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DESCRIPTIONS OF ZERO SETS AND PARAMETRIC
REPRESENTATIONS OF CERTAIN ANALYTIC AREA
NEVANLINNA TYPE CLASSES IN THE UNIT DISK

ROMI SHAMOYAN AND HAIYING LI

Abstract. The complete descriptions of zero sets of certain analytic
area Nevanlinna type spaces in the unit disk are given and paramet-
ric representations for these scales of spaces are also provided. Our
results extend some previously known assertions

îâäæñéâ. êŽöîëéöæ éëùâéñèæŽ êâãŽêèæêŽï ðæìæï äëàæâîåæ ïæãî-
ùæï ŽêŽèæäñîæ òñêóùæâĲæï êñèâĲæï ïæéîŽãèæï ïîñèæ ŽôûâîŽ áŽ
Žé ïçŽèæï ïæãîùâåŽ ìŽîŽéâðîñèæ ûŽîéëáàâêâĲæ.

1. Definitions, Preliminaries and Formulation of Problems

Let D = {z ∈ C : |z| < 1} be the unit disk on the complex plane C, let T
be its boundary and let H(D) be the space of all holomorphic functions in
D. For α ≥ 0, we denote by Ñ∞

α the following class of functions

Ñ∞
α =

{
f ∈ H(D) : T (τ, f) ≤ Cf

(1− τ)α
, 0 ≤ τ ≤ 1

}

where T (τ, f) is the Nevanlinna characteristic of f . It is obvious that if α =
0, Ñ∞

0 = N (N is the standard Nevanlinna class). The following classical
result of R. Nevanlinna (see [6])which gives a parametric represenatation of
N class is well known. If f is an analytic function in D then if f ∈ N if and
only if

f(z) = CλzλB(z, zk) exp
( π∫

−π

dµ(θ)
1− ze−iθ

)
, z ∈ D

where Cλ is a complex number, λ is a nonnegative integer, B(z, zk) is a
Blaschke product, {zk}∞k=1 is any sequence of points in D satisfying

∑∞
k=1(1−

|zk|) < +∞, µ(θ) is any real measure on [−π, π].
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Let {zk}∞k=1 is any sequence of points in D satisfying

∞∑

k=1

(1− |zk|)β+2 < +∞, β > −1 (1)

In [1] the following proposition was established.

Proposition A. Under condition (1) the infinite product

Πβ(z, zk) = Π+∞
k=1(1−

z

zk
) exp

(−β

π

∫

D

(1− |ξ|2)β ln |1− ξ
zk
|

(1− ξz)β+2
dm2(ξ)

)

is analytic and converges absolutely uniformly inside D, vanishing only on
{zk}∞k=1.

We will also need for exposition several other auxiliary statements. The
following statement can be found in [1].

Lemma A. ([1]) If β > −1 and
∑∞

k=1(1 − |zk|)β+2 < +∞, then for
Djrbashian product Πβ(z, zk), z ∈ D, we have the estimate

∣∣∣∣ ln |Πβ(z, zk)|
∣∣∣∣ ≤ C

+∞∑

k=0

(
1− |zk|2
|1− zzk|

)β+2

The following theorem was established in [9] recently.

Theorem A. If α ≥ 0, β > α − 1, then the following statements are
equivalent

1) f ∈ Ñ∞
α ;

2) f admits a representation

f(z) = CλzλΠβ(z, zk) exp
( π∫

−π

ψ(eiθ)dθ

(1− e−iθz)β+2

)
, z ∈ D

where Cλ is a complex number, λ is a nonnegative integer. Πβ(z, zk) is a
Djrbashian product of mentioned form. {zk}∞k=1 is any sequence of points
in D satisfying n(τ) = card {zk : |zk| < τ} ≤ C

(1−τ)α+1 ; ψ(eiθ) is any

real function belonging to B1,∞
β−α+1 where B1,∞

γ , γ > 0 is a standard Besov
class on the unit circle T = {z : |z| = 1}. Theorem A provides complete
parametric representations of Ñ∞

α . One of goals of this paper is to obtain
such a representation for larger classes Np

α,β , N∞
α,β1

spaces which will be
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defined as follows

Np
α, β=

{
f ∈H(D) :

1∫

0

( ∫

|z|≤R

ln+ |f(z)|(1− |z|)αdm2(z)
)p

(1−R)βdR<+∞
}

N∞
α,β1

=
{

f ∈H(D) : sup
0≤R<1

( ∫

|z|≤R

ln+ |f(z)|(1− |z|)αdm2(z)
)
(1−R)β1 <+∞

}

where β1 ≥ 0, α > −1, β > −1, 0 < p < ∞.

Note also various properties of N∞
α,0 were studied before in [1]. In par-

ticular complete descriptions of zero sets and parametric representations of
N∞

α,0 can be found in [1, 8, 9]. The natural question is to extend also these
important results to all N∞

α,β1
classes. The problem of description of zero

sets has the following simple formulation. Let f ∈ X, where X is a fixed
subspace of H(D), {zk}∞k=1 is a sequence of points such that |zk| < 1 that
belongs to certain class of sequences. The problem is to find precisely a
class Y of sequences such that there is a function f, f ∈ X, f(zk) = 0, k =
1, . . . , n, {zk}∞k=1 ∈ Y and {zk}∞k=1 is an arbitrary fixed sequence of num-
bers of Y and the reverse is also true, if {zk}∞k=1 is a zero set of f then
{zk}∞k=1 is in Y . The problem is known as a problem of description of zero
sets (see [1, 5]). Let us note that for many classical analytic classes such as
Bergman space Ap

α, this problem is still open (see [1]). On the other hand,
the complete description of zero sets of N∞

α,0, Ñ∞
α are known (see [1, 7, 8]).

