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THE DYNAMICAL CONTACT PROBLEM FOR A
HALF-PLANE WITH AN ELASTIC COVER PLATE

N. SHAVLAKADZE

ABSTRACT. The dynamical contact problem for a half-plane rein-
forced along its boundary by an elastic finite cover plate of small
thickness and loaded with horizontal and vertical harmonic forces is
considered. To find unknown contact stresses, the problem is reduced
to the solution of a system of integro-differential equations. Using
the methods of the theory of analytic functions and integral transfor-
mations, the system is solved explicitly. The case in which the cover
plate is under the action of only normal harmonic load is considered
in detail.
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A great deal of works are devoted to the investigation of statical con-
tact problems for various domains reinforced by an elastic fastenings or
inclusions in the form of cover plates of small thickness. A sufficiently com-
plete bibliography dealing with these questions is contained in monographs
[1-2]. The dynamical contact problems for bodies with thin cover plates are
considered in [3-6].

In the present work we consider the dynamical contact problem for a
half-plane which is reinforced along its boundary by an elastic cover plate
of small thickness and excited by harmonic forces.

1. First of all, we consider an auxiliary problem on stationary oscillations
of an elastic half-plane whose boundary is under the action of concentrated
at the origin unitary horizontal and vertical forces of frequency w.
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Mathematically, the problem is formulated in the form of the differential
Lame equations (with perturbation)
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under the boundary conditions

oy = ()\9 n 2M%) ‘y:o — §(z)e ™",

where §(z) is the Dirac function, u(z,y,t) and v(x,y,t) are the projections
of the displacement vector onto the coordinate axes, A and p are the Lame
parameters, p is density of the material, and ¢ is an arbitrarily small positive
number.

Considering stationary oscillations of the elastic half-plate and assuming
that

(1.2)
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we obtain the following boundary problem:
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where 0. (z,y) = 8;6 +%, c1 = (A\+2u)'/2p~1/2 is velocity of propagation
€ Yy

of extension waves, ¢y = !/ 2g*1/ 2 is velocity of propagation of distortion

waves, p? = %4—%, p3 = %—#% (p1 = k1 +iky, p2 = ko +iky, k1 > 0,
1 il G G

Ep >0, k2 >0, k5 > 0).

To solve the boundary value problem (3,4), we use the method of the
Fourier integral transformations with respect to the variable x and find those
solutions wue (z,y) and v.(x, y) of the above-mentioned problem which vanish
as 2 +y?> — oo. As a result, we obtain a system of ordinary differential
equations under the above boundary conditions. Its general solution has
the form

ul(a,y) = iaAe™ Y — 45 Be™ ?Y 4 CeMY + De?Y,

€

vi(a,y) = nde Y +iaBe 7Y + EeY 4 Fel?Y,

£

(1.5)
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where
oo oo
ul(o,y) = /ue(ﬂc,y)em’”dm, vi(a,y) = /ve(m»y)emd%
— 0o — 00

71:\/052_1)%’ 72:\/(12_17%7 Oé:U+iT,

A,B,C,D,R,E, F are the unknown constants.

It is obvious that a = +p;, @ = £po are the points of branching of the
function 1 (), v2(«). To choose a single-valued analytic branch of that
function, we make in a complex plane a cut connecting the points p; and
p2 with a point at infinity in the upper half-plane, and the points —p; and
—po in the lower half-plane. In the plane, cut as is indicated above, we have

the equalities
vi(a) = —iy/pi —a?, ma(a) = —iy/p5 —a?,

m(a),72(a) = |af as |o| — oo ([7]).

