" 4+ A,1)2)/[2det G, k = 1,2. (2.18)
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For the points t = e;, j =1,2,...,n — 1, we have
— ——1 1=
9j+11(aj +0)gj(e; —0) = Gj—',—lGj-‘rlGj 1Gja

9541 (a; +0)g;(e; —0) =

—x(j+1) ax(j+1 —*J < A%
__ 1 Ay o _ZAl,éﬁ ) A Zéé) , (2.19)
det Gj; detGj _Z-A;gﬁrl)7 A’1‘§J+1) Ay, Al

11
Myt Aoy = A VAT + AT A+
+ ATV AT+ ATPTVAL)/[det Gy det Gy, (2.20)
A1jAe; = det Gjy1 det G /[det G4 1 det Gy (2.21)
Using (2.19), (2.20) and (2.21), we can calculate
Aj/ Aoy, aij, agy, i+ ag = aéj, a1 — Qo = Vj, (2.22)
agj = ;[ao(jﬂ) — ], detG; = Rpexp(iag;).

The characteristic numbers ag;, k = 1,2, j = 1, (n + 1), must satisfy the
Fuchs condition [1-31]

n+1

[1—(a1; +ag;)] =2,
2 (2.23)
A1(nt1) =35, Q2(nt1) = 2, loo = Ant1 = 0.

The equality a1 +as; = 1, j = 1, n, under the condition (2.5) may fail to
be fulfilled, and hence we are unable to apply the equation (1.4) and solve
the equation (2.15). As it will be seen below, to solve (2.15) completely it
suffices to use the linearly independent solutions (1.11).

Of all singular angular points of the boundaries {(z) and I(w), we select
such angular points to which on the boundary I(w) of s(w) there correspond
regular nonangular points. Such angular points on the boundaries I(z) and
l(w) are usually called removable singular points [1-7]. For the sake of sim-
plicity, we assume that the number of removable singular points is equal to
two. Denote these points by t = e; and ¢ = ej;. The angles corresponding
to such points on the contours I(z) and [(w) are equal to 7/2. To remove
those singular points from the boundary conditions (2.15), we introduce the
new unknown vector ®;(¢) by the formula

o (€ —ex—1)(¢ — ex+j—1)
)= <I>1(C)\/ (€ —er)(C —ertj)

(€ —ex—1)(C — erti—1)
(€ —er)(C — extj)

(2.24)

> 0, C > Ck4j-
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When passing from the vector ®(¢) to ®1(¢), the matrix g(¢) in the
interval (ex—1,€ex), (€xtj—1,€x+;) is multiplied by (—1).

We enumerate the remaining singular points along the t-axis as t = ay,
k =1, m. To these points there correspond the points Ay, k = 1,m, on the
contour /(w). In what follows, the notation for the matrices g(t) = G~1G
will remain unchanged, but all the changes occurring while introducing
®1(¢), will be taken into account.

If one or several elements in the matrix g(¢) are equal to zero, and more-
over, det g(t) # 0, then the problem (2.10) is solved completely by means
of the Cauchy type integral [1-31]. Besides the above-mentioned one, we
come across the cases where all the elements in the matrix g(¢) are different
from zero and then the problem (2.10) is solved by elementary means [16,
26).

The boundary condition with respect to ®;(¢) can be written as

(I)l(t) = g(t)@l (t), -0 <t < +o00. (225)

To solve the problem (2.25), we first find all the roots Ag;, k = 1,2,
j=1,m+1, from (2.16) and then, taking into account (2.23), we find a;,
k=1,2,7=1,m+1 [1,7]. Having found the above-mentioned quantities,
we substitute ag;, k= 1,2, j = 1,m into (1.11).

All the equations and formulas (1.11)—(1.16) remain valid and will be
used later on for solving (2.10), (2.15) and (2.25).

3. THE FucHS CLASS EQUATION IN THE FORM OF A SYSTEM

The equation (1.11) in the neighborhood of every singular point ¢ = ay,
k=1,m + 1, and in the neighborhood of any regular point, where p(¢) and
q(¢) are analytic, has two linearly independent local solutions which are
constructed by means of infinite series whose coefficients are defined in the
well-known manner. These series converge respectively in the circles with
centers at the points for which these series have been constructed, and the
convergence radii of the series are bounded by the distance from the centers
of the given circles to the nearest to the centers singular points.

We denote the local linearly independent solutions of the equation (1.11)
for singular points ( = ax, k = 1,2,...,m+ 1, by vg;(¢), j = 1,(m+1),
and for t = af = (a; +a;41)/2, j = 1,2,...,m — 1, by o%;(C), k = 1,2,
i=12...,m—1.

Suppose

u1(¢) = pu1; () + quz;(¢), wa(() = ru1;(C) + suz;(C), (3.1)

where p, ¢, r, s are the integration constants of (1.15).
The equation (1.11) can be written in the form of the system

X1(€) = x1(QP(Q), (3.2)
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u1(¢), US(C)) (0, —(J(C)>
= 5 P = 9 3.3
w0 = (e o) Po=( 20 33
where w3 (¢) and uy(¢) are linearly independent solutions of (1.11).
A solution of the boundary value problem (2.25) will be sought by means

of the matrix x1(¢). It is known that if the matrix x1(¢) is a solution of
(3.2), then the matrix T'x1(¢) is also the solution of (3.2), where

T = (p’ q) . detT #0. (3.4)
r, S

If we construct the local linearly independent solutions ug;({) and oy;(¢)
of (1.11), for the points ¢ = a;, j = I,m+1, ( = aj = (a; + a;41)/2,
j = 1,m —1, respectively, then the local fundamental matrices for (3.2)
will have the form

) _ ulj(g)a ullj(C> i—1.m

G)J (C) = <u2j(o’ UIQJ(C)) , J=1Lm+1, (3~5)
‘ N Ulj(C)v Uij(() i —Tm_—1

O = (i) i) =TT (26)

Suppose that the inequality |a,,| > |ai| holds. Then at the point a}, =
—l|am| we construct the local series 0.,((), k = 1,2, and the corresponding
local matrix o.;(¢). The convergence radii of these series are bounded by
the distance from the point t = a,, to the singular point ¢ = ay, and if
|a1| > |am|, then we construct at the point aj = |a1| the local series 0. ((),
k = 1,2, and the matrix ¢*(¢). The convergence radius of these series will
be bounded by the distance from the point aj to the point ¢ = ay,.

It becomes evident that there exists a finite number of circles with centers
C = aj, ] = 17m+1a C = a; = (aj +a’j—i—l)/Q? ] = 17m71? < = a;kn (OI‘
¢ = aj) which cover completely the z-axis, —co < t < +oo. Note that
the circle with the center ( = oo is assumed to be the exterior of the circle
IC| < 7o, where 7 is equal to the largest (in absolute value) of the numbers
ay and a,, .

The equation (1.11) in the neighborhood of ( = a; can be written as

(€= a;)*0"(¢) + (¢ = az)pi (OV'(¢) + ¢;(Q)v(¢) = 0, (3.7)

where

p;i(C) = poj + D _pnj(C —a;)",
n=1

(3.8)

m
poj = (=1)"" Y7 [1—aup — ag(a; —a)",
k=1,k#]
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Poj =1 —a1j —ay;,

q]'(C) zoqusz+c§(§—aj)+2qnj(<—aj)”7 (3.9)
n=2

i = (=1)"72 Y fawkeor(n — 1) + ci(a; — ax)l(a; —ar) ™", (3.10)
k=1 k#j
n=23...

*

qoj = a5, qij =¢;, Jj=1,m. (3.11)

The local solutions of (3.7) for the point ¢ = a;, j = 1, m, will be sought
in the form

ui(Q) = (€= a)™i(¢), (O =1+ D Yuj(¢ —ay)™. (3.12)

For definition of the coefficients v,;, n = 1,00, j = 1,m, we have the
following recursion formulas:

foj(aj) = aj(a; — 1) + poja; + qoj =0, (3.13)
Y15 foley +1) + fi(y;) =0, (3.14)
Yoj folajr2) + i fi(ey + 1) + fa(ay) =0, (3.15)

Ynjfola + 1) +Yn-1);f1(a; +n— 1)+
T Yn-2)jf2(0; +n=2) -+ 71 f(n-1)(a; + 1) + fuley) =0, (3.16)
where
frlay) = ajpn; + Gnj- (3.17)
The defining equation (3.13) for every point ¢ = a;, j = 1,m, has two
roots, arj and awj. If the difference aq; — a5 is not an integer, then using

the formulas (3.14)-(3.16), we can construct for every point ¢ = a; two
linearly independent solutions

uki (Q) = (¢ — a;) ™ tk;(C), Uny =1+ Y vh,(C—a;)", k=12 (3.18)
n=1

But if the difference aq; — ao; is an integer, then ui;(¢), j = I,m,
can be constructed by the formulas (3.14)-(3.16), while if us;(¢) involves a
logarithmic term, us;(¢) can be constructed with the help of the Frobenius
method [15, 27-31].

Let us pass now to the construction of ug;(¢) when the difference a1, —
ag; = 2 and u;(¢) does not involve a logarithmic term. For such a point
t = aj, on the contour [(w) there is a cut (circular or linear) with the
angle 27. P. Ya. Polubarinova-Kochina has proved [2] that ug;({) does not
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contain a logarithmic term. She also obtained the equation connecting the
parameters a;, ¢; [1-7, 25-31]. To construct ug;(¢), we will act as follows
[25-31].

For the point ¢ = ag, the equality (3.15) fails to be fulfilled because

Joj(aj +2) =0 (3.19)

as a; — Qg .
In order for the equality (3.15) to take place as a;; — awaj, it is necessary
and sufficient that the condition

Y filey +1) + faa;) =0, a; — ay; (3.20)

be fulfilled.
After certain transformations, the equation (3.20) takes the form

G2; + Q%j + q1;p1; = 0. (3.21)

Note that for the cut end ¢t =a; with the angle 27 the equality dw(¢)/d¢ =
0 holds for ¢t = a;, where w(() is the general solution of (1.1) or (1.18).

To construct ug;(¢) for the cut end, it suffices to calculate ~3;(az;)
uniquely; the remaining coefficients 7721]» (cv2j), n=1,3,4,5,..., can be cal-
culated by the formula (3.16). Under the conditions (3.19) and (3.20) the
equation (3.15) is fulfilled.

To define 'ygj(agj) and, consequently, ug;(¢) uniquely, we suppose that
o # . Then (1.5) implies that

Y25(as) = —[j(ag) frj (e + 1) + fa5(a5)]/ fo; (e + 2). (3.22)
The numerator and denominator on the right-hand side of (3.22) van-

ish as a;j — apj, and hence there is an indeterminacy. Developing this
indeterminacy by the L’Hospital rule, we obtain

V35 = —0,5[p1;(p1; + 2q1;) + paj. (3.23)

Thus 73;, and hence ug;(¢), are defined uniquely.

Let us proceed now to the determination of local solutions in the neigh-
borhood of the point { = a,,41 = oc.

We Represent p(¢) and ¢(¢) in the neighborhood of ( = oo as follows:

p(C) = C_l anoog_na q(C) = C_Q Z InooC ", (3'24)
n=0 n=0

where
Pnoo = Z[l — (Ozlk + agk)]az, Poso = 6, (3.25)
k=1
Gnoo = 3 _lonkoar(n + 1) + chaglay, (3.26)

k=1
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Goco = Z[O&lkagk + cZak}, (327)
k=1
m

G100 = Z[2a1ka2kak + chai). (3.28)
k=1

The local solutions in the neighborhood of the point ¢ = co will be sought
in the form

oo
Uoo (() = €7 + ) sl 7= (3.29)
n=1
For definition of v,00, 7 = 1,00, we have the formulas
fOoo(aoc) = aoo(aoo + 1) — P00 o + Qoo = Oa (330)
’Yloof()oo(aoo + 1) — Ploo + Gioc = 0, (331)
’YQOOfOOO(aOO + 2) + Wloofloo(aoo + 1) — P200Cco + 4200 = 07 (332)
’YnoofOOO(aoo + n) + ’Y(n—l)oofloo(aoo +n— 1)+
—+ ’Y(n72)oof2oo(aoo +n— 2) et 71oof(n71)(aoo + 1)_
— PnooQ®oo + Qnoo = 0, (333)
where
fkoo = Qkoo — (aoo + k)pkoo (334)
Owing to the fact that t = oo is the image of the nonangular point, the

equation (3.30) must have the roots a1 = 3 and azs = 2, and hence the
free term gy, must satisfy the condition

m
Gooe = »_l1razi + arcy] = 6. (3.35)

k=1
Since @100 — Q200 = 1, the equality (3.31) fails to be fulfilled, therefore
the formulas (3.31)—(3.33) allow one to determine only +/,., n = 1,00,

and hence the solution 414 (¢). For the equality (3.31) to take place for
Qo = Qiaeo, it 1S necessary and sufficient that the condition

Jlco — Ploo (200 = 0 (336)

be fulfilled.
To define 77, we act as follows: from (3.31) for as, # qas we define
Y10 and obtain
Vieo = [P1oc = 1]/ fooo (oo + 1). (3.37)

Since the numerator and the denominator in (3.37) vanish as eo — @200,
we can develop the indeterminacy in the well-known manner and get

Vi = Ploo- (3.38)
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Next we define 72, n = 2,00, by the formulas (3.32)—(3.33). Thus we
have obtained the solution uss. ().
Finally, we have

Ukoo () = ¢ + ) AR (T k=1,2. (3.39)
n=1

The equations (1.21) coincide respectively with the equations (1.13),
(3.35) and (3.36).

4. LOCAL REPRESENTATIONS OF THE MATRICES X;((), j=1,m+1

Of each set of branches of the functions explay; In(t — a;)] appearing in
the local solutions u;(¢), we choose one as follows:

explag; In(t —a;)] >0, t>aj,
[explay; In(t — a;)]|* = exp[+iay,] explag;In(a; — t)], t < aj,
[exp[—koo In(—1)]]F >0, —oc0 <t < ay;
[exP[—thoo INt]]F = exp[Eim(—apoo )] €XP[— koo Int], @y, < t < 00.

Along with (3.5) and (3.6), we introduce the matrices

C"‘)](t) - (u;J(t), ug;(t) ,  Aj—1 <t < aj, (41)

where
ug; (t) = (a5 — 1) ug;(t),
(1) = —(a; — )05 (1), ug(t) = dugj()/ar,
55 (8) = kg + 3 vy emg + )t ag)"
n=1
Between the matrices ©,(¢) and ©7(¢) there is the connection
OF (1) =0705(t), aj_1 <t<aj, (4.3)
OL () =05 ()05 (t), am <t < +oo,

where the matrices Hf are defined by the formula

+ _ [(exp(Limaq,), 0
o = ( 0, exp(timag;) (4.5)
for a1; — apj # m, while for n = 0,1, 2 they are defined by the equality
1 0 o, [ —1 0
+ _  drwas; 3 _ . + _  timas; 3 _
0; =e i <:F7Ti, 1> ,n=0,2; 07 =e (:I:m', 1) , n=1. (4.6)
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For the cut end w = Aj, the matrices Hj-t are defined in the following

manner. If the eigenvalues are of the type an; = 3/2, ag; = —1/2, then
Oji = Fil, where E is the unit matrix, but if ay; = 2, ag; = 0, then
0 =E

The elements of the matrix ©7 () involving logarithmic terms are defined
by the formulas

uz;(t) = (aj — £)**[(t — a;)" U, (t) In(a; — t) + U3;(1)], (4.7)
uzi(t) = —(a; — t)*» 7 H{[(a; — t)"e"™Uy; In(a; — t) + @y, (t)]+
+u3;(t)}, n=0,1,2. (4.8)

5. THE FUNDAMENTAL MATRIX

Let us construct the matrix x(¢). The domains of convergence of the
matrices ©;(t) and o;(t) have always a part in common in which one can
write the equalities

O;(t)=T}0;(t), o;(t)=T0;0,-1(t), TJ 1=T5To;, aj—1<t<a;, (5.1)
o7(t) = T_ma_ (t), 0_m(t) =T-Oux(t), —c0o<t<ay (5.2)
O (t) = TouOm(t ), A, < T < 400. (5.3)
Here T}, Toj, T-m, Tj—1, T_oo, Tes are constant real matrices defined by
the equalities (5.1)—(5.3). In these equalities we can fix ¢ arbitrarily in the
domain where the two local matrices, appearing in the above-mentioned

equalities, converge.
Define the matrix y1(¢) along the t-axis of the plane ¢ as

Xi(t) =TOX(t), Of(t)=0,(t), am<t<+oo, (5.4)
XT(t) =TOEO5 (), am_1 <t < am; (5.5)
X () =TOET,, 10E (1), Tpor =T Tom, @m1<t<am; (5.6)
XT(t) = TOET,, 160= 0% (1), Gm_o <t<am 1; (5.7)
Xi(t) =TOET,, ... 10O (t), —oco <t < ay, (5.8)
XE(t) =TOET, .. 05T O (t), —oco <t <a,

Xi(t) = TToO (1), am <t < 400, (5.10)

where the matrix T is defined by the formula (3.4).

