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ON THE UNIQUENESS OF EXTREMAL FUNCTIONS IN
CLASSES OF ENTIRE FUNCTIONS BOUNDED ON THE
REAL AXIS

FERHAD H.(G.) NASIBOV

ABSTRACT. In this paper we investigate the uniqueness problems for:

(1) extremal elements for linear functionals defined in the class
(Bs) of bounded entire functions of finite degree on R = (—o00, c0)
and

(2) entire functions giving the best approximation in the uniform
metric to continuous functions on R using the duality relations for
the first time. In both cases, we obtain the solution using the identity
properties for entire functions.
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1. INTRODUCTION

1.1. Let B, denote the class of entire functions of finite degree < o,
bounded on the axis R = (—o00, 00). This class was defined by S.N. Bernstein
for the first time in [2], where it was proved that

[f'(@)] < ollfllc = osup|f(z)| (Vz € R)
TER

for each f € B,. This inequality reduces to the equality for the function
fo(z) = Asin(oz + ),

where A = || foll and o € R.

After Bernstein”s paper, this inequality was generalized in various di-
rections and transferred onto other functions with various applications (see
[1], [3], [4], [6], [13]). In a series of papers, the author has considered all
such partial problems from a unified standpoint to show that all of them
can be joined into a unique scheme. In the classes of entire functions W ,
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(of order p = 1 and belonging to L, on R), D

0,1» By 1 (D are the classes
of entire functions of order p = %) such general investigations were carried
out earlier by the author in [8], [9], [10] and [12]. Investigations involving
the uniform metric are complicated due to the absence of a general form for
linear functionals in the space C'(—00, 00).

Some similar works have been done for the class B, using the Lo space
techniques [8]. In [11], the author considered B, as a subspace of C'(R)
and investigated some extremal problems related to the class B, (using a
uniform metric).

We also note that such a general approach has been used by S.Y. Khavin-
son [15] for the first time in 1949. Then S.Y. Khavinson, G. Ts. Tumarkin,
V. Rogozinskii, A. Macintyre, G. Shapiro, etc. considered extremal prob-
lems in the class of analytic functions defined in bounded regions, and ob-
tained very remarkable results (see [16], [17], [18]).

2. In [11], the following classes were defined in order to solve the problem
in the class B, (see also [10]).

(1) We denote by H, the class of entire functions of finite degree < o.

(2) V[-0,0] := {(v svar(v @ [—o,0])) = ‘Z(v) = [ |dv] < +oo} is the
class of functions v(t) with bounded variation on [—o,c]. In the case of
V(—00, 00) we shall use the notation V = Vj.

(3) My ={f € Hy: f(2) = [7 e p(t)dt, for all € L1(—0,0)}.

(4) Ny :={f € Hy : f(2) = [7_ €™ du(t), for all v € V(—0,0)}.

(5) N :={f € N, : where v is increasing }.

(6) Noo:={f € N,: f(x) — 0 as |z| — 0}.

(T) Wap = {f € Hy 2 I} = [ | (Ot < 0, p> 1},

Let us note the obvious embedding

Wop(l<p<2)CWsoCM,CNyoC N, CByy, Wop(p>1)C By,

where M, # N, is a nontrivial fact ([11], p.46).

3. Our approach is based on a description of annihilators of those classes,
which enable us to establish the duality relations, to discover a series of pe-
culiarities of the problems under investigation, and to establish a connection
between extremal problems and the best approximation problem.

Definition 1. Let E be a certain linear space and F C F, E* is the
conjugate space of E. The set of all linear functionals e C FE, each of them
vanishing on each element x € F is called the annihilator of the class F' and
is denoted by F*.

In [11], a) The best approximation by entire functions in the uniform
metric of continuous functions on the real axis is associated with a linear
extremal problem defined in the classes of entire functions, and
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b) an extremal problem in the classes B, is related to the best approxi-
mation problem of functions of finite varation (measure) and all of them are
expressed in the form of duality relations. These kinds of duality relations
in classes of entire functions have not been investigated previously. We will
investigate the current problem for the first time with particular attention.