Relying on the above-said, we can show that uf(a,y) and v*(«a,y) as
y — oo tend to zero if we put C = D = E = F =01in (1.5). When defining
the rest constants from the boundary condition for y = 0, we obtain

veps | ia(20® — p3 — 27172)
AN pA (@) ’
ia(20® —p3 —27172)  m1p3

HA(cx) pA(a)
where A(a) = 4a?v172 — (22 — p3)2.
On the basis of the previous results, the functions u’(«,0) and v’ (a,0)
are the Fourier transforms of the functions [7]

ur(a,0) =
(1.6)
vi(a,0) =

1T+00

/ ul (v, 0)e ™" du,

1T —00

1
T or
1 1T+00 (17)
v:*(x):% / v:(a,())e*imdx,

1T —00
and the following inequalities are valid:
|u:*(3:)|, |U:*(93)| <exp(—kj +d)x as x — +oo,
|us (@), v (2)] < exp(k —0)r  as @ — —oo,

—k} <1 <k, d is an arbitrarily small positive number.
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Thus the amplitudes of horizontal and vertical displacements of the boun-
dary point from the unitary concentrated at the origin horizontal and verti-
cal harmonic force are defined by formulas (1.7), where u*(a, 0) and v («, 0)
are given by means of (1.6).

2. Let the elastic half-plane be reinforced along its boundary by an elastic
fastening in the from of an infinite cover plate of small thickness h.

The problem is to determine the law of distribution of contact stresses
along the contact line, when harmonic horizontal and vertical forces
T06(x)e” ™t and pod(x)e~™! act on the upper cover side. Assume that
the tangential and normal contact stresses act under the cover plate.

Using the D’Alembert principle and Hook’s law, the differential equations
of cover plate oscillations have the form

*uM(x,t)  pr *uM(x,t) 1 (2.1) To6 (z)e it
gu \ny P — . t) — J0OL)C
Ox2 E, o2 Eihy 7 Erhy (2.1)
oM (z,t) O?vM (z,t)

—pih = p(z,t) — pod(z)e ™",

oxr? ot?

where 7(z,t) and p(x,t) are, respectively, the tangential and normal stresses
at the point = at the time moment ¢, acting onto the cover plate along the
line of joint with the plane, E is the elasticity modulus of the cover plate, p;
is density of the material, u") (z,t) and v(!) (z, t) are, respectively, horizontal
and vertical displacements of points of the cover plate.

We will now pass to the perturbed equation and consider stationary
oscillations of the cover plate, assuming that u®(z,t) = ul(z)e"t,
v (z,1) = v (z)e= ™, 7(z,t) = T(x)e" ™!, p(z,t) = p(x)e”™t. As a
result, for the displacement amplitude we obtain the following differential
equations:

dguél)(:n) 9 1 700 ()
(1) - _ 10
dl’Q +p Ye (l') E1h1 Tg(l') Elhl ’

d4ugl)($) ~2 (1) pe(l‘) Po
drt + Vg (l‘) D - 56($)7
where
2 . 2 .
2_ W e oy W we 5 B D
p_C2 C2, p—52+527 c_p17 c_plhl.

On the other hand, the amplitudes u?)(:ﬂ) and v§2)(x) of horizontal and
vertical displacements of boundary points of the elastic half-plane from the
same amplitudes of stresses 7. (x) and p.(x) applied to the half-plane bound-
ary are given, according to (1.6) and the superposition principle, by the
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formulas
ue)= [ kalleshr(s)dst [ kalla—shpo(s)ds,
- - —oo<z<oo, (2.3)
o2(@)= [ kallo=sra(s)ds+ [ Falla—s)ps)ds,
where
1 iT+0072p§e_m”da
ho(z) = — | 22ee da
@ =50 |
iT—00
1T +00 X
() = L / a(2a? — p2 — 2y17y2)e” % da
S 21 Ala) ’
1 7400 2 7iazd
"Ylp26 (8%
k = R
(@) 2rp / Afe)

On the line connecting the cover plate with the half-plate the contact
conditions

uM(z) = uP®(2) and oW (z) =P (), —oo <z < o0 (2.4)

should be fulfilled. These conditions together with equation (2.2) and for-
mulas (2.3) reduce the problem of finding an amplitude of contact stresses
to the solution of a system of integro-differential equations

o0 o0

(% +p2) / ki(lz — s|)7(s)ds + / Ea(|lx — s|)pe(s)ds =
= A\1e(x) — A19d (),
4 . () — ATo( )OO 05
(L +57) [ kalle —slyre(ords + | Kalle — shpelois =
= Xpe(ﬂf) — Xpoé(l‘),
where \ = Ellhl, = %.
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Applying to the both parts of equations (2.5) the Fourier transformation
and making use of the known properties of convolution, we obtain

(@* + pH)mp3 — MA(a)u

72 (@) =AA(a)p Ao) To—
_ XA(a)M(QQ - 1)2)04(2§2 —P3 —27172) .
st (20
Pe (a) = /\A(O‘)M 5(04) Po—
(a* +p?)a(2a® — p2 — 27v172)
— M (a — T0,
()p Ala) 0

where
A@) = (0 — p?)(@* + §2) (11720 + 20* — a®p3 — 2717202)+
+ A" + 52 yap3uA(a) — Ma? = p*)yapspA(a) — MA* (a)u’.