The upper signs (£) in the matrices (5.4)-(5.10) denote the limiting
values of the matrix x(() respectively in the upper (when ¢ € Im(¢) > 0,
¢ — t) and in the lower (when ¢ € Im(¢) < 0, ¢ — t) half-planes. The
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limiting values of xT(¢) and of x™(¢) are connected as follows: x~(¢) =
x1(t), where x*(¢) is the complex conjugate of the matrix xT ().

6. SOLUTION OF THE BOUNDARY VALUE PROBLEM (2.25)

A straightforward checking shows that the matrices (5.4)—(5.10) satisfy
the equation (3.2). Therefore, by appropriate choice of the parameters a;,
¢j, g =1,m, p, g, v, s, the same matrices must satisfy the condition (2.25).
Indeed, we start our proof with the interval (a,, +00). We have

T@;L(t) = gm(t)T@;z(t)v gm(t) =FE,
Oft)=0.1), T=T, a,<t<+oo.

(6.1)

For the interval (a;,—1,am) in the neighborhood of A = a,, we obtain
the equality

T} O (t) = gm_1T0,,0% (t), am_1 <t < apm. (6.2)
The expressions (6.1) and (6.2) result in the matrix equations
(0,5 =T7'G,L G T, (6.3)

from which one can see that the matrices (6;;)% and G, |G,,_; are similar.
The matrix equation (6.2) can be rewritten in the form

X s 0 A*(m—l)’ iA*(m_l)
T 1(m) ~ = 1. 1*1(m—1) —*l(zm—l) Ta (64)
0, A2(m) Ay , An

Akm = Mo/ det Gy, k=1,2, (6.5)

which in its turn results in the system consisting of two equations

r/p= {\/ det Gy det Gy — (Re A7 )2Im A7) /4351 | (6.6)

and

s/q={Im Aﬁmfl)—\/det Gm-1det G,,—1—(Re A}‘§m’1))2}/A;§m’”. (6.7)
Analogously to the matrix equation (6.3), we find the matrix equations

successively for the points ( = a;, j =m —1,m —2,...,2,1. We have
10} T10 1 = gm—2()T0,,T1n_10,. 1,

T@%Tm_le;}i_@_le_ge;;_g = gm_3T9;le_1(9;1_1Tm_29;L_2, (69)

TO Ty 10F (T 20t .. . Th0] =
=710, T 10, Trn20, ... T10;. (6.10)
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Similarly to the system of equations (6.6) and (6.7), from the matrix
equations (6.8)—(6.10) we get two equations for every singular point.
The matrix equation (6.3) can be written as

p-exp(imany,) =

= A’{gm_l)p - exp(—imay,) + iA’lkém_l)r - exp(—imanm), (6.11)
r-exp(imaym,) =
= z’Azgm*l)p -exp(—imaym) + Zﬁm_l)r - exp(—ima1m), (6.12)

q- exp(imagm) =
= Aﬁmfl)q - exp(—imagm ) +iA12*M Vg - exp(—imagm), (6.13)
s- exp(iTagy,) =

-1)

= iA;gm_l)q -exp(—imagm,) + Zﬁm s - exp(—imagm). (6.14)

Dividing the corresponding parts of the equations (6.11) and (6.12),
(6.13) and (6.14), one can see that the ratios p/r, ¢/s in the interval
(@m—1,am) satisfy the boundary condition (2.25),

B _ Z.Axlcgm—l)p/r+A>{;m—l) g B Aigm—l)q/s +ZA>{ém—1) (6 15)

. — Tk -1)’ - .ok — — %k —1)°
Ty pr AT Vs + ALY
The coordinates of the points w = A,,, w = A}, also satisfy the same
condition and, consequently,

p/r = Am, q/s=A., (6.16)

where A/ is the second point of intersection of the two neighboring circum-
ferences.

Remind that by A, A}, k =1,2,...,m, we have denoted the complex
coordinates of the angular points of the circular polygon s(w) at which two
neighboring circumferences may intersect; note that the point A lies more
often outside of the contour I(w).

On the plane w, if the origin coincides with the point w = A,,, then
A =0 and A], = oo. Consequently, p =0 and s = 0. It should be noted
that for the interval (ay,—1,am), if v, # 0, one can always suppose that

A*(m—l) 0
Gro1=|"1" T tmen | - 6.17
' ( 07 Ali Y ( )

Consider the matrix equation (6.8),
T*(m,1)92_1 = gm—QT*(mfl)Hy_n_la T*(mfl) = TH;;Tm—l (618)
From (6.18) we get the system of equations
Pi(m—1)/Ts(m=1) = Am—1,  Qe(m-1)/Sx(m-1) = A _1, (6.19)
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where py(m—1)s Gx(m—1)s Tx(m—1) and S,(,—1) are the elements of the matrix
Ty (m—-1)- Taking into account (6.18), the equalities (6.19) can be rewritten
as follows:

Ps«Pm—1 + @«Tm—1 —A PsQm—1 + @xSm—1 — A

m—1, m—1>

_ (6.20)
T«Pm—1 1+ SxTm—1 T«Pm—1 1+ SxSm—1

where p., q«, 7« and s, are the elements of the matrix T, = T} .
The equalities (6.20) with regard for (6.19) can in their turn be rewritten

as
/
r*pmflAm +S*Tm71Am .

I —Amfh
T«Pm—1TSxTm—1
6.21
T*melAm+S*5m71A;n A ( )
T«Qm—1+S«Sm—1 m-b
After simplification, the equations (6.21) take the form
T*pm—l(Am - Am—l) + S*Tm—l(A;n - Am_l) =0, (622)
Talm—1(Am — Al 1) + SuSm—1(A,, — Al 1) =0. (6.23)

The condition of compatibility of (6.22) and (6.23) with respect to r, and
S has the form

Pm—15m—1 _ A;n — Am_1 A, — A;nfl

: 6.24
m—19m—1 Ap — A1 Alm - Alm_l ( )
From the matrix equation (6.9) we obtain the system of equations
P+(m—1)Pm—2 + Qx(m—1)"m—2 A
r + Su(m—1)Tm-2 me
s(m—1)Pm—2 *(m— m—
oo i (6.25)
Px(m—1)4m—2 T Qy(p—1)Sm—2 o
- tm—2

Tx(m—1)dm—2 + Su(m—1)Sm—2

where py(m—1); Gx(m—1)s Tx(m—1), Sx(m—1) are the elements of the matrix

Tyim-1) = T0,, Tn16} (6.26)

m—1-

After certain transformations the above system takes the form
r*(mfl)pm—Q(Am—l - Am—2) + 3*(m71)rm—2(A{m_1 - Am—Q) =0, (627)
r*(mfl)qm_Q(Am_l — A{m—Q) + 5*(m71)8m—2(A{m_1 — Afm—?) =0. (628)

The equations (6.27) and (6.28) imply

Pm—25m—2 _ A;n—l - Am—2 . Am—l - A;n_g
T"m—2Gm—2 B Amfl - Am72 A;n—l - A;n72,
The remaining matrix equations can be investigated analogously [25-31].
The equations (6.24) and (6.29) are nothing but the invariant cross-ratios

of four points of the same circumference at which the given circumference
intersects with the two neighboring ones.

(6.29)
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From (6.3)—(6.10) we can get all the needed equations with respect to ay,
¢k, k =1, m, and to the integrations constants p, ¢, r and s.

For every point ¢ = a; we have obtained a system of two equations which
are homogeneous with respect to the elements of the matrices Ty, k = 1, m;
their conditions of compatibility, for e.g., the points t = a,,, and a,,_1, have
the form (6.24) and (6.29). The above-mentioned systems of equations have
been obtained under the assumption that o; — aoj #n, n=0,1,2.

Consider briefly the case where a1; — ap; = n, n =0,1,2. According to
the representations (5.4)—(5.10), the unknown matrices x*(¢) and x~(¢) in
the interval (a;_1,a;) must satisfy the boundary condition

TO3 T 10, \Ton—20y, 5. T0F =

= gj_lTG;Tmle;l_le_QH;L_Q Tje;, (630)
where
irans [ 1 0 -+
+ __ imagj 9 p— K — .
0j =e (im’, 1) , HJ 0;, n=0,2
irass [ —1, 0 -+
+ _ it ) _ _
o = (TZ 1), n=1, 07 =0,

It can immediately be verified that (6.30) leads to a usual system of
two equations with respect to p;, g;, 7, s;, but the condition of their
compatibility does not provide now the relations analogous to (6.24) and
(6.29).

As is mentioned above, matrix equations similar to (6.1)—(6.10) can be
obtained for all points { = aj, with the exclusion of the points ( = a; to
which there correspond the cut ends of the boundary I(w) of the circular
polygon w = A; for which v; = 2. For such points we have either the
condition (3.20) or (3.21). This allows one to obtain one equation for each
point, the second equation being obtained after determination of I(z), l(w)
and [(w).

From the matrix representations we first define uj (t) and uj () and
then compose the ratio w*(t) = uj (t)/ug (t). According to (5.4)-(5.10),
the function w™ (¢) for the interval (a;,a;+1) can be represented as

w () = [Ajuf;(t) + Bjus; (1)]/[Cuf; + Djug; (1), (6.31)

where A%, BY, C7, Dj are defined by (5.4)-(5.10).

Calculating the limit as ( — a; by means of (6.31), we obtain the equa-
tion

Aj = Bj/D;. (6.32)

The corresponding equations for the other points t = ar, k = 1,m + 1,
can be obtained analogously.

Finally, for every point ¢ = a; we obtain two real, homogeneous with
respect to p;, g;, r; and s; equations, for example, (6.6) and (6.7). From
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the condition of compatibility of homogeneous equations for v; # 0,1,2,
we obtain invariant cross-ratios for four points of one circumference, for
example, (6.24) and (6.29). In the case where v; = 0,1,2, the conditions
of compatibility of two equations provide certain equations which, however
are not anharmonic.

From each system of two equations we can take one equation and, in
addition, one more equation of compatibility, i.e. we take two equations for
each point ¢ = a;. The number of equations is equal to 2m and the number
of unknown parameters ay, ¢; k = 1,m, p, ¢, r, s with ps —rq # 0 is 2m —3.
Consequently, the number of equations will be greater by three than that
number of unknown parameters. It should be noted here that from the
very beginning we have supposed that the linear fractional transformation
over the domain s(w) was performed with a view to have the equation
G, = E (F is the unit matrix) on one part of the boundary I(w). Thus
the parameters p, q, r, and s turned out to be real and their number equals
to three, since ps — rq # 0. The above-described method of constructing
the functions w(({), w(¢) and z(¢) and the system of equations with respect
to aj, ¢, j = 1,m, is assumed to be much more convenient than some
other methods. One can give up transformation of the domain s(w). In
this case the parameters p, ¢, » and s will be complex and the number
of the unknown parameters will be equal to 2m. The appearance of three
additional equations can be explained just as in the case of linear polygons.

Having constructed the system of equations for determining ay, cj, p, g,
r and s, k = 1, m, we have first to establish the intervals of variation of the
parameters ¢}, k = 1,m, then to solve the system with respect to ax, ¢},
k =1, m and finally, to define p, ¢, r and s.

Remind that p;, g;, rj and s;, 7 = 1,m, depend implicitly, through the
coefficients of the generalized hypergeometric series, on the parameters ay,
¢;, k =1, m. The intervals of variation of the parameters can be established
according to [27].

As is known, the series ug;(¢), j = 1,m+1, k = 1,2, converge, re-
spectively, in the neighborhood of the points ( = a;, j = I,m+1, t =
am+1 = oo and the series 0y;(¢) in the neighborhood of the points a; =
(a; + aj41)/2. The convergence radii of these series are bounded by the
distance from the given point ¢t = a; (or from the point a}) to the nearest
pOiI’ltS C =a5-1,0;541-

The series uy;(¢), k = 1,2, j = 1,m, are whole functions of the parame-
ters ¢7, j = 1,m, but with respect to ¢ these series converge slowly, which

makes numerical calculations difficult. As n increases, the coefficients 'yfjj
sometimes rapidly increase, although their multipliers ({ —a;)™ on the con-
trary rapidly decrease. Electronic computers fail to multiply fyﬁj by (t—a;)"
despite the fact that the series converge. To eliminate this drawback, we
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have suggested to write the same series in the form of rapidly and uniformly
convergent functional series [28-31].

Let us consider the structure of the recurrence formulas (3.15)—(3.16),
(3.31)-(3.33). The sum of the first lower indices in the expressions y(,_n); -
fnj(aj+k—n) is always equal to k, i.e., to the exponent of (t—a;)*. Instead
of the series (3.18) let us consider the function series of the type

g (1) = (t—ay) ™ty (t—a5), @rs(t) =Y it —a;), b =1, (6.33)
n=0

where vﬁj is defined according to (3.15)-(3.16), in terms of 15,725, ..,
Y(n—1);, and the latter in their turn are defined in terms of fz;(c;), where

Jij (= aj, 05) = ope; (t — a;) + s (t — a;) (6.34)
k
n— t—a; \"
pujlt—a;) = (=)™ D7 [1- e - agk](aj — ;k) , (6.35)
k=1,j#k
n=12,...,
n— * L—a; \"
Gn(t=a;)=(=1)"" 3 [asazs(n = D+eila;—an)] (-—2) . (6:36)
k=1,k#j J k
n - 2737 b
t .
‘ % ’<1, k#j (6.37)
a; — ag
Proo(t) = D> [1 = arpag](ax/t)", (6.38)
k=1
oo (t) = Y _[onpaze(n + 1) + char](ax /t)", (6.39)
k=1
n = 07 17 2’ )
lax/t] < 1. (6.40)

The formulas (6.34)—(6.40) show that the fundamental series (6.33) and
the series

elt) =414 Y 2 0) (6.41)
n=1

converge in the domain |¢ — a;| more rapidly than the series (3.18).
The matrices Y= (¢) defined by the formulas (5.1)—(5.10) satisfy the boun-
dary condition (2.25).
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7. DEFINITION OF THE FUNCTIONS w((¢) AND z(()
Along the real t-axis, the function w™(t) is defined by the equality

wh(t) = uf (t)/u (t), —oo <t < 400, (7.1)

where u](t) and uJ (t), being the linear independent solutions of (1.11), are

defined by the formulas (5.1)—(5.10).

Knowing w(¢) along the entire real t-axis of the plane, we can find w(()
for Im(¢) > 0 for all ¢t = ex, k = 1,n + 1, with the help of the well-known
formula given in [16].

Note that using the matrix x(¢) defined by the formulas (5.4)—(5.10),
we can construct a canonical matrix for the corresponding homogeneous
problem (2.10) with regard for all singular points t = e, k = 1,n + 1, after
which it becomes possible to solve the nonhomogeneous boundary value
problem (2.10) by means of the Cauchy type integral. This has been done
by us in [27]. In the present paper we find the solution of (2.10) in a more
simple way than that described in [27] and [29]. We rely here on the linear
independent solutions (1.11) and on the general solution of (1.18).

Let us multiply the functions u; (¢) and u () by

Yol = \/<<ek_1><<ek+j_1>.

(€ —ex)(C — extj)

The matrix x1(¢) defined by the formulas (5.4)—(5.10) satisfies the boundary
condition (2.25), as far as we take for granted that the equalities (6.1)—(6.32)
are fulfilled. This means that the columns of the matrix y1(¢) defined by
the formulas (5.4)—(5.10) satisfy the boundary condition (2.25). To obtain
the solution ®1(¢), we have to take the elements of the first column of the
matrix x1(¢) which are defined by the formulas (6.1)-(6.32) and then to
compose the vector ®1(¢) = [u1((), u2(¢)], Im(¢) > 0.

We have taken the elements of the first column of the matrix x1(¢) be-
cause the relation w({) = u1(¢)/u2(¢) gives the general solution of the
Schwarz equation with the right-hand side (1.18), while the ratio u} (¢)/u5(¢)
does not satisfy the equation (1.18).

The vector ' (¢) = ®1(¢)x0(C), where yo(¢) = “;g:;ggg:jg;), will

be a solution of the problem (2.15). Consequently, the elements of the
vector ®'(¢), w'(¢) = u (¢)x0(¢) and 2'(¢) = ug (¢)xo0(¢), satisfy both the
boundary conditions (2.15) and the conditions at the singular points ¢ = ey,
k=1,n+1.

Now we can write the following equalities:

dw(t) = uf (t)xd (t)dt, —oo <t < +oo, (7.2)
dz(t) = ug (t)xg§ (t)dt, —oo <t < +oo.
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Integrating the equalities (7.2) and (7.3) in the intervals (—oo,t), (e}, 1),
j=1,2,...,n, we obtain

t

Wt () = /uf(t)xg(t)dwrw(—oo), coo<t<e,  (T4)
2 (t) = / ug ()xg (H)dt + 2 (—00), —oc0 <t <ey, (7.5)

wh(t) = /uf(t)xg(t)dt +w;-r(ej), j=1Ln+1, e <t<ej, (7.6)

z+(t):/u;(t)xg(t)dt+zj(ej), =TT, e <t<epn (1.7)

€j

where w'(—00), 2zt (—0), wt(e;), z*(e;) are the limiting values of the
corresponding functions wt(t), 2™ (¢) from the right at the points —oo, ¢;,
j=T,nF1

Obviously, the functions wt (¢), 2 (¢) defined by the formulas (7.4)—(7.7)
satisfy the boundary conditions (2.10).