In [11] it was proved that (see also [10])

oo
M} = Nio = {,u eV :jx) = / etdu(t) =0 for |z| < a},

and using the last fact, the following duality relations were proved:
1) Let E, be one of the classes M, or N, o and E(f be the annihilator of
the class of E,. If B, is the class of entire function in the class sup|f(z)] <1
TER
such that sup,cp |f(x)| < 1, then the duality relation

S peEL oo
L/NMMﬂ—mf/ﬂw—Mﬂ (L.1)

sup
feBg

is valid for each p,(t) € Vg.

Furthermore, the extremal elements f*(¢) € By and p*(t) € Ex; in (1.1)
exist.

2) Let Cy denote the class of continues functions on Ry = (—infty, +00)
such that for every f in Cy, f(x) — 0 at |z| — oo. Then for Yw(t) € Cy/B,

the duality relation
Ay (w,C) = inf — Yo
(w, €)= inf fw—y

= inf {max|w(t) — ¢, (t)|} =

le ©0,€B, tER

L

HEES
= sup

7w@@@\ (12)

—00

is valid. Furthermore, the extremal elements f*(t) € B} and p* € Ej,

exist, where
Ey, = {,u € EF: /|d,u(t) < 1|}
Ry

3) The property ulB, for Yu € E] is valid. Here ul B, (Yu € Ef)
means that

(fypn) = / f(t)du(t) =0 for every f e B, andevery uc Ef.

— 00
However, the uniqueness of extremal elements has not hitherto been stud-
ied. In this paper, we will investigate the uniqueness problem of extremal
elements in duality relations (1.1) and (1.2).
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We also note that since L,(D W, ) with 1 < p < oo are the strongly
normed spaces, such a uniqueness theorem for the classes W, (1 < p < 00)
can be easily obtained.

Tchebyshev’s criteria and their various generalizations related to the ap-
proximation by polynomials problems are well-known. Recently, these kinds
of theorems have been proved on the basis on formulas similar to formulas
(1.1) and (1.2) (for example, see [14]).

In the case of the approximation by entire functions, S.N. Bernstein’s
theorem exists ([1], [2], [4], [6] and [13]), but it does not seem to be any
remarkable result on this subject in the literature, except this theorem.

There are only a few results relevant to integral norms and no essential
results in the uniform norm on this matter at all. We investigate this prob-
lem based on formula (1.2) and obtain some results. However, the main
difficulty consists in the non-existence of the general form of linear contin-
uous functional in the space of continuous functions defined on R. For this
reason, we consider the class Cy and then solve the problem.

In Section 2, we first attempt to consider the uniqueness problem of
extremal functions for the left-hand side of formula (1.1) and then in Section
3, the uniqueness problem of extremal functions for the left-hand side of
formula (1.2).

2. ON THE UNIQUENESS PROBLEM OF THE EXTREMAL FUNCTION IN
Formura (1.1)

2.1. If f*(t) € B} and p*(t) € E} are the extremal elements in formula
(1.1), then we have

‘/f )dpo(t ‘ /Iduo —dp*(t)] = /oold(ﬂo—u*)(t)l- (2.1)

If 4*(t) € EX, then we have u*(t) LB, by item 3) in the previous section.
Hence we have the following inequalities:

‘/f )dpo(t ‘ ‘/f )dpo(t) d;ﬁ(t)]’g

swwmn/wm—*w»

‘/f Jdpo£) /Ww— (0.