It is not difficult to show that the functions 77 («) and p’(«) given by
formulas (2.6), have in the strip —k} < 7 < k] no zeros and poles. Therefore
they satisfy the conditions of the well-known theorem ([7]) by which

1 iT400 1 iT+00
@) = 5 / m(a)emda, pa(a) = o / pi(a)e " da,  (2.7)

—o<rzr<oo —kj<T<Kk]
and

(Ir(@)]; Ipe(@)]) < exp(=K| +d)z as z — +oo,
(Ire(@)l, Ipe(z)]) < exp(ki — &)z as = — —oo.

If € tends to zero, the contour if integration in (2.7) turns into the real
axis and amplitudes of the unknown contact stresses have in this case the
form

7(z) = lim 7. (), p(x)= lim p.(z).
e—0 e—0
3. Referring to the case of an infinite cover plate loaded with only vertical
(normal) harmonic force pod(z)e~**, the problem of finding an amplitude
of contact normal stresses is reduced to the solution of the following integro-
differential equation

4 o N N
(a5 +57) [ halle = shpao)ds = Fpe(o) = Tpudla). 1)
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Applying to the both parts of equation (3.1) the Fourier transformation,

we obtain
(@*+p)mps 5 _ 3
(“am ™ A=

Investigate now the roots of the functions
A(a) = 40* /(02 — p}) (a2 — p) — (207 — p3)*,

fo@)=(@*+5%) a2 —pi p— 2 (402 \ /(02 —p) (02— p3) — (20% —13)?).

After the change of variables a? = 22m? (m? = w? +icw, m = my +ima,
my > 0, mg >0, ma(e) — 0 as € — 0), we obtain

142 277 Zz,l
R (S (T
gl 2y o x{ (o
e D) [ e

The function A(z) has two real roots z = +zr (zg > % . This im-

plies that the function fo(z) = hrr%) f<(z) has no real roots in the intervals
E—

(:I:é, +2g), since

1 1
(wzzjl% + = ) 2% — 2 >0
1

&N ‘ Eow

fo(£2r) =

5 4

2
fo(il) z‘”—z(w—4+%) RN )
c2 cs\c5 ¢ 5 c5

As far as A(z) > 0 for real z satisfying the condition |z| > zr > 0, there
exists /\0 such that for \ < )\0 the function fy(z) has no real roots and for
X > Xg it has two real roots +25, |25| > zr. If fo(z) has two real roots,
then the function f.(z) has likewise two roots in a sufficiently narrow strip
of the complex plane z containing the real axis.

Passing to the variable «, we find that f.(«) either has no, or may have
roots a = fa5 = +mzy, while the function A(a) has the roots @ = far =
+mzgk. This 1mphes that apr and a5 lie outside of the strip —k] < 7 < kf.
Consequently, p.(z) is defined from the second formula (2.7).

If £ tends to zero, then the contour of integration turns into the real axis
which goes around the points op = gliI(l) QR, 05 = Ehir(l) as, ka, k1 from below,
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while the points —og, —o5, —k2, —k1 from above. Then

p(z) = lim pe(z) =

oo

Mipo / [40? /(PR (0?—3) — (20— k3)*]“** do
2 ) (o k)3 e R[22~ k3)? 40> (7 —k) (k3]

Here the integral is understood in the sense of the principle Cauchy value

when the integrand function has the first order poles at the points +o5.

The presence of poles in the integrand function corresponds to the exis-

tence of stresses coming from the surface waves, and such waves do not arise

n

the opposite case. In either of the cases the stress p(x) involves always

summands from the extension and distortion waves.

1.
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