In the formulas (7.4)—(7.7) we can separate the real and imaginary parts
and get expressions for the functions ¢(t), ¥(t), x(¢t) and y(t).

Passing in the formulas (7.4) and (7.5) to the limit as ¢ — e; from the
left, we arrive at

€1

wHe) = [l O Ot + (-0, (7.8)
z+(eﬁ==(]}uiﬁ)xg(ﬂdt+-z+(—oox (7.9)
wﬂq+ﬂzi72fwxﬂoﬁ+wﬂqy j=1,n+1, (7.10)
Z+@Hﬂ=7iqm%@MHﬂﬂq%j=Ln+L (7.11)

where wt(ej41), 27 (ej41), are the limiting values of the functions w*(¢),
2t (t) from the left at the point ¢ = e;41.
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In the formulas (7.4)—(7.11) it is assumed that the integrands at the
points ¢ = —oo, t = e;, j = 1,n are integrable. In case the integrands
are nonintegrable at some point ¢t = e; of e, ez, €2,...,e,41, We take the
integrals from the other end of the interval, where they are integrable. But
if the above-mentioned functions are nonintegrable at both ends of the in-
terval, then we take any interior point of the interval and from that point
(as the lower limit) from which the integral is taken.

For determination of the parameters a; and c;, j = 1,m, we have ob-
tained a system of higher transcendent equations, e.g., the equations (6.6)—
(6.32); as for the parameters t = e;, j = 1,n, which do not coincide with
the parameters ¢t = a; and the function x(¢) depends on, and also as for
the parameter ) which is connected with the liquid discharge, for their
determination we have obtained the system of equations (7.8)—(7.11).

Having found all the unknown parameters on which the functions w(¢),
2(¢), and w(¢) depend, by the formulas (7.6)—(7.7) we can find the equations
for the unknown parts of the boundaries of the domains s(z), s(w) and s(w),
as well as for the other geometric and mechanical parameters of the liquid
flow [30, 31].

8. ANOTHER METHOD OF SOLVING THE SYSTEM (6.3)—(6.10) WITH
RESPECT TO pj/’f‘j, Sj/(]j

Of the system (6.3)—(6.10), we consider the matrix equations for two
neighboring points ¢ = a; and ¢ = a;_;. We have

A;_+1 = ngj_Jrlv A;_+1Tj0;— = gj—lA]’_JrlTjej_? (8.1)
where
AS =TO05 T 10, . Tiab5,. (8.2)

Excluding Aj+Jrl from the system (8.1), we obtain the equation with re-
spect to Tj:

, , Bl B I _
LE;y =BT, B = (Bi Bi) = (A7 g g1 AT (8:3)

When solving (8.3), we consider the following cases: (1) the difference
a1, — arg; is not an integer; (2) the difference a1; — ag; is an integer.

1. The solution of (8.3) with respect to the elements of the matrix T)
has the form

pi/ri = BlylAy — BLITY, pi/ri = (Bd) Ay — Bl (8.4)
s;/q; = (Bla) ' [Aaj — Bl] 7, sj/a; = Bly[Aey — Biy) (8.5)
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We take one equation from each of (8.4) and (8.5) because the second
equations coincide with the first ones owing to the fact that

det BJ = )‘1j>\2j7 B%l + B%Q = )\U + )\2]'. (86)

Consequently, the solution of (8.3) for one point is given in the form of
two scalar equations with respect to the parameters a;, ¢;, j = 1, m. Recall
(5.1) and (5.2) in which it is seen that the parameters p;, ¢;, rj, s; depend
implicitly on a;, ¢;, j = 1,m.

The solution of the matrix equation

gmfl gmfl
TQ;Z =gm-110,,, gm-1= < o1’ }3—1) (8.7)
921 5 Y22

have the form

p/r =gt Pam — g1 7Y s/a= Bl am — gi1 ], (88)
where p/r and s/q are the integration constants of the Schwarz differential
equation (1.15).

We can immediately verify that the solutions (8.4) and (8.5) are real,
hence the equation

pjsi/(rja;) = oy — Bl][Ayy — BT (8.9)
is real as well. This equation is connected with the invariant cross-ratio of
four intersection points of one circumference with two neighboring circum-
ferences (see, e.g., (6.29) or (6.24)).

2(a). The difference A\1; — Ayj = n, n = 0,2. In this case the equation
(8.3) takes the form
1, 0 ;
A2, T} (2,/”" 1) = B'T;. (8.10)
The solution (8.10) has the form
Aoj(pj+2miq;) = Biypj+ Blars, Aojlrj+2mis;)=Bjip;+Blar;,  (8.11)
5;/0; = [A2j — B111(Bl2) ™", sj/q; = Bd;[Aa; — Bly) . (8.12)

We take one equation from each of (8.11) and (8.12) because the second
equations coincide with the first ones. Indeed, this is obvious for (8.12),
while for (8.11) it is necessary to indicate the way of proving. First we
define ¢;/s; from (8.12) and substitute the obtained value into the first of
the equations (8.11), then we divide by s; the left and right sides of both
equations (8.11) and obtain

i _ e ' , .
ﬁ(AZj - Bi;) - ﬁB{2 = —2miA1; Biy[\1; — By, (8.13)
J J
Pi, p \Ti .
T (=Bn) + (g — Big) - = 2mids. (8.14)

J J
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These equations coincide because the coefficients (including free terms) are
proportional.
2(b). If a1; — apj = 1, then the equation (8.3) takes the form

1, 0 ;
Ao, T (_27” 1)BJTJ-. (8.15)

In this case (8.12) remains invariable, and proportionality of the coef-
ficients (including free terms) is not violated if in the systems (8.13) and
(8.14) we replace 27i by —2mi.

Defining the elements p;, g;, 7; and s; from (5.1) as depending on a;, ¢;,
j = 1,m, and substituting them in (8.4), (8.5), (8.9), (8.11) and (8.12), we

obtain equations with respect to a;, ¢;, j =1, m.

)
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CHAPTER IV

EXACT SOLUTION OF SPATIAL WITH PARTIALLY

UNKNOWN BOUNDARIES AXISYMMETRIC
PROBLEMS OF THE FILTRATION THEORY

Abstract. We suggest a general method of solution of spatial axisym-
metric problems of steady liquid motion in a porous medium with par-
tially unknown boundaries. The liquid motion of ground waters in a porous
medium is subjected to the Darcy law. The porous medium is undeformable,
isotropic and homogeneous. The velocity potential p(z, p) and the flow func-
tion 1¥(z, p) are mutually connected and separately satisfy different equa-
tions of elliptic type, where z is the coordinate of the axis of symmetry, and
p is the distance to that axis.

To the domain S(o) of the liquid motion on the plane of complex velocity
there corresponds a circular polygon. The mapping w = ¢ + i1 belongs
to the class of quasi-conformal mappings. Using the functions wy(¢) =
eo(&,m) + ibo(§,m) and o(¢) = 2(£,n) +ip(§,n) we map conformally the
half-plane Im (¢) > 0 onto the domains S(o), S(wo) and S(w;(¢)/o’(C)).
These functions satisfy all the boundary conditions, while the functions
e1(&m) = @(&m) —wol&,n), Y1(&,m) = ¥(§n) —Po(&, n) satisfy the system
of differential equations and also the zero boundary conditions. The solution
of these equations is reduced to a system of Fredholm integral equations of
second kind which are solved uniquely by rapidly converging series.

1. LiQuib MOTION WITH AXIAL SYMMETRY

In this paper we suggest an effective algorithm allowing one to construct
solutions of spatial with partially unknown boundaries axisymmetric prob-
lems of filtration.

Let us consider some spatial axisymmetric problems (with partially un-
known boundaries) of the theory of steady motion of incompressible liquid
in a porous medium obeying the Darcy law. The porous medium is assumed
to be undeformable, isotropic and homogeneous ([1]-[39]).

The liquid motion is said to be axisymmetric if all velocity vectors lie
in half-planes passing through some line which is called the symmetry axis.
The picture of the liquid flow is the same for all such planes. The field
of velocities of an axisymmetric liquid motion is completely described by
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the plane field taken from any of such half-planes. The symmetry axis
is assumed to be the z-axis which is directed vertically downwards. The
distance to the oz-axis is denoted by p = /22 4+ y2, v, and v, denote the
coordinates of the vector of velocity #(v.,v,) which is connected with the
velocity potential as follows: ¥(v.,v,) = grad ¢(z, p) ([1]-[39]).

Of an infinite set of half-planes we select arbitrarily the one passing
through the symmetry axis on which the moving liquid occupies a certain
simply connected domain S(o), where o = z+1ip. Some part of its boundary
is unknown and should be defined.

The lines of intersection of the surface and the planes passing through
the oz-axis of rotation are called meridians, and the lines of intersection
with the planes perpendicular to the oz-axis are called parallels.

1. The Notion of a Stream Function for an Axisymmetric Flow.
Let us cite once again the definition of axisymmetric flow, analogous to that
we presented above. The flow is called axisymmetric if the stream planes
passing through the given axis, and every such plane have the same picture
of distribution of flow lines ([1]-[6]). oz is assumed to be the symmetry axis
of the cylindrical system of coordinates p, 6, z. Then it follows from the
definition that the component of velocity, when the liquid flow is potential,
has the form vy = 0. Then the equation of continuity takes the form

pv=) | 9(pup)
0z Jdp

= 0. (1.1)

The differential equation of any stream line for axisymmetric flow, v, dz—
v, dp = 0, multiplied by p, is a full differential of some stream function
Y(p,2), dp = pv,dz — pv, dp. Thus v, = 1 oy v, =—1 9% On the other

p 9p? p 0z
hand, vzza—f,vp:g—i,and hence
e _ 10 0 1v

I ___ 1.2
=%, pp’ P B p 0z (12)

If the liquid flow is irrotational, i.e. potential, %“pz = %, then the stream
function should satisfy the equation
o (10 o (10
Z (f —w) Z (f —w) = 0. (1.3)
0z \p 0z dp \p Op

Recall that ¢(z, p) is a harmonic function of the cylindrical system of co-
ordinates. Unlike the plane case, the stream function ¢ (z, p) is not harmonic
and it follows from (1.2) that

9p 0% | Op N _

— — =0. 1.4
0z 0z  Op Op 0 (14)
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The system (1.1), (1.3) can be rewritten as

1 0y
Ap(z,p) + ~ =2 =0, 1.5
o)+ (15)
10y
Ap(z,p) — = — =0, 1.6
V) -~ 5 (16)

where A is the Laplace operator. We rewrite the system (1.5),(1.6) as
follows:

¢ Pp Oy
4 R 4 _ = ]..
022 +aa 0a2 + oo 0, (1.7)
5% | o2
4o —2 = 1.
022 +aa 0o 0, (1.8)

where a = p?.

It can be seen from (1.7) and (1.8) that for o = p? # 0 the system is
elliptic. Hence ¢(z,p) = const and ¥(z, p) = const are orthogonal. How-
ever, the mapping f(z +ip) = ¢(z,p) + ib(z, p) is not conformal. The
mappings under consideration constitute a class of quasi-conformal map-
pings. The system (1.2) is elliptic only in the domains not adjoining the
axis of rotation. The system degenerates on that axis and quasi-conformity
violates.

When the point z + ip approaches the axis of rotation, the ratio of half-
axes of these ellipses infinitely increases. Such violation of quasi-conformity
is a geometric criterion of degeneration of a system on the axis of rotation.
In the domains whose closure does not intersect the axis of rotation, the
mappings f = ¢+ 11, satisfying the system (1.2), are quasi-conformal, pos-
sessing, owing to the system (1.2) the principal properties of quasi-conformal
mappings ([1]-[39]).

A linear elliptic equation is said to be degenerated if in some part of its
domain of definition the quadratic form is defined nonpositively.

It can be seen from (1.7) and (1.8) that the given system for a = p* # 0
is elliptic.

Along the oz-axis, as a — 0, we have

% 0
9.2 +4 90 0, (1.9)
2
oy _,
02
Along the oz-axis of symmetry we have

ma—(pzo lima—w: 1im8—¢:
p—0 Jp T p50 Op p—0 0z
g 102 _ % 1Oy 0%
p—0p dp  Op2 p—0p dp  Op*

(1.10)

0, 0,

(1.11)
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We map the half-plane Im({) > 0 (or Im(¢) < 0) of the complex plane
¢ = £ + in conformally onto the domains S(o),

a(¢) = z(&n) +ip(&;n). (1.12)
The system (1.2) takes on the plane £ + 7 the form
I _ 1 W
& p(&m) an’ (1.13)
I _ 1 W
o pl&m) 07 (1.14)
that is,
9 Ie(§n)1, O do(§,m)7
g [PEm T+ g olem Z =0 ()
O 1 opEmy, 07 1 0w _
23 {p(f,n) )3 ]_+ an [p(f,n) o } o (1.16)

From (1.13) and (1.14) follows the condition (1.4).
The boundary conditions have the following forms.
(1) On the free (depression) surface:

©(z, p) — kz = const, (1.17)
¥(z, p) = const, (1.18)

where k = const is the filtration coefficient;
(2) along the boundary of water basins:

©(z, p) = const, (1.19)
a1z +bip+c1 =0, ay,b1,c; = const; (1.20)
(3) along the leaking intervals:
©(z, p) — kz = const, (1.21)
a2z + bap+co =0, ag, b, co = const; (1.22)

(4) along the symmetry axis, when a segment of the oz-axis of symmetry
coincides with a segment of the boundary of S(c):

p=0, (1.23)
¥(z,p) =0, (1.24)

but if the symmetry axis does not coincide with some part of the boundary
of the flow domain S(o), then

p#0, p=const, const#0, (1.25)
¥(z,p) = const, const # 0; (1.26)

(5) along impermeable boundaries:
¥(z, p) = const, (1.27)
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azz +bsp+c3 =0, ag,bs,c3 = const; (1.28)

(6) along the impermeable boundary, the velocity vector is directed along
that boundary.

(7) the velocity vector is perpendicular to the boundary of water basins.

(8) along the free surface (depression curve) we have

V2 + ’Ui — kv, = 0. (1.29)

As is stated in our work [31] on the plane of complex velocity we have
circular polygons of particular types. But this class of problems is much
more wider. There are axisymmetric spatial problems with partially un-
known boundaries when the boundary of the domain does not involve the
symmetry axis, but as is mentioned above, there are problems when the
boundary of the domain involves the axis of symmetry or its parts.

For circular polygons, in particular, for linear polygons, we are able to
solve plane problems of filtration with partially unknown boundaries. The
statement and solution of the corresponding plane problems with partially
unknown boundaries of filtration can be found in [26]-[39].

Suppose we have solved the plane problem, i.e. constructed analytic
functions by which the half-plane Im(¢) > 0 (or Im(¢) < 0) of the plane
¢ = & +in is mapped conformally onto a circular polygon.

For general discussion we assume that there is a circular polygon with
number of vertices m. To find such an analytic function, we have to solve
a nonlinear third order Schwarz differential equation whose solution is re-
duced to that of a differential Fuchs class equation. The Schwarz equation,
and hence the corresponding Fuchs class equation, involves 2(m — 3) es-
sential unknown parameters. After integration of the Schwarz equation
there appear six additional parameters of integration. To find these param-
eters, we write a system of 2(m — 3) higher transcendent equations and a
system consisting of six equations. The boundary conditions for the prob-
lem of filtration contain additional unknown parameters. Further, using
the solutions of the plane problems, we construct the solutions ¢(&,n) and
(&, n) for the systems (1.13)—(1.16) of differential equations of spatial axi-
symmetric problems. They allow one to construct the functions which map
quasi-conformally the half-plane Im({) > 0 onto the domain of the complex
potential and onto the domains of the complex velocity, i.e., onto S(wg) and
S(wp(€)/a'(C))-

For three analytic functions

a(¢) = 2(&n) +ip(&,m), wolC) = wo(&:n) +itho(&,n),
wo(C) = wy(¢)/a’(C)
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we introduce the notation
AZ(<7 77) = Ov AP(C, 77) = 07 ASDO(C’ 77) = 07
Atpo(¢,m) =0, Im(¢) >0,

which map conformally the half-plane Im(¢) > 0 onto the domain S(o) of
liquid motion, the domains of the complex potential S(wp) and the domains
of the complex velocity S(w}(¢)/o’(¢)).

Below, for the half-plane we will need the Dirichlet problem. Suppose
that on the real axis there is a function u(§) bounded by a finite number of
points of discontinuity. To find a value at the point ( = £+in of the harmonic
in the upper half-plane function, we have to use the Poisson integral

(1.30)

+o00
I U
u(€) = ”4 ) g (1.31)

where ( = £ + .