(2.2)
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Comparing equalities (2.1) and (2.2), we can see that the inequality (2.2)
transforms to equality (2.1), if and only if the following conditions are sat-
isfied:

1) arglf* (Hd(uo — 1 (¢))] = 3 = const;

2) £ Nl ryy = max|f*(t)] = 1;
3) |f*(t)] = vt € S, where S, denotes the set of points of growth of
measure v(t) = po(t) — p*(t);
4) S, C Ry and Rye = {t € R+ |[* ()] = |l oy = 1)-
Considering these conditions, it is obviously seen that the formula
FrOld(no — p) (@) = f(O)dv(t) = eP|dv(t)], for VteS — (2.3)

is valid and hence it is clear that the condition (2.3) is satisfied for Vt €
R/S,. Thus we have proved the following theorem.

Theorem 1. f*(t) € BL(||f*||c = 1) and p*(t) € E} are the extremal
elements in formula (1.1), if and only if the condition (2.3) is satisfied for
allt € R. Furthermore, we have

g |d(po — p*)(t
oty = g2l = )00
d(po — p*)(t)

Note. Since the extremal function is of the form (2.4), where 3 is ar-

bitary, it can be chosen such that

/ 7 (O)duo(t) > 0.
Ry

(for some (3 €[0,2)). (2.4)

2.2. By Theorem 1, we can investigate the uniqueness problem for ex-
tremal f x ().

Suppose that we have two extremal functions f;, f5. In this case, equality
(2.3) is valid for both functions. Therefore, we have

FE®)[dpo(t) — dp*(8)] = € |dpo(t) — du* (t)] (2.5)
and
f5(O)[dpo(t) — dp*(8)] = |dpo(t) — dp*(t)]. (2.6)
We obtain
fi(t) =€ f5(t) (2.7)

for Vt € S, (v = o = p*).

This means that all extremal functions are completely distinct with the
factor of e (y € [0,27)) at all points ¢ of S,, and |f;(t)| = |f5(t)| = 1 for
allt € S,.

By formula (2.7), we can see that the structure of S, determines the
dependence of the functions f;(¢t) and f3(¢).
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Consequently, the uniqueness theorem of extremal functions can be pro-
vided using the structure of S,. Hence, the uniqueness problems of the
extremal functions transform to the identity properties of entire transcen-
dental functions. Here two cases may exist.

a) The set S, (v = po — p*) has at least one limit point at tg # +oo.
Therefore we can use the property of the uniqueness of analytical functions.

b) The set S, may have no limit point at ¢y # £oo.

In [11], it was proved that for each L > 0, p*(¢) has the growth point ¢
such that |to| > L if 4*(t) € EX is not constant. This means that the set S,
is not bounded whenever p*(t) € E is not constant. In the meantime, the
existence of measure y(t) € E- which is concentrated on a certain sequence
{tr}, i.e. is a pure jump function with an infinite number of points of
growth {t;}, was show in [11]. Therefore it is possible to choose a sequence
7 = {t,} in the set S, (v = po — pu*) for u* € E} satisfying t,, — +oco (or
—00). Then the condition (2.7) holds at all points {¢,} = 7.

Suppose now that

fr@fi(t) = f5(t) and v =0.

In this case, the condition (2.7) means that f*(¢,) = 0 at all points 7{t,}.
Therefore we have to find the conditions which provide that V¢ : f*(t) = 0
follows from f*(¢,) = 0 (see Theorem 2).

Consequently, we now are in a position where the uniqueness theorems
for entire transcendental functions can be used. This kind of condition
exists in the literature ([5], [7]). Let us now describe some of them. First,
we present some required notations we use throughout the paper.

Let 7 = {t,} be a sequence with

i <tp< - <t <---

Let n(R) and N(R) denote the density function of the sequence 7 and
the Nevanlinne function, respectively. Then

R
N(R):/@dt: > 1n|t—]:|.
0

[tn|<R
Also, we will use the following notation:

M(R) = M;(R) = max |f(=)| = max |f(Re")l;

2m

1 i mnlf (RRe*
55(R) = 3= [l fRelat, hyt) = T LG
0

Theorem 2. The extremal function f*(t) for the left-hand side of formula
(1.1) is unique in the following cases:
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1) Sy, the set of growth points with measure v(t) = po(t) — p*(t) has at
least one limit point at ty # +oo.