So such a problem for Np
α,β , N∞

α,β1
appears naturally. We denote further

n(t) = nf (t) the (finite) numbers of zeros of the analytic function f in the
unit disk |z| ≤ t < 1. Let also further

(NA)p,γ,v =
{

f ∈ H(D) :

1∫

0

(
sup

0<τ<R
T (f, τ)(1− τ)γ

)p

(1−R)vdR < +∞
}

where γ ≥ 0, v > −1, 0 < p < ∞. Let us note also that zero sets of N∞, p
α, β

classes were described in [8] for β = 0. Here

N∞, p
α, β =

{
f ∈H(D): sup

0≤R<1

R∫

0

(∫

T

ln+ |f(|z|ξ)dξ|
)p

(1−|z|)αd|z|(1−R)β <+∞
}

We also note that mentioned by us two problems of zero sets and parametric
representations have various applications and play an important role in
function theory (for example, see [4]). Solutions of various problems for
example the existence of radial limits is based also on descriptions of zero
sets and parametric representations. Note another such problem is the
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action of the operator of fractional integration and derivative in classes
with ln |f(z)| (for example, see [2, 3]).

2. Main Results

The goal of this section is to give complete descriptions of zero sets of
area Nevanlinna type classes defined above.

Theorem 1. Let 0 < p < ∞, α > −1, β > −1. The following are
equivalent.

1) {zk}∞k=1 is a zero set of a function f, f 6= 0, f ∈ Np
α,β ;

2)

∞∑

k=1

np
k

2kαp · 2kβ · 2k(2p+1)
< +∞, where nk = n(1− 1

2k
), k ∈ Z+. (2)

Moreover if (2) holds then for t > β+1
p + α the infinite product Πt(z, zk)

converges uniformly within D and belongs to Np
α,β .

Theorem 2. Let 0 < p < ∞, v ∈ (−1, 0), γ ≥ 0. The following are
equivalent.

1) {zk}∞k=1 is the zero set of a function f, f 6= 0, f ∈ (NA)p,γ,v;
2)

∞∑

k=1

np
k

2k((pγ + 1) + v + 1)
< +∞

where nk = n(1− 1
2k ), k ∈ Z+.

Theorem 3. Let 0 < p < ∞, α > −1, β > 0. The following are equiva-
lent.

1) {zk}∞k=1 is a zero set of a function f, f 6= 0, f ∈ N∞, p
α, β ;

2)

n(τ) ≤ C

(1− τ)α+β+p+1
, τ ∈ (0, 1) (3)

where n(τ) = card {zk : |zk| < τ}.
Moreover if condition (3) holds then for t > α+β+p the product Πt(z, zk)

converges uniformly in D and belongs to N∞, p
α, β .

Remark. The proofs and formulation of Theorems 1-3 can be expanded
without difficulties to some more general weights w(1 − τ) from so called
slowly varied functions from S class see [1, 7, 8, 9] and references there.
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Theorems 1-3 give immediately as corollaries the following parametric
representation of mentioned above area Nevanlinna type classes, we for-
mulate, as example, the following assertion that gives complete parametric
representation of Np

α,β class.
Theorem 4. Let 0 < p < +∞, t > β+1

p + α, α > −1, β > −1. Then
Np

α,β classes coincide with the spaces of functions that admits representation
of the following type

f(z) = CλzλΠ∞k=1(1−
z

zk
) exp(

α + 1
π

)

1∫

0

×

×
π∫

−π

(1− ρ2) ln |1− ρeiϕ

zk
|

(1− ρe−iϕz)t+2
ρdρdϕ · [exph(z)]

where z ∈ D, Cλ is a constant, λ ∈ Z+,
∞∑

k=1

np
k

2kαp · 2kβ · 2k(2p+1)
< +∞, where nk = n(1− 1

2k
), k ∈ Z+ (2)

and h ∈ H(D) such that
1∫

0

( R∫

0

( π∫

−π

|h(τeiϕ)|dϕ

)
(1− τ)αdτ

)p

(1−R)βdR < +∞

where 0 < p < +∞, α > −1, β > −1.
As it was shown in [2, 3] such parametric representations are playing a

crucial role in problems connected with existence of radial limits and the
study of action of operators of fractional derivative in area Nevanlinna-type
classes in the unit disk.

Finally we note that the proofs of Theorems 1-3 follow mainly from stan-
dard arguments (see, for example, [1, 8, 9] and references there) and are
based on Lemma A and classical Jensen formula, but with more careful
examination of estimates in it. Complete proofs and various applications
of these results to the problem of complete descriptions of closed ideals in
mentioned area Nevanlinna spaces in the unit disk and other problems in
these classes will be presented by authors elsewhere.
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