2. SOLUTION OF THE SYSTEM (1.13),(1.14)

We rewrite the system (1.13), (1. 14) as follows:

Ap(&,n) + al(g, 77) (% +b(§, ) an =0, (2.1)
Aw(E )~ alén) g ~ &) jﬁ 0. (2:2)
where
1 9 1 9 _ 9 82

Below we will pass to the consideration of the problem of solvability of
the system of differential equations (2.1), (2.2) with respect to the functions
w(&,m) and (&, n) which should satisfy both the compatibility conditions
(1.13) and (1.14) and the mixed boundary conditions (1.17)—(1.28) on the
known and unknown parts of the boundary. First of all, we replace ¢(£,n)
and (&, ) by ¢o(&,n) + ¢1(&,n) and ¥o(&,n) + ¥1(§,n), where o(€,n)
and 1g(§,n) are conjugate, harmonic in the domain Im(¢) > 0 functions
satisfying the boundary conditions. This transformation makes it possible
for the unknown functions ¢; (&, n) and ¥ (£, n) to satisfy the zero boundary
conditions. Note that the system of equations (2.1) and (2.2) will alter
hereat.

As is said above, a solution of the system (2.1) and (2.2) will be sought
with regard for (1.13) and (1.14) in the form

(& mn) = wo(&,n) +e1(&,m), (2.4)
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where ¢ (&,n), ¥o(&,n) are the conjugate harmonic functions,
A@O(ga 77) = 07 A'LZ}O(&, 77) = 07 (26)

which satisfy the Cauchy—Riemann conditions
90 _ 9o Opo _ %o
o on’ On o¢
and also all the boundary conditions.

By means of the functions wo(§) = ¢o(&,n) + (&, n), o(¢) = z(&,n) +
ip(&,n), the half-plane Im(¢) > 0 (or Im(¢) < 0) of the plane ¢ = £ + in is,
as is said above, mapped conformally onto the domains S(w), S(o), S(w),
where w(¢) = w'(¢)/0’(¢). The functions z(£,n) and p(&,n) should satisfy
the conditions

(2.7)

Az(&n) =0, Ap(,n) =0, (2.8)

9z _0p 9z _ Op

o on’ on o

The system (2.1), (2.2) can be written with respect to ¢1(£,n), ¥1(€,n) as
follows:

(2.9)

Ap1(€,n) +a(g,n)a</’18(§”) ) &016(2‘,17) _

*{AWO(& )+ a(é, n)7§+b(£, )afﬂ, (2.10)
Ava(en) - aleym) P — p(e, HEN)

~ | Avo(e.m) - ate.n) 81? b(&, )61670} (2.11)

To simplify our investigation and solution of the system (2.10),(2.11), we
have deliberately left in the right-hand sides of (2.10) and (2.11) the terms
Apo(€,m) and A€, n) which are, according to (2.6), equal to zero.

Transforming the unknown functions ¢1(§,7), ¥1(€,1), vo(&: ), ¢o(&, 1)
as

e1(&,m) = p2(Eme2(Em), v1(&m) = p A (EmYa(Em),  (2.12)
wo(&m) = p 2 (Emes (&), wo(&m) = p 2 (E s (& m),  (2.13)

we obtain

dp1 _ _} —3/2 9P dp —1/2 dip2

¥ LT P oa(&m) + D o)
o1 _ _}p_g/z 9p oa(E,m) + p 112 02

on 2 on T2 on
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o1 3 _572(9p\? —3/207p &p
oz~ 4’ (a?) 2 ;0 oe2 72
1 —3/2 Op Opy 1 —3/2 9P dp 8802 —1/2 o7
L a0 1 ppr % (2.15)
2 96 9 2 D€ € D¢z
o1 _ 3 —5/2(0P\? L 32 p
on> 7Zp (877) 275 on?
_320p Op2 1 5., 0p Opa  _y OF
3/2 9P 3/2 9P 1/2 92
L, 1 o | (2.16)
2 on oy 2 on on on?
_ 3 5
agi=307(58) + (50) Jor-
_ ap &pg 8p &p _
_ 3/2 P Yra 1/2
p (ag 5 " 5 )+ Ags, (2.17)
9p Op2  Op 0 AN AN .
Aprt o (ag o€ " an on ) [(ag) +(an) J2
_ ap 8902 0p 0o _
o 3/2(YF VP Yra 1/2
(ag a¢ "oy oy )+ Aprt
Lo 1 520p 172 992
* ag( 2" ag‘p+p ag)*
1 0 1 _4,50p 190
;a*p(*2pg/28n<ﬂ2+0 1/2%), (2.18)
+1 (30 Op1 , Op %) _
o€ ¢ 877 o/
=8 1 [(50) + (50) ] (219
Op Oy Op Oir dp Oy  Dp o
~ (£ (2 2P0 (22
Ay (ag ¢ " on an) ~[wy (ag an oy an)}’ (2.20)
% 1 —1/2 801/) + 1/2% % _
e 2f e ¢’ on
Lo 8P¢ n 1/2% (2.21)
2F n
P 1 4, 8P 1 15 0Pty —1/20p Ot
gz~ 1’ (a?) RS U R L
1 1200 02 /20",
—1—2,0 9€ OF +p g2 (2.22)
Py _ _3/2(0p 12 0Pty L _1/20p 0o
3772__Zp ( )¢+ 82w2+§P 377737774_

_1/20p O 0?1y
L 4/00p 02 )9
27 on On tr on? "’

(2.23)
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avn =3 [(G) + (57) Joer

_12(9p 0¥ | Op Oy -
1/2(9P 9%2 | Op O¥2 /2 A 2.94

a3 (5 e 50 ) =10 L(5e) + (30) et

_1/2(0p OY2  Op 02
1/2 P Y va 1/2A 29
+p ((95 ag'*an an)-+p Vs, (2.25)

Op (1 _1/20p 1/2 02 _
ag( e V2t r ag)
dp

7(7 —1/2 apw 4 /2 %)
on
1

Ay —

on

- zﬂ‘?’”[(gﬁ) +(5n) oo
+p—1/2(8,0 Oa | Op 8¢2) + o2 A, (2.25,)

D€ D€ an
(2p) }@02}. (2.26)

31 r/0p
_ 12 _ 2L [(or
Aty = {Aw [( o)+

Taking into account (2.13), we represent the functions ¢o(&,n) and
¥o(&,m) analogously to (2.19) and (2.26) with respect to ¢3(&,n), ¥5(&,n)
and obtain

1
p
1
p

ol (8p8<po @%):

o0& 0¢  On On
= pl/z{AsOS + ilf [(%2)2 + (apﬂw;‘}, (2.27)
(3/) 0o 8p 8%) _
o Ot 877 on
=p1/2{ws—2w[<§z> @F)s) e

where Apg = 0, Aypg = 0.
Bearing in mind (2.19), (2.27), (2.26) and (2.28), we represent the system
(2.10) and (2.11) as follows:

1
p 2 [ Ay + Apripa| = —p /2 [Awé +3 mw’é}, (2.29)
3
P2 (B = priia] = —p*/2 A5 — S prvs ). (2.30)

where pr = & [(22)°+ (22)°) A= 4, u=1.
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The equalities (2.29) and (2.30) can be rewritten in the form

1 * 1 *

Apz + 2 p1ioz = — [Asoz +3 P1<P2}7 (2.31)
3 — * 3 *

Ay — Sprvs = —p 2 Ay - § prus)- (2:32)

Assuming that ¢3(&,n) and 5 (£,n) are the known functions, we rewrite
the equations (2.31), (2.32) as

1
Alpz +93) = =7 pilpz +92) = fi (&), (2.33)
3
A(¢2+¢§)=1P1(¢2+7/)§)5f2*(§,77)~ (2.34)
Consider the Poisson equation
Au(€,n) = fi(&mn), (&,m) € Im(¢) > 0. (2.35)
Define the function «(£,n) by the formula
1
uen) = —5- [[ Gemepney deay. (230)
Im(¢)>0

where . € 24 (gt g)?
- nry
G ma,y) =~ In €07 1 y? (2.37)
is the Green’s function of the Dirichlet problem for the harmonic in Im(¢) >
0 function, while the function f;(¢,7) is bounded and has continuous first
derivatives bounded in Im(¢) > 0, U(€, n) is a regular solution of the Poisson
equation (2.35). It is proved that (2.36) satisfies the boundary condition [4]

lim — u(g,n) =0, (§n) €Im(¢) >0, (§,70) € Im(G).  (2.38)
(&:m)—(&o.m0)

Using (2.35) and (2.36) with respect to (2.33) and (2.34), we obtain

pal&m = -eiem+ 5o [[ Gemafiwy dedy, (239

Im(¢)>0

* 1 *
val&n) = —vs€n + 5= [[ Clenafiy dedy. 20
Im(¢)>0
The equalities (2.39) and (2.40) can be written as follows:

ea(&,m) = —p" 0o (&,m)+

1
+ o // G(&,mz,y)p1(2,y)[p2(2,y) + /2 00(2,y)] dedy, (2.41)
1m(¢)>0
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1/’2(5777) = - *(5377)+
+ % // G(&mz,y)pr(z,y) [z, y) + 5 (2,y)] dody. (2.42)
1m(¢)>0

We rewrite the equations (2.40) and (2.42) in the form

@2(£,n)=f3(€,n)+$ // G(&m;z,y)p1(x, y)pa(x,y) dedy, (2.43)

Im(¢)>0
3
Im(¢)>0

where
f3(&m) = — p 20 (&,m)+

1
t3. // G(&mz,y)pi(2,y)p *po(z,y) dedy,  (2.45)
Im(¢)>0

fa(€m) =—¢"(En)+
+ % // G(&m;z,y)pr (2, y)s (x,y) dx dy. (2.46)

Im(¢)>0

Thus we have obtained the second kind Fredholm’s integral equations
(2.43) and (2.44) with respect to @2(&, 1) and 12(&,n). The problems (2.33)
and (2.34) are, respectively, equivalent to the integral equations (2.43) and
(2.44) which will be solved by using the exact methods.

Solutions of the integral equations (2.43) and (2.44) will be sought by
the method of successive approximations in the form of the series

Pa2(&m) =D N'a(m)(€:m), (2.47)
n=0
n=0

Where)\=§7u=%.
Substituting the series (2.47) and (2.48) respectively into the integral
equations and equating the coefficients with the same powers of the param-

eters A and pu, we obtain

P200) (& m) = f3(&,m), (2.49)
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o (1) = // G(&ms 2, ) pr (0, 9)pamry (@,y) dady,  (2.50)
Im(¢)>0

wQ(O)(&Lvn) = f4(£7n)7 (251)

Yoy (§m) = // G(&m; 2, y)p1 (2, yY)Ya(n—1y (z,y) dedy,  (2.52)

The parameters A = é and pu = % of the integral equations (2.43) and

(2.44) are small enough; this ensures the convergence of the series (2.47)
and (2.48). Recall here that as initial approximations, as usual, are taken
the free terms f5(£,7n) and f4(&,n).

Basing on (2.47)—(2.52), we can construct general formulas which allow
one to express any approximations through the free terms by means of
iterated kernels.

Assuming that the series (2.47) and (2.48) are already constructed, we
can multiply them respectively by p~/2 and p'/2. We obtain

(& mn) = wo(&,n) +1(&,m), (2.53)

Recall that the boundary conditions along the oz-axis of symmetry, when
some parts of 0z coincide with the boundary S(o), have in the coordinates
(z, p) the form

p—0, a=p’
9p _Opda _0Op , . 0% _0Y0da_ 0y (2.55)

= = — - = =—2p—0.
dp Oa dp O P " 9p Oa dp Oa p—0

In the coordinates (£,7), the boundary conditions along the oz-axis have
the form

Op _ Op _

9oy _ (09 0z 0p0adpy  _ (0p 0z
<8§)p_>o B (az o¢ + da Op 85);;*0 N (82 8{),;_»0’ (2.56)
Op da dp

90 0p 9 1po
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B 9p 0
(a%),m = (50 a(,j)p -0
) Do 92 Dp da O 2p 0 )
(30) = (5= 3% 56 35 90)os = (3 30y 3

(2.57)

0z On + Oa 0p On
Suppose that the oz-axis of symmetry (or its parts) does not coincide
with the boundary of the filtration domain S(o),

p=const #0, «a=p

Op _ O¢ da % -2p = 6—@ - 2 const const (2.58)
dp  da dp O« P~ Ba P '
o da o B
I () R e
oy
(8£ >p~>c0nst 0’ (aiﬁ)pﬂconst - 0’ (2 59)
G L C L I
87] p=const 0z 87’] da 8p 677 p=const 0z 877 p= const
o _
on

Below we will present another way of solution of the system (2.10) and
(2.11).

19, Green’s function belongs to the class of fundamental solutions of the
Laplace equation. It is determined that as a harmonic function of a pair of
points (P;Q), is symmetric with respect to P and @, equals to zero on the
boundary and is analytic at all points P of the domain D;, except of the
points P = @ at which it has logarithmic singularity, i.e. at the point P of
the neighborhood of @, the relation

G(P;Q) = 5 nr(PQ) +4(P5Q) (2.60)

is fulfilled, where r = /(z — )2+ (y —n)? is the distance between the
points P and (). Moreover, Green’s function, as a function of P, should have
everywhere inside of D;, except the point of (), continuous derivatives up to
the second order and satisfy the Laplace equation, while on the boundary
it should satisfy the limiting condition. Next, G(P;Q), as a function of P,
must have singularity at the point @) corresponding to the initial charge (or
to the mass) concentrated at the point Q. Green’s function of the Laplace
operator for the plane simply connected domain under the limiting condition
Uy = 0 is tightly connected with the function which transforms conformally
the above-mentioned domain onto the circle |W| < 1.

G(P; Q) is a harmonic in the domain D; function of the coordinates x

and y ([4], [17], [33]-[36]).
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If d is the diameter of the domain D;, then the inequality

d
< Q) <In(- )
O_G(P,Q)_ln(r) (2.61)
is valid. Green’s function for the circle of radius R = 1 has the form
oy 1 pr
G(PQ) = 5 ln( . ) (2.62)

where p = /€2 + 7?2 is the distance of the point Q(&,n) from the center of
the circle. 7 is defined as follows: 71 = \/(x — £/p?)2 + (y — n/p?)2.

29, Consider the inhomogeneous equation

AU(z,y) = —p(z,y). (2.63)
We seek for a solution of (2.63), continuous up to the contour of the
domain and satisfying the limiting equation U | , = 0. There may be only
one such solution ([35]).
The unknown solution has the form

Ulr,y) = / / G,y € m)pl&,m) d€ . (2.64)
D;
that is,
1 1
Uz,y) = %//w(&n)ln; d¢ dn+
D;
1
+ [[ s semeteon i dan (2.65)
D;
otherwise.

The first summand of (2.65) has inside of D; continuous derivatives up to
the second order, and its Laplace operator is equal to [—¢(&,n)]. It is proved
that the second summand of (2.65) can be differentiated under the integral
sign with respect to the coordinates (z,y) of the point P(z,y) as many
times as desired. This implies that this summand is a function harmonic
inside of D;, because g(P; Q) is a harmonic function of the point P(x,y).
g(P; Q) is a harmonic function of the point @ with limiting values (i In 7“),
where 7 = \/(x — €)2 + (y — n)2. It is assumed that P(z,y) is inside of D;.
The formula (2.65) provides us with the solution of the equation (2.63)
satisfying the condition U’ , = 0. Recall that there exists a generalized
solution of (2.63).

3Y. The linear-fractional conformal mapping of the half-plane Im(¢) > 0
onto the circle |IW| < 1 has the form

144
L
1+ 2t

(=¢&+in, w=u+iv. (2.66)
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It follows from (2.66) that
2¢ E+nt-1

b= y= 2.67
&+ (1+4n)? &+ (1+n)? (267
On the other hand, from (2.66) we have
t+w 2u 1—v% —u?

= = — =" 2.68
v ST wra-e "Tera—op (2:68)

4°, Harmonic and analytic functions of a complex variable.

Let

w = f(z) = u(z,y) +iv(z,y), z=x+iy (2.69)

be some function of the complex variable z = x + iy; v and v are the
real functions of the variables x and y. The Cauchy—Riemann conditions
Uy = Vy, Uy = —U, are necessary and sufficient for the function to be
analytic. It follows from these conditions that AU = 0, AV = 0, where A
is the Laplace operator.