2) Let 7 = {tn} Cy v = po — p* (in the particular case T = {S,}) and
|tn] — 00 (n — o0). Therewith, for the sequence T is valid anyone from the
conditions the properties identity for entire transcendental functions.

For example, such conditions are presented below.
Let f5(t) and f5(t) be two extremal functions and f*(¢) = f7(t) — f5(t),
T ={tn} C Sy (v = po—p*) and in the particular case 7 = S, for |¢,| — .
1) f*(tn) =0n=1,2,... and lim [Mf*(R)—N(R)]:—oo;

2) f*(t,) =0n=1,2,... and 0 < hmR_,(>o E(f;) ("e — ¢” conditions);

3)ift,=n(n=0,1,2,...) and Yn : f*(¢t,) =0, hf*(%”) +hf*( )
2m;

4)ift, =n (n =0,1,2,...) and Vn : f*(t,) = 0, besides for |t| <
the inequality hy(t) < K(t) = const.In(2cost) + t.sint, (min K (t) = In2
is valid;

5) for the same constant 6 and ¢ (0 < 6 < 1) the condition M(R) <
N(OR) + ¢(R > Ry) is valid; 6) limp oo [Sp«(R) — N(R)] = —oco. Then
(0 =0, ke fi(t) = f3(0).

2.3. Let now f*(t) be any extremal function. Then for each point ¢t € S,
we have

2)

£1(8) = 0] (1) = 0.
On the other hand, f*(t) must be an element of B,. This implies that in
the nontrivial cases ¢(t) = tot + 7.
Therefore the extremal functions can be written as

Fi() = €7 or fi(t) = e,

where v € [0,27). On the other hand, in this case, each function in the
form

Fr) = e + xoe™ " (M| + A2 = 1) (2.8)
is extremal.

The function f*(¢) in (2.8) becomes f*(t) = sinot if \y =
(M| + [A2] = 1) and f*(t) = const ot, when A; = % = \o.

We can write f*(t) = sin(ot + ) by combining them. Consequently, if
Sy v = po — p* satisfies one of the conditions of Theorem 2, the extremal
function f*(¢) can be written just as in (2.8).

2.4. Mention now that uo(t) in(1.1) and (1.2) is actually a linear func-
tional in the space Cp, and if the measure pg(t) is chosen appropriately,
the functional I(f) determined by po(¢) has a form which was studied
by several mathematicians before. For example, L(f) = f'(xo), L(f) =
Af(2) + Bf'(@), L(f) = f® (z0), L()f (w0 +h) — f(z0 — h) ete. We now

1oy 1
Zv)\Q_ 2
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focus on one of them and show how the proper solution can be found in the
appropriate extremal problem.
Let po(t) be a pure jump function with jumps
4o (—1)7
T2 (254 1)2
at each points t; = (25 +1)5- (£ = 0,1,2,...). Then we have

ol [0+ D3] 7o)

(£5=0,1,2,...)

T 4o
1 = [ foduolt) = 5
e j=—o0
If we write t; = t;+x zo € R instead of ¢;, then we obtain I(f) = f'(w0).
Hence we may use the interpolation formula
4o X (—1)7 m
) = =2 s P25+ 1) o + o)
which is valid for all f € B, (see[l]and [4]).
On the other hand, each of ¢!, €9t sinot, cosot are in the class Bl.