Consider the transformation

z=z(u,v), y=y(uv), (2.70)
u=u(z,y), v=uv(x,y), (2.71)
where u(z,y) and v(z,y) are the conjugate harmonic functions. Then the

above transformation is equivalent to (2.69).
By virtue of the Cauchy—Riemann conditions, the relations [36]

uy + uz?; =+ = 05 +o =[f(2)°, upve +uyv, =0 (2.72)

should be satisfied for the functions v and v.
Let us find out how the Laplace operator varies under that transforma-
tion. We obtain
U= U[z(u,v),y(u,v)] = ﬁ(u,v)7 (2.73)
Use +Uyy = (ﬁuu + vuu)‘f/(z)ﬁz (2.74)

whence it follows that as a result of the transformation w = f(z) = u +

iv, the function U(z,y), harmonic in the domain G, transforms into the

function U = U (u,v), harmonic in the domain G/, and if only if | f/(2)|2 # 0.
Consider the equations

1
Ap+ 1 mp =0, (2.75)

A= pr =0, (2.76)

)2]. The transformations

bm‘,_.
—
—
QJ‘Q)
8
~—
[\~]
+
—
Q)‘QJ
<

where p; =

Y= cp[x(u, U), y(“a U)} = &(uv U), (277)
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P = 1#[9?(“,”)731(“,”)] = 1/1(% U) (278)

result in the equalities
ap 2 _ -
y) 6‘z) ( ) }w(:c,y) = {wuu + vt

|
% 5(1 v) [<8u)2 (%) }80 u,v) }If( )P=0, [f(z)]>#0, (2.79)

Prz + Pyy +

tor i~ 1 o {(50) + (%)Q}WW -
=2 =2 () + () Jotwnr i =0, (2s0)
since |f/(2)] # 0, and hence from (2.79) and (2.80) we have
s’o?uu+s5w+ip% [(%)2+ (%)Q}Q:O, (2.81)
D + Dow — Z p% [(2—5)2 + (%ﬁﬂ{/? —0. (2.82)

It follows from the above-said that using the transformations (2.68), (2.71)
and Green’s function (2.62), we can reduce the problem (2.31) (or (2.32)) to
the solution of Fredholm’s integral equation of second kind, where the given
functions, the kernel and the right-hand side are defined in the domain of
the unit circle. In this case, for the convergence of Neumann’s series we can
indicate a simpler condition. In particular, if the kernel is bounded, then for
the convergence of Neumann’s series there exist more plausible condition.

In hydrodynamics, there exists the method of sources and channels. This
method has been for the first time applied by Rankin to the spatial problem
of body streamline. The method consists in the replacement of the body
streamline by such a system of sources and channels that the body surface
is one of the stream surfaces; note that the algebraic sum of abundance
sources should be equal to zero. The choice of a system of sources and
channels by means of a preassigned surface formed of a body streamline is
of great mathematical difficulty ([1-3], [7]).

Below we will present an algorithm for finding the functions ¢q(&,7),
Yo(€,m), 2(&,n) and p(&,n). Recall that the plane of liquid motion coincides
with that of the complex variable o = z + ip, i = —/—1.

In the domain S(o) with the boundary £(c) we seek for a complex
potential (i.e., a potential divided by the filtration coefficient) w(o) =
wo(z, p) +io(z, p). The velocity potential ¢o(z, p) and the stream function
o(z, p) satisfy the Cauchy—Riemann conditions and the boundary condi-
tions

arjo(z, p)+ar2tbo(z, p)+aksz+arap = fu, k=1,2, (z,p) € £(0), (2.83)
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where ay;, fr, k =1,2, 5 =1,...,n, are the given piecewise constant real
functions; fx, k = 1,2, depend on an unknown parameter ) of the filtrated
liquid discharge.

Using (2.60), we can find a part of the boundary ¢(wg) of S(wp) and the
boundary ¢(wp) of the domain of complex velocity S(wg), where wp(z) =

dwo/do = ‘;(,’((8 , excluding some coordinates of those vertices of circular
polygons which are connected with cut ends. By means of the functions
wo(o) and w(o), we map conformally the domain ¢(c) with the boundary
{(o) onto the domains S(wp) and S(w). The domain S(w) is a circular
polygon.

Angular points of the boundaries ¢(o), ¢(wp) and ¢(w) which can be
encountered at least at one of them when passing in the positive direction
we denote by A, k=1,...,n.

The half-plane Im(¢) > 0 of the plane { = £ 4 in is mapped conformally
onto the domains S(o), S(wp) and S(wg). We denote the corresponding
mapping functions by o(C), wo(C), w(Co) = wh(¢)/a"(C), dwo(C)/dC = wh(C),
do(¢)/d¢ = o’(¢). To the angular points A, k = 1,...,n, there correspond
the points { = e, k =1,...,n, along the axis t with —co < e; <ex < --- <
en—1 < e, < +00, and £ = e, 41 = 0 is mapped into the nonangular point
A of the boundary ¢(o) which is located between the points A, and A;.

3. CONSTRUCTION OF THE FUNCTIONS dwo(¢)/do(¢), wo(¢) AND o(()

By o(§) = 2(&) +ip(€), wo(§) = o(§) + ivo(§), wo(§) = uo(§) + ivo(§)
we denote the boundary values of the functions o(¢), wo(¢) and wg(¢) as
¢ — & ¢ eIm(¢) >0. By 7(&), wo(§) and wp(&) we denote the complex
conjugate functions corresponding to the functions o(£), wo(§) and wp(§).

ntroduce the vectors Bo(€) = [wo(€), o(£)], Bo(€)= [@0(€), 7(E)], B(€) =

[w(£), 0" ()], Do’(€) = [@o/(£),7"(E)], £(§) = [f1(§), f2(§)]. Then the
boundary conditions ([26]-[31])

Do(€) = g(§)Po(&) +1i-2G71f(€), —00 <€ < +oo, (3.1)

where G=1(€)G(€) = g(€) is a piecewise constant nonsingular second rank

matrix with the points of discontinuity & = ex, k = 1,...,n; G71(£) and

G (&) are, respectively, the inverse and complex conjugate matrices to the

matrix G(£), and the vector f(£) is defined by means of (2.83).
Differentiating (3.1) along the boundary £, we obtain

D4(8) = g(§)P(€), —o0 <& < +oo. (3-2)
It can be verified that the equality g(§) = c ! (£)G(&) holds. For the points
£=ej,j=1,...,n, let us consider the characteristic equation ([1]-[31])

det [g;}4 (ej + 0)g;(e; — 0) — AE] (3.3)
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with respect to the parameter A, where E is the unit matrix, g;(£), e; < § <
€jt1, g;+11 (ej+0), gj(e; —0) are the limiting values of the matrices gjjrll &),
9:(€) at the point £ = e; from the right and from the left, respectively.

By means of the roots Ay; of the equation (3.3) we define uniquely the
numbers ag; = (2mi) " In gy, k=1,2; 5 =1...,n ([1]-[30]).

Suppose that among the points Ay, k = 1...,n, of the boundaries /(o)
and £(wg) there exist removable points to which on the boundary ¢(wp) of
S(wp) there correspond regular nonangular points ([26]-[30]).

For the sake of simplicity we assume that the removable singular point
coincides with the point £ = e; to which on the boundaries ¢(o) and £(wp)
there correspond the angles 7/2, while on the boundary ¢(wg) the angle .
To remove this point from the homogeneous boundary conditions (3.2), we
introduce a new unknown vector @4 (&) ([26]-[30])

24(8) = x4 (§)21(6), (3.4)
where
X, (€= 55—_6251 (3.5)

After the passage from the vector ®'(§) to ®1(£), we multiply the matrix

g9i(§) by (=1).
The boundary conditions with respect to ®1(§) take the form

P1(8) = g"(©)P1(8), (3.6)
where

g (&) = . (O 9(O)[x, (©)]. (3.7)

On the contour ¢(wg) we renumerate singular points and denote them by
aj, 3 =1,...,m. We denote the characteristic points defined uniquely and
those corresponding to the points ¢ = a; again by o, k =1,2,5=1,...,m.
They satisfy the Fuchs condition.

Now we write the Fuchs class equation ([1]-][39])

u” (&) + p(&)u'(¢) + g(&u(§) =0, (3.8)

where
p(6) = 3_(1—arj —az)) (€ — ), (3.9)
q(§) = Z [anjan; (€ —a;) % +¢; (6 —ay)7'], (3.10)

where c; are unknown real accessory parameters satisfying the conditions

m
Ni=)» ¢ =0. (3.11)
j=1
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By means of matrices, we write the equation (3.8) in the form of the
system ([26]-[39)]

X' () = x(§) (), (3.12)

vo= () i) w0=0 5)  ow

Further, using linearly independent solutions u; () and us(€) of the equation
(3.8), we construct the general solution

~ pui(§) + qua(§)
w(§) = rur (€) + suz(€) (3.14)

of the Schwarz equation ([26]—[30])

whE) g (w’(ﬁ)

toseh =g~ g

)2 — R(), (3.15)

j=1
a1 — Qg5 = Vy, j:17...,m,
c; =2ci =B Z Br(aj —ar) ™", (3.17)
k=1, k#j
/Bk::l*alk*an, k:17"'am7

p, ¢, 7 and s are constants of integration of (3.14) which satisfy the condition
ps—rq # 0, mv; is the interior angle at the vertex B; of the circular polygon.

Using (3.14), we map conformally the half-plane Im(¢) > 0 (or Im(¢) < 0)
onto the domain S(w) with the boundary ¢(w). Expanding the functions
R(¢) into the serie of powers of 1/(, we obtain

R(¢) =Y My (3.18)
k=1

Since the point ( = oo is the image of the nonsingular point of the boundary
¢(0), the conditions ([1]-[31])

M =3¢ =0, (3.19)
k=1
My =" [akci +0,5(1 - v7)] =0, (3.20)

ES
I
-
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My =" [a}ck +ar(1—1})] =0 (3.21)

k=1
should be fulfilled. From the condition (3.19) follows (3.11), and vice versa.
We can obtain the conditions (3.20) and (3.21) in somewhat different way
and in another form. Taking into account (3.12), the conditions (3.19)—
(3.21) allow one to define three parameters ¢;, j = 1,2, 3, of the parameters

¢j, j =1,...,m. Moreover, we choose arbitrarily three of the parameters
t =a;, 7 =1,...,m and fix them according to the Riemann theorem.
Therefore R(¢) defined by the formula (3.16) will depend on 2(m — 3) un-
known parameters a;, ¢j, j = 1,...,m — 3. The equation (3.18) near the
point £ = a; can be rewritten as [26-31]
(¢ —ay)*u" (&) + (€ — a;)p; (E)u' () + ¢;(§u(§) = 0, (3.22)
where
oo
pi(§) =poj + Y _ pnj(§ —a;)", (3.23)
n=1
pj = (=1)""" > Belaj—ax)™", fu=1-0an —aly, (3.24)
k=1, k#£j
g = ooz + (6 —a;) + D qns(€ —a)", (3.25)
n=2
nj = (—1)" 72 Z [ pag(n — 1)+
k=2, k#j
+cp(a; —ap)](aj —ar)™, n=2,3,...,  (3.26)
Qoj = QujQoj, quj =¢j, J=1,...,m. 3:27)

4. LOCAL SOLUTIONS

Local solutions of the equation (3.32) for the points { = a;, j =1,...,m,
are sought in the form

ui(€) = (€ —a)™ (), W) =1+Y mi(€—a)",  (41)
n=1
where vpj, n = 1,...,00, j = 1,...,m, are defined by the recurrence for-
mulas ([26]-[31])
foj(e) = ej(a;—1) + pnjag + qo; = 0, (4.2)
Y15 foi (e +1) + fij(ey) =0,
Y25.foi (0 +2) +mf15(a; +1) + fa(e;) = 0,
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where
fnlaj) = a1jpnj + dnj- (4.5)
If the difference ay; — ag;, j = 1,...,m, is noninteger, then using the
formulas (4.3)—(4.5), we construct the linearly independent solutions (3.32),

uri(§) = (§ —a;)*ug;(§),

> 4.6
O =113 Ay k=12 j=1. .m0

However, if a1; — ag; = n, n = 0,1,2, then u,(£) is constructed by the
formulas (4.3)—(4.5), while ug;(§) by the Frobenius method ([24], [26]-[31]).
Note that for a1; — ag; = 0, the function us;(¢) has the form

u2;(§) = u1; (&) In(§ — az) + (€ — @)™ > v2; (€ —a;)™, (4.7)
n=1

where
2 = {d%j(aj)} .
™ dOéj aj=az;
If ij — agj = m, n = 1,2, then for the construction of us;(§) we have to
differentiate the equality

ug(€) = (€ — a3) [ — oy + 3 72,6~ 0,)"] (4.8)
n=1
with respect to «;, then take a; — g, we obtain

o0

(O = €= )™ [ X o)t - )" nle = 0+

+ (t— ay ‘“9{14—2 [dm )

daj :|Clj=052j

(t— aj)"}. (4.9)

P. Ya. Polubarinova—Kochina has proved that a solution for the cut

end ug;(§), where ai; — as; = 2, does not involve a logarithmic term.
Moreover, for such points she also obtained an algebraic equation connecting
the parameters a;, ¢;, j = 1,...,m. To construct us;(§) uniquely, we

suggested in our works the following method. For the point ¢ = aj, the
equality (4.4) fails to be fulfilled since

foj(aj + 2) = O, Oéj — agj. (410)

For the equality (4.4) to take place as a; — v, it will be necessary and
sufficient to require the condition

m;fi(ey + 1)+ faley) =0, a1 — aoj + 2. (4.11)
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After simplification, (4.11) takes the form ([26]-[31])
q2j + ij + q1;p1; = 0. (4.12)

To construct ug;(€) uniquely, it suffices to construct 73;(az;) and then
make use of the formulas (4.3)—(4.5) ([26]-[39]). Indeed, suppose a1 # ;.
Then using (4.4), we find v2;(c;) and obtain

Cyilag) fi(ey +1) + fa(a)
foloy +2)
In the formula (4.13) we remove uncertainty and then pass to the limit
oj — apj. We have
73; = —0,5[p1;(p1j + 2q15) + p2j]- (4.14)

Next we define local solutions near the point ¢t = oco. The functions p(¢)
and ¢(€) near the point ¢ = oo can be represented in the form

Y25(0) = (4.13)

PO =Y pucct™h a(€) =€ ansc T, (4.15)
n=0 n=0

where
Pnoo = Zﬁkaz, Poso = 6, (4.16)
k=1
oo = 3 [0k (n + 1) + cpay]aj. (4.17)
k=1

Local solutions near the point & = oo have the form

uoo(g) = f_oo Z 'Ynoof_(am+n); (418)
n=1

where Y00, 7 = 1,..., 00, are defined by the formulas
fOoo(aoo) = aoo(aoo + 1) — P0co Qoo + Gooe = 0, (419)
CVloofOoo (aoo + 1) — Ploolco + G1oo = Oa (420)
a2oof000(aoo + 2) + '7100(0400 + 1) — P200Cco + 4200 = 0; (421)

where

froo = Qroo — (aoo + k)pkoo- (4'22)

Since t = oo is the image of the nonangular point, the equation (4.19)
should have the roots ajo, = 3, ass = 2. Consequently,
Gooo = 3 [1r0ay, + ack] = 6. (4.23)
k=1



114 A. Tsitskishvili

As far as a0 — @200 = 1, the equations (4.20)—(4.22) allow one to define
only one solution 410 (€). To find ugs(€) as @ — @200, it is necessary and
sufficient that the condition

Gloo — Ploo Q200 = 0 (424)
takes place. To determine 77, we act as follows. By virtue of (4.20), for
oo 7 Q2n0, We find Y14, and obtain
Ploo®o0 — Gloo
_— 4.25
fOoo (aoo + ]-) ( )

Since the numerator and the denominator in (4.25) vanish as oo — 200,
we have to remove uncertainty. We uniquely obtain ([26]-[31])

Voo = Ploc- (4.26)

Having defined 7%, we can find the remaining 72, n = 2,...,00, by
using the formulas (4.20)—(4.22). Consequently, usqo(€) is defined uniquely.
Finally, we obtain

Yoo =

Ukoo(§) = £70% + Y A LT k=12, (4.27)

n=1

The system (3.19), (3.20), (3.21) coincides respectively with the system
(3.11), (4.23), (4.24), and vice versa.

Local solutions u;(§), k = 1,2, j =1,...,m, contain multi-valued func-
tions of which we choose one-valued branches

exp [Brj In(€ — a;)] >0, t>ay,
{exp [ In(€ — aj)] }71 = exp [imou] {expln(aj — E)}, a; —&>0,

{ exp [akj In(¢ — aj)} }_1 = exp [ - iﬂakﬂ { exp [akj In(a; — f)} },
aj —t>0.

For the equation (3.8), in the neighborhood of every singular point £ =
aj, j = 1,...,m+ 1, and in the neighborhood of the points ¢t = a} =
(a; +aj41)/2, j =1,...,m — 1, we construct respectively ui;(§), k = 1,2,
j=1,....om+1land v;(§),k=1,2j=1,..., m—1.

A solution of (3.6) is sought by means of the matrix TX (§), where x(¢)
is a solution of (3.12). If x(&) is a solution of (3.12), then TX (&) is likewise
a solution of (3.12), where the constant matrix is defined as

T = (f Z) . detT #0, (4.28)

p, g, v and s are constants of integration of the equation (3.14).
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5. FUNDAMENTAL MATRICES

The local fundamental matrices ©;(€), 0;(£), ©3(€), ©;(€), where ©;(¢)
is the matrix, complex-conjugate to the matrix ©;(¢), are defined as follows:

_ i(€)
€3] u2j(§)
cey - (O u@©Y) o
_ (01(§) 01, I REUES W m—
UJ(g = <U2j(§) Uéj@)) , &= B) =a;, J 1,..., 1, (53)
O1(6) = 7 5(€). ;- <€ <ay, (5.4)
_ (wse(§) Ui (§)
+ exp(:l:malj) 0
U5 = < 0 eXp(j:iﬂ'agj)) (5.6)

74’,7

19] 19]_, Q15 — Qgj #n, 77,:0,172,

while if a1; — ag; =n, n=0,1,2, we have

. 1 0
19;‘: = exp [i 271'042]‘] (:l:Z’/T 1) , = 07 27 (57)
19izexp[:|:i7ra2‘] -1 0 n=1 (5.8)
j H\Fmi 1) ' .

One Essential Remark. The fact that the series ug;(§), k = 1,2, j =
1,...,m, converge weakly this makes the process of calculations difficult.
To remove this drawback, we act as follows ([26]-[31]). We replace the series
urj(§), k = 1,2, 5 = 1,...,m + 1, by strongly and uniformly convergent
functional series. Towards this end, it suffices to write the series ug;(§),
k=1,2,7=1,...,m+1, in a somewhat different form:

ug; (&) = (€ — a;) ™ uk; (€ — ay),

> 5.9
Ui —a;) =1+ Y (€ —a), k=12 j=1,...,m, (5:9)
n=1
oo (€) = € (14D 7€) (5.10)
n=1

where v}, yF . are defined through f,;(a;) and fre(a;) as follows:

fni [(€ = a;), Br] = jpn; (€ = aj) + amj (€ — a;), (5.11)
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b€ —a)=— 3 @(5__7‘”)71 n=12..., (5.12)
k=0, ki 09 T 0k
a1 (€ — a;) = ¢;(§ — a5), (5.13)
qnj(§ —aj) = (=1)" 72 Z [aaraor(n — 1) + ci(a; — ay)] x
k=1, k)
5_ as: n _
x(ﬁ) L n=1,2,..., (5.14)
5_—“]\ <1, k#j
a; — ag
Pnoo(§) = Zﬂk(%>na
. (5.15)
Inoo(§) = Z [041]‘042]'(71 + 1) + Ckak] <%) , n=01,2,....
k=1

The local matrix ©; (§) is complex conjugate to the matrix @j (€). The
real matrices ©;(§), ©7(§) are local solutions of the system of equations
(3.22). Suppose that the elements of these matrices converge on some part
of the interval a;_1 < £ < a;, on which the matrices ©7(§) and ©;_1(§) are
connected by the following matrix identity ([26]-[31]):

@j(f) :Tj—lej—l(g), j:m,m—l,...,Z, (516)
from which the matrices T;_; are defined uniquely. Assume also that the
domains of convergence of the matrices 07 () and ©;-1(§) do not intersect.
In this case, we construct at the point §{ = a} = (a;—1 + a;)/2 the matrix
0 (&) which converges in the interval a;_1 < § < a;. It is seen that one can
always pass from the matrix ©7(§) to the matrix ©;_1(§) with the following
sequence:

©5(§) = Ta,04(8), 0;(§) = T;-1(£)0;-1($)- (5.17)

It follows from the above-said that ©,,(§) can be analytically continued
along the whole axis &.

To define the functions wj(§) and 2'(£) in the interval (—oo,+00), we
consider the matrices ([26]—[31])

X&) =T05,(8), €>am; 056 =6,,(0), am <& <+oo. (5.18)

From (5.18) we have T'=T.
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We continue the matrix (5.18) along the real axis £ and use the notation

X&) =x(€), v =1;.

We obtain
X(g) = Tﬂm@:n(f)a am—1 < & < am,
X(g) = Tﬂme—lgm—l(f), Um—1 < & <, (5.19)

X(g) = Tﬁ7nTm—179m—1@¢n_1(§) s Tl’ﬂl@};(f), f <ai,
X&) = T9mTm-19m—1- T1T_ O (&), —00 <& < 00,
where
G:n(é-) — Tmfl('—)mfl(f)a Am—1 < 5 < G,

*

m—l(g) = Tm—2@m—2(§)7 Ap—2 < 5 < Am—1,
05(&) = T101(¢), a1 <& < ay,
GT(S) = T—oo@oo(f)a —o0 < & < aq,
Om(€) = TrnOuo(§), am < & < +o0.

(5.20) allows one to determine the matrices 11,75, ..., Tm—1,T—c0, Tt oco-
Substituting the matrices (5.19) into the boundary conditions (3.6) and then
multiplying successively every matrix equality from the left by [©F o)1,

j=m,m—1,...,1, we obtain the system of matrix equations ([26]-[31])
Tﬁm == gm—lTﬂ;m 6 = Um,
TYmTm-10m—1 = gm—ZTEme—lgm—la t=am-1,

(5.20)

(5.21)

T T—19m—1-+T101 = TOTp—19m—1 - T101, &= as.

The number of matrix equations is m. Every matrix equation gives two real
equations. Consequently, we obtain the system consisting of 2m equations
with respect to the parameters p, q, 7, s, aj, ¢;, 7 = 1,...,m. From the
system (5.20) we define the elements of the matrices T}, j = 1,...,m — 1,
and substitute them in (5.21).

According to Riemann’s theorem, we can choose arbitrarily three of the
parameters { = a;, j = 1,...,m, and fix them. Thus we obtain the system
of equations (3.11), (4.23, (4.25).

Suppose that one of the vertices of the circular polygon has a cut with
the angle 27 at the cut end. If to that point on the contour £(o) there
corresponds a regular nonangular point, then instead of two equations we
have only one, (4.12). Under such an assumption we will have a system of
2(m+1) equations with respect to 2m +1 parameters (a;, j =1,...,m—3,
¢, j=1,....5,p,q,7,9).
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From the system (3.19), (4.23), (4.24), (4.12) we can define four accessory
parameters and then substitute them in the remaining equations.

For the sake of simplicity, we assume that on the plane of complex velocity
there is a circular pentagon whose one vertex has a cut with the angle 27
at the cut end. In this case, the homogeneous problem (3.6) is reduced to
a system of three higher transcendent equations. It is assumed that such a
system of equations has a solution.

If we denote v1(€) and vy(§), where

v1(8) = puar (§) + qua($), (5.22)
v2(§) = rui(§) + suz(§) (5.23)

are the components of the vector ®), or what comes to the same thing,
the components of the first row of the matrix x(§), then by the formula

~ui(é)
w(§) = () (5.24)

we obtain the general solution (3.14). The components w’(z) and 2/(§) of
the vector (&) are defined by the equalities

dwo(€) = v1(§)x, (§)dE, —oo <& < +00, (5.25)

do(§) = va(§)x, (§)dE, —o0 <& < oo, (5.26)

where v1 (&) x, (£), v2(§)x, (§) satisfy the boundary conditions (3.1) and those
at the singular points £ = e;, j =1,...,n, { = co. The integration of (5.25)
and (5.26) in the intervals (—oo < &), (e;,§), j =1,...,n, provides us with

3
wo(€) = / 01 (E)x, (£) dE + w(—o00), (5.27)

— 00

3
o(€) = / 02(€)x, (€) dE + o(—o0), (5.28)

£

w(E) = / o1(©)x, () dE + w(ej+), (5.20)
jﬁ

o(€) = / 02(€)x, () dE + (e, +0). (5.30)

€j

Considering (5.29) and (5.30) for £ = ej41, we obtain a system of equations
with respect to the removable singular points { = e;41 and to another un-
known parameters. The equations (5.29) and (5.30) allow one to determine
the parametric equation of the depression curve.
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6. ONE ESSENTIAL REMARK

Consider one simplest integral Fredholm equation of the second kind
([331-39])

b
—A/k@ﬂﬁﬂﬁ:f@% (6.1)

where the unknown function u(xz) depends on the real variable z which
changes in the same interval [a, b] as the integration variable ¢; this require-
ment refers to all classes of integral equations we deal with in the present
work. The interval may be finite or infinite. The functions k(z,t) and f(z)
are assumed to be known and defined almost everywhere respectively in the
square @ < x < b, a <t < b and in the interval [a,b]. The function k(z,?)
is called the kernel of the integral equation. It is assumed that the kernel
k(z,t) of Fredholm’s equation satisfies the inequality

b b
//%@@FMﬁ<m, (6.2)

while the free term of Fredholm’s equation satisfies the inequality

b
/|f(gc)|2 dx < oo. (6.3)

It is necessary to consider Fredholm’s equations of more general type.

Let Q~ be a measurable set in the space of any number of variables, z
and t be the points of that set, and p be a nonnegative measure defined in
Q. The equation

u(w) = A [ Ko tyu(t) du(t) = F(z) (6.4)
Q

is likewise called the Fredholm equation whose kernel k(x,t) and free term
f(x) satisfy respectively the inequalities

//|kzt\2du<>du /|f P du(z) < 0. (6.5)

Q

The kernel k(x,t) satisfying (6.5) is called the Fredholm one.

The unknown function w(z) is quadratically summable in (a,b), and
hence belongs to the functional space La(a,b). A solution of the equation
(6.4) belongs to the space La(u, ) of functions which are quadratically
summable with respect to p. The inequalities (6.3) and (6.5) imply that
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the free term of the equation belongs to the same space. The parameter A
may take both real and complex values.
Denote the volume element by dz, and the integral (6.5) by B3:

//|k(x,t)|2 dx dt = Bj. (6.6)
Q Q

As is known, Fredholm’s equation has either finite, or countable set of char-
acteristic numbers; if there is a countable set of numbers, then they tend to
infinity. But there are kernels which have no characteristic numbers at all,
for example, Volterra kernels. A complete characteristic of such kernels is
given in the following Lalesko’s theorem. Let k(z,t) be a Fredholm kernel
and k, (x,t) be its iteration. For the kernel k(z,t) to have no characteristic
numbers, it is necessary and sufficient that

An:/k‘n(x,x)dmzo, n=3,4,5,.... (6.7)
Q

Note that the numbers A,, are called the traces of the kernel k(x,t). Lalesko
has proved his theorem for bounded kernels, and a general proof has been
given by S. N. Krachkovskil ([33]-[39]).

The determinant and Fredholm’s minors are represented as a quotient of
two entire functions of A\. Note that the poles of the resolvent, the charac-
teristic numbers of the kernel k(z,t), do not depend on = and ¢. Thus the
resolvent should be of the form

D, t; )
F(mat7>\) - D()\) )
where D(z,t;A) and D(\) are entire functions of . If we succeed in con-
structing these functions, then we will be able to find the resolvent, and
a solution of the integral equation will be constructed by the well-known
formula. For the numerator and the denominator of the fraction in (6.8) we
give representations in the form of the so-called Fredholm series

(6.8)

D(z,t; ) = i (211!)” By (z,1)A",

o . (6.9)
D) =) (_nll) Cu A",
n=0 :

where the formulas

Co=1, By(z,t)=k(z,t), Cp= /Bn,l(a:,x) dz, n>0,
Q

(6.10)
B, = Cpk(x,t) — n/k(x,T)Bn_l(T, t)dr
Q
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allow one to calculate recursively the coefficients By, (z,t) and C,,.
Below, we will need the well-known formula ([33]-[39])

D'()) = 1
=N A 6.11
where
A, z/kn(x,x)dx, n=123,..., (6.12)
Q

are the traces of the kernel k(z,t) mentioned above.

If the kernel is not continuous having second order discontinuities, then
the integrals (6.12) defining the coefficients ¢, co, c3, ... from the formulas
(6.10), make no sense. For example, when the kernel k(x,t) contains as a
multiplier Green’s function G[P, Q)] of the Dirichlet problem for harmonic
functions which is symmetric with respect to P and @), equals to zero on
the boundary C' and is analytic at all points P of the domain D except the
points P = @ where it has logarithmic singularity, the kernel k(z,t) will
have logarithmic singularity as well. Then the integral [ k(x,z)dz defining

Q
the coefficient ¢; makes no sense. This difficulty can be disregarded by
putting, for example, the density ¢; = 0.
The iterated kernel ka(s,t) has the form

b

kQ(S,t) :/k(s,tl)k(tl,t) dtl. (613)

a

The integral ko(s,t) has sense for any s and ¢ from [a, b] since in the unfa-
vorable case, when s and t coincide, we have the following estimate of the
integrand:

|k (s, t1k(t1, )| , 1> 0. (6.14)

o
- ‘S—tllal

It is proved that the function k2 (s,t) is continuous in the square a < x < b,
a < t; <b. The functions

b

kn(s,t) = /k(S,tl)knfl(tl,t) dth n = 1, 2,37 ey (615)
M, _
ks, t1kn—1(t1,t)| < —2—, €01 >0, (6.16)
|S — t1|61
are estimated analogously. The integral k,(s,t), n = 1,2,3..., makes sense

for any positions s and ¢ from [a, b], and the estimates of the integrand have
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the form (6.16). Thus we have to put

An:/kn(s,s)ds:O, n=123,...,n, (6.17)
Q
and then k,(z,2) =0,n=1,2,3,...,¢, =0,n=1,2,3,...,n. Taking into
account (6.17), we obtain from (6.11) that

D'(\) =0, (6.18)

and from (6.18) we have
D)) =1 (6.19)
Consequently, the kernel of the integral equation (2.43) has no character-
istic numbers. Analogously, one can prove that the considered in our work
[39] kernel of the integral equation (3.35) has no characteristic numbers.
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CHAPTER V

A GENERAL METHOD OF CONSTRUCTING THE SOLUTIONS
OF SPATIAL AXISYMMETRIC STATIONARY WITH PARTIALLY

UNKNOWN BOUNDARIES PROBLEMS OF THE JET
AND FILTRATION THEORIES

Abstract. We consider a general mathematical method of construct-
ing the solutions of spatial axisymmetric stationary with partially unknown
boundaries problems of the jet and filtration theories. The x-axis coincides
with the symmetry axis, and the distance to the z-axis is denoted by y. The
use is made of the right coordinate system. Of infinitely many half-planes
we arbitrarily select one passing through the symmetric axis. But for the
sake of effectiveness sometimes it is more convenient to take two symmetric
half-planes lying in one plane. The boundary of the domain under consider-
ation consists of the known and unknown parts. The known ones consist of
straight lines and their portions, while the unknown parts consist of curves.
Every portion of the boundary is assigned two boundary conditions. The
unknown functions (the velocity potential, the flow function) and their ar-
guments on every portion of the boundary must satisfy two inhomogeneous
boundary conditions.

The system of differential equations with respect to the velocity potential
and flow function is reduced to a normal equation. Unknown functions are
represented as sums of holomorphic and generalized analytic functions.

One problem of the jet theory and one problem of the filtration theory
are solved.

1. AXISYMMETRIC FLOWS

If the velocity components u, and u, are functions of only = and y,
whereas the velocity component u, is equal to zero, then the motion takes
place in the planes parallel to the plane x,y; the motion is the same in all
such planes. This implies that there is a direction to which all velocities
of the field are perpendicular. The investigation of the plane stationary
liquid motion under the above assumptions is, as is known, characterized by
certain analytic peculiarities, and many interesting problems can be solved
effectively ([1]-[37]).

But, as is known, if the boundaries of the problems under consideration
are partially unknown and the boundary conditions are mixed, then the
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solution of such problems becomes more complicated. The flow function in
terms of which many problems are formulated is, as usual, introduced in the
plane case, but it is very difficult to introduce it in the spatial case. In the
plane problems, the velocity potential and the flow function form analytic
functions, and the theory of such functions is well developed both from
the qualitative and quantitative points of view ([1]-[6]). As it can be seen
below, there exist spatial axisymmetric problems whose solution reduces to
the solution of plane problems ([23]-[25]).

The solution of spatial axisymmetric problems with partially unknown
boundaries present great mathematical difficulties. Such problems are en-
countered in the theory of filtration, in the theory of jet flows, and in many
parts of mathematical physics such, for example, as the mathematical the-
ory of hydromechanics and some other sections of mechanics. The condi-
tions are different in each case. For example, the liquid in the theory of jet
flows is weightless, ideal and incompressible, capillary forces and vortices
are absent, and the flow is stationary. In the problem of filtration the liquid
has weight. Below we will describe a general method of solution of spatial
axisymmetric with partially unknown boundaries problems of the jet and
filtration theories.

The liquid motion is said to be spatial and axisymmetric, if all velocity
vectors lie in half-planes passing through a straight line which is called the
axis of symmetry, and the picture of the field of velocities is the same for
all meridional half-planes. However, from the mechanical point of view
the difference between the half-planes exists, and this is connected with the
direction of velocity which can be determined according to the physical sense
of the variables involved. The spatial field of velocities of an axisymmetric
motion is completely described by the plane field of any of such half-planes.
The symmetry axis is assumed to be the z-axis; the distance to the z-axis is
denoted by y, and by u, and u, we denote, respectively, the components of
the velocity vector @(ug,u,) which is connected with the velocity potential
o(z,t) as follows: ﬁ[g—i, %zﬂ' On the plane, the use is made, as usual, of
the right system of coordinates z,y; z = x + iy ([1]-[3]).