Since I(f) = f'(0), we have

o}

I(eFiot) = / eFiotduy(t) = fio(£0) = o
l(sinot) = l(cosot) = o;
and consequently;j
(e )] = |i(e™*7")| = [i(sinat)| = [[(cos ot)| = [fio(£0)| = o,

that is,
1) = [fo(F0)| = [f(@)]o=0l = 0
This proves that the theorem due S.N. Bernstein on sup |f'(0)] = o can be
feBL
obtained by using our method.
In addition, the extremal function in S.N. Bernestein’s theorem is of the
form in (2.8) or
£ () =sin(at + 7).
To summarize, if the set S, of growth points for measure v = pg — p
satisfies one of the conditions of Theorem 2, then the extremal function is
unique for the problem

MFWWWwMMﬁmwﬁ
feB; feBl %

*

It can be written as in formula (2.8), and also
12l = [Fo(£0)] (2.9)



ON THE UNIQUENESS OF EXTREMAL FUNCTIONS T

is satisfied.

Consequently, in order to find the norm of ||{|], it is sufficient to find the
modulus (absolute value) at the points o, of the Fourier transformation
of measure (i0(t) which determines the functional {.

3. ON THE UNIQUENESS PROBLEM FOR ENTIRE FUNCTION GIVING THE
BEST APPROXIMATION TO A CONTINUOUS FUNCTION UNDER THE
UNIFORM METRIC

3.1. Let E be a linear normed space, and G be a nonempty subspace
of F. In this case, there is a criterion which determines the element giving
the best approximation to a given element w(t) € E/G by means of the E
norm-metric in the subspace G.

Theorem 3 ([14], p.18, Theorem 4.2). The element x € G gives the
best approximation to an element w(t) € E/G, if and only if there exists a
functional fo € E* satisfying the following conditions:

1) [ foll = 1;

2) fo(w) = fo(w —z*) = |lw — 2" ||p;

3) fo € G, that is fo(x) =0 for all x € G.

In this theorem we suppose E = Cy = Cy(R), G = B,. Then Theorem 3
means that ¢%(¢) € B, is the function which gives the best approximation
to a given w € Cy/ By, if and only if there is a functional Iy € Cf satisfying
the following conditions. In other words, uo(t) is a measure corresponding
to Iy and determines it as a linear functional, if and only if:

1) |liol =1, that is [, [dpo| = 1;

2) lo(s) = 0 for Y, (t) € By, that is [, ¢o (t)dpo(t) = 0 for ¢, (t) € B,
which means that pu(t) € E+;

3) lo(w) = lo(w — ¢3) = ||lw — 5o (n - On the other hand, we have

lo(w) = | [ wt)duo(t)| =
[t

/ [w(t) — &5 (D)dpo(t)| <
R

< [10® - o3 o] < 0= 3oy =2 ()
R

It can be seen that all inequalities should be transformed to equalities by
1) - 3). This is the case, if and only if the following conditions are satisfied:

a) [|dpo(t)] = 1;
R
b) arg{|w(t) — ¢} (t)|duo(t)} = B = const;
c) For Vt € Sy, |w(t) — 5 ()] = llw — @3l o ony = M;
d) Suo - Rw—@u;
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f@o dNO - 07 V%Oa € B,.

Hence we have

lloll =1, [w(t) = @5ldpo(t) = e w(t) — k| [duo(t)]
and
() — @31duo(t) = € Mlduo(t)] for ¥t € S, (3.2)

The last equality holds obviously for all t € R\S,,,.
By formula (3.2), taking 8 = 0, it follows that

Jw® = ¢3lduat) = 21 / diao(®)] = M = = ¢ o,
R
that is,
Io(w) = / w(t)dpo(t) = & — &% o (3.3)

This equality means that po(t) is an extremal element for the right-
hand side of formula (1.2). Consequently, the element p*(t) € Ey; can
be employed instead of () determining the functional [y as explained in
Theorem 3 (or we can replace u*(t) by uo(t)) for all ¢ € R (in particular,
te€ S, ). Then

[w(t) — 5 (®)]du*(t) = e Mldp*(t)| (V8 € [0,2)). (3-4)

The extremal elements @7 (t) and p*(¢) in formula (1.2) are related to
equality (3.4). It is necessary that the condition (3.4) satisfied for ¢} (t) €
B, and p*(t) € Ex; to be extremal elements in formula (1.2). It can be
easily shown that this condition is sufficient for ¢*(t) € B, to be an entire
function, which gives the best approximation to w(t).