The velocity potential ¢ and the flow function v are the functions of only
cylindrical coordinates x,y. Due to the axial symmetry, it suffices to study
the flow in any arbitrarily taken meridional half-plane with the system of
coordinates x, .

We choose arbitrarily one half-plane passing through the symmetry axis =
on which the moving liquid occupies certain simply connected domain S(z),
where z = x + iy, with the boundary S(¢); if some part of the boundary
{(z) of the domain S(z) is unknown, we have to find it.
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Here we present another definition of axisymmetry: the flow is axisym-
metric, if the flow lines lie in the half-planes passing thorough the given axis;
a picture of distribution of the flow lines is the same for every half-plane.

The lines of intersection of a surface and the planes passing through the
symmetry axis x are called meridians, whereas the lines of intersection with
the planes perpendicular to the x-axis are called parallels.

In the cylindrical system of coordinates x, 6, iy, where from the definition
of axisymmetry follows ug = 0, the equation of continuity has the form

Oyus)  Olyu,)
ox oy

=0, (1.1)
where u, = g—f and uy = g—z are the projections of velocities onto the axes
x and y.

As is known, the differential equation of any flow line for an axisymmetric
flow, uydxr — uydy = 0, multiplied by y, is the full differential of the flow
function dy) = yuydx — yu,dy, since

o 1w
= w2 (1:2)
On the other hand,
_Op _10¢ _Op 1 0¢

umfaxfga—y, nyay 0 (1.3)

In [25] the reader can find a general method of solution of spatial axisym-
metric stationary with partially unknown boundaries problems of filtration
with the mixed boundary conditions, where the porous medium is non-
deformable, isotropic and homogeneous. Stationary motion of the liquid in
the porous medium obeys the Darcy law.

Below we will present some statements of the well-known authors re-
garding solutions of spatial stationary axisymmetric problems with partially
unknown boundaries ([3], [4], [6]).

Everywhere below, when solving the problems of the jet theory, the use
will be made of the following assumptions. The liquid is weightless, ideal
and incompressible. Capillary forces and vortices are absent, and the flow
is stationary [3].

“Solution of spatial jet problems presents great mathematical difficulty.
At present we are aware only of the works which are devoted to axisymmetric
jet flows. However, even for that simple particular case of spatial problems
no one succeeded in creation of a mathematical device which would be as
convenient as that of the theory of functions of a complex variable. The
authors engaged in the axisymmetric jet flows either restrict themselves
to approximate numerical solutions of the problems, or prove theorems of
general nature” [3].
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“Unfortunately, the methods of the theory of functions of complex vari-
able applied to solution of plane problems have no effective analogue in the
axisymmetric case, or, more precisely, analytic methods provide us with
little information of physical interest” [6].

“The qualitative theory of solutions of the system of differential equa-
tions (1.3) can be constructed rather completely, whereas the quantitative
theory is not as well developed as for the solutions of the (Cauchy—Riemann)
system, i.e., for analytic functions” [4].

Below, we will give a general method of solution of spatial axisymmetric
problems with unknown boundaries both in the theory of filtration and in
the theory of jet flows.

Here we cite some rather frequently encountered boundary conditions for
spatial axisymmetric problems of filtration.

1. On a free surface, the boundary conditions have the form
o(z,y) — kx = const, (1.4)
Y(z,y) = const, (1.5)

where k = const is the coefficient of filtration;
2. along the boundary of water basins:

o(z,y) = const, (1.6)

arx +by+ec1 =0, a,b,c1 = const; (1.7
3. along the leaking intervals:

o(x,y) — kx = const, (1.8)

asx +boy +co =0, az,bs,co = const; (1.9)

4. along the symmetry axis, when a segment of the symmetry axis
z coincides with a portion of the boundary of S(z), the boundary
conditions are of the form

y=0, (1.10)
¥(z,y) =0, (1.11)

but if the symmetry axis does not coincide with any part of the
boundary of the flow domain S(z), then

y = const, const # 0, (1.12)
Y(z,y) = const, const # 0; (1.13)

5. along nonpermeable boundaries there take place the following bo-
undary conditions:

Y(x,y) = const, (1.14)
asx +bsy +c3 =0, as,bs,c3 = const; (1.15)
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6. along the nonpermeable boundary, the velocity vector is directed
along the boundary;

7. the velocity vector is perpendicular to the boundaries of water
basins;

8. along a free surface (depression curve) we have

u? +u? — ku, = 0. 1.16
x Y

In our works [23]—[25] it is assumed that on the plane of complex velocity
we have circular polygons of particular types. Despite this fact, this class
of problem is still wide enough. There exist axisymmetric spatial problems
with partially unknown boundaries, when the boundary of the domain does
not contain the symmetry axis. But there are problems when the boundary
of the domain involves, as is said above, the symmetry axis or its portions.

For circular polygons, in particular for linear ones, we are able to solve
plane with partially unknown boundaries problems of filtration. The state-
ment and solution of the corresponding plane with partially unknown bound-
aries problems of filtration can be found in [2], [12] and [18]-[25].

A flow of a substance moving almost in a constant direction at a distance
exceeding many times its cross-section size is called a jet. In order to get a
jet, it suffices to make a hole in the reservoir whose local pressure exceeds
that of the environment ([3], [5], [6]).

When flowing around an immovable obstacle or a wall protuberance, the
flow, as usual, separates and forms the so-called isolated flow lines. The
liquid between these flow lines forms a trace; right behind the obstacle the
flow is quiet. The traces in the liquid are of dissimilar nature. A trace
forms a chain of vortices stretching at a long distance behind the obstacle.
The importance of traces is that they are the main source of resistance in
the real liquid. As is known, the resistance in nonviscous liquids does not
usually arise for subsonic velocities if the flow separation and the associated
trace are absent ([3]-[6]).

If a body moves in a liquid with great velocity, the trace becomes gaseous;
such a trace is called a cavity. If a ball moves in water at velocity about
8 m/sec or more, we obtain a cavity filled with air. Cavities arising at the
velocity 30 m/sec or more are filled with steam ([3]-[6]).

Besides, there are still many questions of practical importance which are
connected with formation of jets, traces and cavities ([3]-[6]).

2. STATEMENT OF THE PROBLEM IN THE THEORY OF JETS

The theory of jets considers flows which are bounded partially by rigid
walls and unknown free surfaces of constant pressure ([3]-[6]).

The hydrodynamic problem is assumed to be solved if any of the two
functions ¢(z,y) and ¢ (z,y) is known. Besides the equations (1.2) and



130 A. Tsitskishvili

(1.3), for finding ¢(x,y) and ¥(z,y) we have the following boundary con-
ditions. The normal velocity on the free and body surfaces is equal to zero

(17D,
¢
=
where n is the normal directed into the liquid. The flow function % on the
free and body surfaces is a constant value [3],

0, (2.1)

1) = const. (2.2)

This condition for ¢ is equivalent to the condition (2.1). On the boundaries,
the constant in (2.2) may take different values.

For example, in Figure 1 we can see one-half of the meridional plane
20y for the problem concerning the flow round a circular cone in a tube.
Since the stream function is defined within a constant summand, we can
put ¥ = 0 on the symmetry axis x, on the cone and on the free surface. But
the difference between the values of ¥ on the flow surface is equal to the
liquid discharge between these surfaces divided by 2m; hence on the tube
walls 1) = Tvooh?/(27), where h is the tube radius, and v is the velocity
at infinity of the flow coming from the left ([3]-[6]).

Yy
C B
.. vl
= 27 B
/ 2 B
— : 4 A[&P) +[&p] =V
Veo ax oY
C yv=0 /0O X
FIGURE 1

The form of the free surfaces is unknown, but here we have the supple-
mentary condition of constancy of the velocity modulus v, which is equiv-
alent to the condition of pressure constancy. This condition can be written

as ([3])
() @] ) e

where vg is equal to v on the free surface ([3]-[6]).
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3. THE STREAM FUNCTION FOR THE AXISYMMETRIC FLOWS

If the flow is irrotational, then the stream function v should satisfy the

equation
ou, _ O, O (Lowy, 0 (1ov)
oy~ or then o (y 8m> + 3y (y 6y) =0. (3.1)

Recall that the function ¢(x,t) is harmonic in the cylindrical coordinate
system. Unlike the plane case, the steam function ¢ (x,y) is not harmonic.
It follows from (1.3) that

Op 9y | Op 9¢
. S s S 2
8x8x+8y3y 0 (3:2)
The system (1.1), (1.3) can be rewritten as follows:
1 0p
Ap(z,t)+ - =— =0, 3.3
Plo.t)+ 1 5 (33
10y
Az, t) — = 22 =, 3.4
wlat) - 2 (3.4

where A is the Laplace operator.
We write the system (3.3), (3.4) in the form

P Py ¢
4 — 4 — .
Ox? +aa 0o + oo 0, (3.5)
o | o2
w + 4o @ = 0, (36)

where o = y°.
It can be seen from (3.5) and (3.6) that the given system for a = y? # 0
is elliptic. Along the Oz-axis, as @ — 0, we have

922 190 "0 (8.7)

0%
— =0. 3.8
92 (3.8)

Along the symmetry axis Ox, we have
. Op . oY . 10p 0%

lim — =0, lim—=0, lim-_-—+—=—-—, 3.9
ey Oy ey Ay iy y Oy  Oy? (3:9)

10y 0%

lim — — = —. 1
yli%y oy  0y? (3.10)
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4. APPLICATION OF ANALYTIC AND GENERALIZED ANALYTIC
FUNCTIONS TO SOLUTION OF AXISYMMETRIC PROBLEMS

We map conformally the half-plane Im(¢) > 0 (or Im(¢) < 0) of an
auxiliary complex plane ¢ = £ + in onto the domain S(z), where z({) =
x(&,m)+iy(&,m). A part of the boundary S(¢) of the domain S(z) is unknown
and should be defined. On the plane ¢ = £ + in, the system (1.3) takes the
form

0 __1_ov "

o6 y(&m) on’
1

N
7 - 4.2
o y(&mn) 98 “2)
It can be seen from (4.1), (4.2) that ¢(&,n) and ¥ (£,n) are mutually
connected, and this fact should always be taken into consideration.
We rewrite the system (4.1), (4.2) as follows:
10y dp 10y dp

A bt St Tt St .
@(fﬂ?)‘f'yaf o era77 n 0, (4.3)

AY(Em) — — o2 o7 —— o 0. (4.4)

Suppose that we have solved the plane problem, i.e., we have constructed
analytic functions mapping conformally the half-plane Im({) > 0 (or
Im(¢) < 0) of the plane ¢ = & + in onto the circular polygon. For gen-
eral discussion we assume that there is a circular polygon with m vertices.
To find an analytic function in the general case, we have to solve a non-
linear third order Schwartz differential equation. Its solution is reduced to
the solution of a Fuchs class differential equation. The Schwartz equation,
and hence the corresponding Fuchs class equation, contains 2(m — 3) essen-
tial unknown parameters. The general solution of the Schwartz equation
involves additionally six parameters of integration. We write the system of
higher 2(m — 3) transcendent equations and also the system of six equations
for finding the integration parameters of the Schwartz equation. Next, we
construct solutions ¢(&,n) and (&, n) for the system (4.3) and (4.4) with
regard for (4.1), (4.2) ([18]-[25]).

Introduce the notation for three analytic functions:

Z(C) = {L‘(g, 77) + Zy(€7 77)7 wo (C) = 900(67 77) + “PO (5; 77)7
wo(¢) = wp(€)/2 (),

which map conformally the half-plane Im({) > 0 respectively onto the do-
main S(z(¢)) of liquid motion, onto the domain of the complex potential

(4.5)
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wo(&,n) +io(&,m) = wo(¢), and onto the domain of the complex velocity
S(w§(€)/2'(€)). The above functions are unknown and to be defined.
Below, we will consider the problem of solvability of the system of equa-
tions (4.1), (4.2).
A solution of (4.3), (4.4) will be sought with regard for (4.1) and (4.2)
in the form

(& mn) = wo(&,n) +1(&,m), (4.7)

where (&, 1), ¥o(&,n) are self-conjugate harmonic functions satisfying all
boundary conditions. Substituting (4.7) and (4.8) into (4.3) and (4.4), we
obtain
10y 0p1 | 10y Op1
y 06 06y On On
10y Opg 10y &po}

=— [Apy+-—= - +- =2
[ LT y On On

S CARET & i B D

In the right-hand sides of (4.9) and (4.10) we retain Apy = 0 and Ay =
0 deliberately.
We transform the unknown functions ¢1(£,7), ¥1(£,m), wo(€,n) and

o (€,m) as follows:

e1(&,m) =y 2 Empa(Em), w1 =y (€ m)wa(E ), (4.11)
wo(&m) =y 2 Emes(Em),  vo&n) =y P(EmwsEm).  (412)

After transformation, the system (4.9), (4.10) takes the form

1
Alpr +¢) =~ miler +¢3), (4.13)
Al +45) = 5 o (2 +05), (414)
where
_(Loy\? 18y>2
L= (y a£> - (y o) (4.15)

As is said above, the hydrodynamic problem is assumed to be solved if
either of the functions ¢(x,y) and ¥ (z,y) is found with regard for (4.13).
Next, on the plane ¢ we have to take into consideration (4.1) and (4.2).
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Using Green’s formula, we can obtain from (4.13) and (4.14) the following
Fredholm integral equations of second kind:

wrlen)+; [[ Geme oo ey = fin, (110

Im(¢)>0
¥2(&5m) —% // G mz,y)pi(z,y)e(z,y)dedy = f2(&,n),  (4.17)
Im(¢)=>0
where
fi(&m) == a(&m)—
_ i // G mz,y)p1 (2, y)es(x,y) de dy, (4.18)
Im(¢)=>0
f2(§m) = —¥3(&m)+
3
+7 // G(& m;z,y)p1(z, )05 (2, y) dr dy (4.19)
Im(¢)>0
and

1. (E—2)?+(mn+y)?
G&??;x»y =—1n .
) = g B e v
Solutions of the integral equations (4.16) and (4.17) will be sought by
using the method of successive approximations in the form of the following
series:

ea(&m) =Y Noa(n)(€,m), (4.20)
n=0

Ya(&m) =D 1 oy (€;m), (4.21)
n=0

_1 ., _3
where A = 7, p=14.

Substituting the series (4.20) and (4.21) respectively into the integral
equations (4.16) and (4.17), and then equating the coefficients at the same
degrees of the parameters A and p, we will obtain

P2(0)(&m) = f1(&,m), (4.22)

oo (E1) = // G(&m )1 (@) o) (@ry) dady,  (4.23)
Im(¢)>0

1/12(0) (5777) = f2(§a77)7 (424)
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aom(€1) = // G(&ma,y)pr (@ Yo (@, y) dady,  (4.25)
Im(¢)>0

5. ON THE SOLUTION OF SOME FREDHOLM INTEGRAL EQUATIONS

Consider the simplest Fredholm integral equation of the second kind [32]

b
u(x) — /\/K(z,t)u(t) dt = f(x), (5.1)

where the unknown function u(x) depends on the real variable x which
varies in the same interval [a,b] as the integration variable ¢. This require-
ment concerns without exception to all classes of integral equations under
consideration. The interval [a,b] may be finite or infinite. The functions
K(x,t) and f(x) are assumed to be given and defined almost everywhere,
respectively, in the square a < x < b, a <t < band in the interval a < x < b.

The function K (z,t) is said to be the kernel of the integral equation. The
kernel K (z,t) of the Fredholm equation satisfies the inequality

b b

//|K(J;,t)|2dxdt <o (5.2)

a a

and the free term f(x) satisfies the inequality

b
/|f(gc)|2 dx < oo. (5.3)

We consider Fredholm equations of more general type. Let (2 be a mea-
surable set in the space of an arbitrary number of variables, x and ¢ be
points of that set, and p be a nonnegative measure defined on 2 [32].

The equality

u(a) — A / K (e tyu(t) du(t) = f(z), (5.4)
Q

whose kernel K(z,t) and free terms f(x) satisfy, respectively, the inequali-
ties

Q Q

[ [ 1K@0P duta)dut) <o, [15@FP dute) <0, 65)
Q
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is also called a Fredholm equation.
The kernel K(z,t) satisfying (5.5) is called the Fredholm kernel. We
denote the volume element by dz and the integral (5.5) by B%:

//|K(x7t)|2dxdt:B§<. (5.6)
Q Q

The unknown function w(z) is quadratically summable in (a,b), and,
consequently, belongs to the space La(a,b). A solution of the equation (5.4)
belongs to the space La(u, 2) of functions which are quadratically summable
in Q in measure p. The inequalities (5.3) and (5.5) mean that the free term
of the equation belongs to the same space. The parameter A may take both
real and complex values.

The parameters A and g of the integral equations (4.16) and (4.17) are
less than unity, hence the convergence of the series (4.20) and (4.21) is
guaranteed.

As is known, the Fredholm equation of the second kind has either finite,
or countable set of characteristic numbers. But there are kernels having
no characteristic numbers at all, as, for example, Volterra kernels. A com-
plete characteristic of such kernels is given in the following Lalesko theorem.
Let K(x,t) be a Fredholm kernel, and K, (x,t) be its iterated kernel. For
the kernel K(x,t) to have no characteristic numbers, it is necessary and
sufficient that

An:/Kn(x,t)dx:O, n=234,..., (5.7)
Q

where the numbers A,, are called traces of the kernel K (x,t). Lalesko has
proved his theorem for the case of bounded kernels, while a general proof
has been given by S. Krachkovskii (see [31], [32]).

The Fredholm determinant and minors are represented as quotients of
two entire functions of A, the poles of the resolvent, i.e., the characteristic
numbers of the kernel K (z,t), not depending on x and ¢. Thus the resolvent
should have the form

R(x,t;\) = D(x,t;A)/D(N), (5.8)

where D(z,t; X) and D(\) are entire functions of A ([31], [32]).
For the numerator and denominator of the fraction in (5.8) we give the
representations in the form of the following series ([31], [32]):

D, ) = i (—711')" Bu(z, A", D()) = i (_nl')n A (5.9)
n=1 ' n=0 '
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where

co=1, Bo(z,t)=K(z,t), c¢,= /Bn,l(ﬂc,x) de, n>0, (5.10)
Q

B, (z,t) = ¢ — n/K(x,t)Bn_l(T, t) dr, (5.11)
Q

which makes it possible to calculate the coefficients B, (z,t) and ¢, recur-
sively.
Below we will need the well-known formula ([31], [32])

D'(N)/D(A) == ApA™ (5.12)
n=1
where
A, = /Kn(a:,a:) dr, n=1,2,3,..., (5.13)
Q

are the above-mentioned traces of the kernel K (x,1).

If the kernel K (x,t) is noncontinuous and, more so, has discontinuities
of the second kind, then the integrals in (5.10) defining the coefficients
c1,Ca, ... become meaningless.

The Fredholm kernel may sometimes have Green’s function G(P, Q) as
a multiplier. As is known, this function is defined as a harmonic function
symmetric with respect to P and @, equal on the boundary to zero, and
analytic at all points P of the domain D, except for the points P = @ at
which it has logarithmic singularity.

The kernel K (x,t) may have logarithmic singularity. Then the integral

/K(x, x) dx (5.14)
Q

defining the coefficient ¢; becomes meaningless. This difficulty can be over-
come successfully by putting, for example, ¢; = 0 ([31], [32]).
The iterated kernel Ks(s,t) has the form

Ka(s,t) = / K(s,t)K (t1,1) dt. (5.15)
Q

The integral Ky(s,t) is meaningful for any positions of s and ¢ in [a, b]
because in the most unfavorable case, when s and ¢ coincide, the integrand
admits the following estimate ([?, 27]-[30]):

M,

K(st1)K(t1,t)| < ——
K h)K (0, 0] < =

. &1 >0. (5.16)
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It is proved that K5 (s, t) is a function, continuous in the square a < x < b,
a <t <b, and the functions

Ko(s,t) = /K(s,tl)Kn_l(tl,t) dt, n=1,23,. .. (5.17)
Q
are estimated analogously:
K (s,t1) Kn_1(t1,1)] < # En_1 > 0. (5.18)
The integral K,(s,t), n = 1,2,..., is meaningful for any positions of s

and t in [a,b], and the estimates of the integrands have the form (5.18).
Consequently, we have to put

Ky(s,s) =0, n=1,2,..., (5.19)
An:/Kn(&s)ds:O, n=12,.... (5.20)
Q
Then
=0, n=1,2,....,n,.... (5.21)
Taking into account (5.19), from (5.12) we get

D'(\) =0, (5.22)

and in its turn, from (5.22) it follows that
D)) =1. (5.23)

Consequently, the kernel of the integral equation (5.4) has no charac-
teristic numbers. In a complete analogy we can prove that the kernel of
the integral equation (3.36), considered by us in [24], has no characteristic
numbers.

6. SPATIAL AXISYMMETRIC JET FLOWS WITH PARTIALLY UNKNOWN
BOUNDARIES

Below, the use will frequently be made of the works [3], [6]. Let us
consider the stationary axisymmetric flow of an ideal, weightless, incom-
pressible liquid. Let the x-axis coincide with the symmetry axis. The ve-
locity potential ¢(z,y) and the flow function ¢ (z,y) are the functions of
only cylindrical coordinates x and y, where y is the distance to the axis x.
Owing to the axial symmetry, it suffices to study the flow in an arbitra-
rily chosen meridional half-plane with the coordinate system z,y ([1]-[6]).
By w(z,y) = ¢(z,y) + ivv(z,y) we denote the complex potential, and by
z = x + iy the complex coordinate. As is known, these functions should
satisfy the conditions (1.2) and (1.3).
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In Figure 1 we can see one half of the meridional plane 20y for the prob-
lem of flow round a circular cone in a circular tube. Since the flow function
¥(z,y) is defined to within a constant summand, we can put ¥(z,y) = 0
along the symmetry axis  both on the cone and on the free surface. But
the difference between the values of 1 on the flow surfaces is equal to the
liquid discharge between these surfaces divided by 27, and hence on the
tube walls 1) = mv.h?/(2m), where h is the tube radius, and v, is velocity
at infinity coming from the left [3].

The form of the free surfaces is unknown, but the supplementary condi-
tion for steady pressure is given. This condition can be written in the form
(2.3), where v is equal to v on the free surface [3].

To solve the problem, we map conformally the domains of variation of
% and w onto the semi-circle of unit radius (Figure 2) of the parametric
variable ¢ (|t| < 1, Im(¢) > 0), where t = £ + in. Having chosen arbitrarily
three points on the mapped contour according to the Riemann theorem, we
assume that to the singular points a1, as, as, a4, a5 there correspond the
points ¢ = a1 =0,a3 =1, a3 = —1, ay = —hp and a5 = fh—lo, where a4 and
as are the source, and ag is the sink. The complex potential can be written
either as

w(t) = L m{[(t = a)t = 1/a)]/(t - a3)*}, (6.1)

™
or as

w(t) = L m{[(€ — ag) +in] [(€ = 1/as) +in] /[(€ — as) +in)*}.  (6:2)

FIGURE 2

In the hodograph domain, the filtration velocity dw/(vodx) does get equal
to infinity and it vanishes only at the point & = a;.
Analyzing the behavior of the function dw/(vodz) [3], we obtain

dw
(vodx)

We can easily see that the formula (6.3) is valid. Inside the upper half of
the semi-circle |¢| < 1, the function t* is holomorphic. On the circumference
we have the equality [¢|/* = 1. On the real axis 0 < t < 1, the function ¢*
takes real positive values. Moving in the upper half-plane ¢ around the
point & = a; counterclockwise, we can see that the argument t* on OA

=t t>0. (6.3)
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(=1 <t <0) is equal to my, that is, the boundary conditions are fulfilled
everywhere.

To see that the formula (6.2) is valid, it suffices to verify that the bound-
ary conditions are fulfilled. Suppose that 7 = 0. Then

w(t) = L {[(€ — an)(§ — 1/an)] /(€ —a0)? | =
- % 1n{[(§+ho)(§+ 1/h0)]/(§+1)2}. (6.4)

It follows from (6.4) that ¢ = ¢. Since the expression (¢ — a4)(t — 1/a4)
in the interval (i ,a4) is negative, we have Imw(t) = ¢, a3 < £ < as, and it
is positive in the intervals t < ?14’ t > a4. This implies that in the interval

ay < €< as

Imw(t) =0, a4 <E&<as. (6.5)
Assuming on the arc ¢t = e'®, we obtain
Imw(t) =
_ 9 ia —io L —a/2 —ia/2\2 _
= L1mln (e — ay)(e a4)(_a4)}/(e Femi/2)2 — 0. (6.6)

Now find the velocity v,, of the flow in the vessel at infinity:

Yoy _ (_dw — B
Vo o (U()d$>a4 B h0~ (67)

Thus the value hg defines the velocity in the vessel at infinity. Obviously,
q = hvg,, whence according to (6.7) we obtain

q= h'Uohg. (671)
From (6.4) and (6.3) we can find z(¢). Thus we have

eiﬂ'u

z(t) =

Vo

/t‘”w’(t) dt. (6.8)
0

When ¢t — ag, the equality (6.8) allows us to obtain the formulas

az

z(ag) = 6:: /tf“w'(t) dt, ag=1. (6.9)
0
When t < 0, we define z(¢) by the formula
0
A0 = -~ [ @ydr, <o, (6.10)

Vo
t
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It follows from (6.9) that

az

z(ag) = cos(mp) vio /til‘w'(t) dt, (6.11)
0
A B
y(az) = sin(mwp) o O/t w'(t) dt, (6.12)

az

VE@P + @) = — / 1 (1) d. (6.13)

Using the formula (6.10) and moving around the singular point { = a4
on an infinitesimal semi-circumference K with center ¢ = a4, we obtain

h=-Lhst  q=huht, (6.14)
Vo
where hg = —ay, h is the radius of the cylinder.

The formula (6.14) coincides with (6.71).
In calculating the integral (6.10), when integration involves the singular
point & = —ay = hgy, we have to apply the principal value of the Cauchy

type integral, while when moving around the point t = a3 = —1, we act as
follows:
dw
=(+1)* =1. 6.15
(Fi)., =40 (019

At infinity and at the point az = —1, the direction of the jets coincides
with that of the z-axis.

Next, our main task is to obtain a complete exact solution of the plane
problem by means of analytic functions which should be used to obtain a
complete solution of the corresponding axisymmetric problem.

Using the functions

1++/1-¢
¢

we map conformally the half-plane Im(¢{) > 0 of the auxiliary plane ¢ =
¢ +in (Figure 4) onto a triangle (Figure 3), and then, using the function
Int, we map conformally the triangle of the type as in Figure 3 onto the
upper semi-circle of unit radius (|¢| < 1, Im(¢) > 0).

Thus the functions (6.1), (6.2) and (6.6) are defined in that domain, so
we have obtained the solution of the plane problem on a liquid flowing out
of a skew-walled vessel (Figure 1). Using the above-obtained functions,
we pass to the solution of the spatial problem of flow around the circular
cone in the tube. Using the functions (6.1), (6.2) and (6.3), we assume

1
Int = Ziarccosz, ¢2>1; Int= —22'111‘ , (<1, (6.16)




142 A. Tsitskishvili

a, a,
Int
a, a,
FIGURE 3
—00 a, a, T a, a, +00
FIGURE 4

that the functions ¢o(&,n), ¥o(€,n) are the first approximations of the un-

known functions 90(6777)7 11[}(677’) The functions @0(5777)7 7/’0(57”)7 17(5777)
and y(&,n) should satisfy all boundary conditions. Thus the above-defined

functions ¢o(&,7n), Yo(&,n), ©(&,n) and y(£,n) are pairwise self-conjugate
harmonic once. Note that the conditions of compatibility (4.1), (4.2) should
be taken into account. The hydrodynamic problem is assumed to be solved
if either of the functions ¢(x,y) and ¥ (z,y) is known.

Finally, we proceed to finding the functions 2(&, 1), ¥2(£,n). When sol-
ving the integral equation (4.16) or (4.17), we use the method of successive
approximations and the fact that the right-hand sides of (4.16) and (4.17)
involve the known functions. On the symmetry axis x of the cone and on
the free surface we put » = 0. But the difference between the values of 1 on
the flow surfaces is equal to 27, hence on the tube walls ¢ = v, h?/(27),
where h is the tube radius, v is velocity at infinity of the flow coming from
the left.

As is said above, the form of free surfaces is unknown, but there is a
complementary condition of constancy of the velocity modulus v which is
equivalent to the condition of pressure constancy. This condition can be
written in the form (2.3), where vy is equal to v on the free surface [3].

7. THE PROBLEM ON THE GROUND WATER INFLUX TO A SPATIAL
AXISYMMETRIC BASIN WITH TRAPEZOIDAL AXIAL CROSS-SECTION

Under a water permeable ground layer is laid a ground layer of greater
(theoretically infinite) water permeability, the pressure on the upper hori-
zontal surface of the lower layer being constant. The depth of the water in
the basin is neglected; if water is deep, the solution of the problem becomes
more complicated. The basin is given in Figure 5.

In solving this spatial axisymmetric problem the use will be made of
the solution of the corresponding plane problem. The plane axisymmetric
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FIGURE 5

problem on the ground water influx to a drainage ditch with trapezoidal
cross-section has been solved by V. V. Vedernikov [33], and his investigation
was complemented by Yu. D. Sokolov [34]. Here we generalize the problem
solved by V. V. Vedernikov [33]. Our generalization consists in the following:
under the water permeable ground layer we lay ground layer of greater
(theoretically, infinite) water permeability, and the pressure on the upper
horizontal surface of the layer is constant. In its turn, we generalize this
generalized plane problem to the spatial axisymmetric problem.

We direct the z-axis vertically downwards along the symmetry axis, and
the y-axis we direct horizontally; here y is the distance to the z-axis.

Along the whole contour of the domain of liquid motion we have the
conditions ¢ — kx = 0 and ¢ — ky = T. Hence on the Zhukovski’s plane
we have a strip of length T". To solve the problem under consideration, it is
convenient to use Zhukovski’s function

9:91 +i92, 91 :gp—kx, 92:1/1—]€y (71)
The boundaries of the velocity hodograph consists of a circumference arc
and straight lines which intersect each other at one point F', where u = —uy,

Vo = 0.
The plane case under consideration is represented schematically in Figure
5. Note that

0=w(z)—kz w(z) = poy) + i@y, z=az+iy,

do (7.2)
— =w — k.
dz v
The use will be made of the formula
dz 1

which corresponds to that function whose domain is obtained after inversion
(see Figure 5). We transfer the vertices of this polygonal domain to the
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Af-0) A A, A ()

FIGURE 6

points of the plane ¢ as in Figure 6, and obtain

¢
(€)= M / G — a2 (2 —ad) H (¢ — ) HdC b u(as), (74)

where
u(ag) =1/k, M is a real number. (7.5)
From (7.4), it follows that
as(+00)
wen) =M [ G —ad) P ) dCuta), (70
where
u(as) = us is a real number. (7.7)
as(+00) )
w=M [ (-G )@ ) g (1)
¢
u(¢) = —Mi / (¢*—a3)* 1 (P~ ad) #7(¢* — o) F dC + ulas), (7.9)
where 1 )
u(ag) = ~Z tg(ma) + % . (7.10)

N

w(as) = —Mi / G2 —a2)* 1 (¢2 —a2) (% — a2)~F dC +ufa), (T11)
where u(as) = 1.
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From (7.11), we have

1 1 ].
M/c T )@ - ) tema =0, (T.12)
u(¢) = (—=1)Me™ ™ x

/c E a2y —ad) dC b u(an), (T13)

where u(az) =0,

u(as) = / ¢ U a2y oad) g, (T14)
u(ag):%tgwa+%, %choswozx
x / C(C — a2) (¢ — ad)F (% — a2)F dC =0, (7.15)

u(<>=M/<(<2—a§> e - a2y (¢ — @) dC + u(ar),  (7.16)

M [ - )G - ) - =0 ()
u(az) = uo;jk" u(az) = 0. (7.18)

Of the parameters as, az and a4, we fix one as as = 1, and the parameters
uo, a3, ag, M are to be defined by means of the system of equations (7.6),
(7.8), (7.12), (7.15) and (7.17).

We now define Zhukovski’s function. We have

0(¢) = Z In (g+a4) +T. (7.19)

For finding the function z(6), we use the following formulas:

as

¢
Q) = / w(QF() dC + 2(as),  (as) = / w(Q)F() dC + =(as),  (7.20)

ay
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¢ ay

0 = w0 dc+5(ar), s(ar) = [ WO e+ 3(ar), (721
(13C a;;g

2(¢) = / w(QF(Q) dC + 2(az),  2(az) = / W(QF() dC + 2(az),  (7.22)
azc azz

2(0) = / w(Q)F(Q) dC + 2(ar),  2(az) = / W(Q)F () dC + =(ar).  (7.23)

The system (7.20)—(7.23) allows us to define the coordinates of the leaking

interval, and then using the function 0({), we find parametric equations of
depression curves. In solving the problem (Figure 5) we have considered two
symmetric half-planes. Owing to the symmetry, we could have considered
arbitrarily one half of the two half-planes. But because of the fact that on
the boundary of the hodograph velocity, along the symmetry axis, we have
two cuts to the ends of which there correspond two unknown parameters,
for their determination we have to write two equations. Determination of
another unknown parameters needs another equations, and this exactly has
been done in the present work.

10.
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