Actually, we have for Vo, (t) € By,

M- / Ol ®) = [ [w(t) = o (0)du" 1) <
<= alle [ 10 ®] = v gl

that is,
lw = @5 llc < llw—¢ollc-

Thus we have proved the following theorem.
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Theorem 4. The elements p}(t) € By and p*(t) € Ey, are extremal
for the duality expressions (1.2), if and only if these elements satisfy the
conditions (3,4) (in particular, for allt € S,+) at all points t € R and

" 6y 1A ()]
w(t) — pi(t) = eB M —— (3.5)
dp*(t)

3.2. Consider the uniqueness problem for an entire function ¢} (¢) which
gives the best approximation based on Theorem 4.

Assume that we have two extremal functions ¢7(t) and @5 (¢) with the
extremal measure pu(t) € Eil. Then both of them satisfy the condition
(3.4), when 8 = 0. Then we have

[w(t) — 1 (t)]dp™(t) = M|dp*(t)]|
[w(t) — 3(t)]dp™ (t) = M|dp*(t)].
From these two conditions it is seen that

[p3(t) — @1 (t)]dp" (t) = 0.
But since the point growths of p* satisfies du*(t) # 0 at each t, the equality

p3(t) = ¢1(t)
holds for all t € Sy
Thus we have proved the following theorem.

Theorem 5. All entire functions ¢ (t) which give the best approximation
to the given function w(t) € Co\B, are identical to S},.

If

1) the set S}, has at least one limit point to # o0 or

2) one of the conditions of the uniqueness theorem (for example, see
Theorem 2, 1°-6%) required for entire transcendent al functions is satisfied,
then @ € B, which gives the best approximation to w(t) € Co\ B, is unique.

3.3. Consider now separately the uniqueness problems of entire functions
that give the best approximation to w(t) and have real values on R;.

In this case, condition b)(given in the previous conditions (a-e) before
formula (3.2)) can be expressed in the form

b) If 7 = {t;} C Sy, then [w(t;) — ¢ (t;)] = signdu*(t;) for all t; € Sy,
where dp*(t;) = d; denotes the jump of p*(¢) at the point ¢;.

On the other hand,for all ¢, € B,,

oo

/ o (t)dp (1) = 0,

— 00

which means that

Z%(tj)u*(tj) = Z ¢o(tj)d; = 0. (3.6)
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Let
[w(t;) — @5 (t;)] = (1) M = (=1) [w — ¢sg"| -
Then d; = (—1)7|d;| = (—=1)7\; for j = 1,2,..., and the condition in (3.6)
becomes

Z% A signfw(t;) — @5 ()] = 0

and

3 _ et oy, e, (3.7)
w(ty) — @5 (t5)
Therefore if ¢*(t) is an entire function giving the best approximation to
w(t), then the condition (3.7) is necessarily satisfied. In order to show that
this condition is sufficient for ¢%(¢;) being an entire function giving the
best approximation to w(t), we show that the conditions of a well-known
theorem of S. N. Bernstein (see: [2], p. 371-379) can be deduced from the
condition (3.7). So we have to show that each sequence T = {t;} satisfying
the condition in (3.7) in the meaning of Bernstein, is an entire sequence of
degree o.

Note. The sequence 7 = {t;} is said to be an entire sequence of degree o,
if there does not exist an entire function ¢, (t) € B, such that (—1)7¢,(t;) <
1(j=12...).

Assume that there exists a function ¢ € B, such that (—1)7¢9(t;) <1
j=1,2,..., although the condition in (3.7) for V¢, € B, is satisfied.Then

0< M Aj _ (=D
M w(ty) =5t wlty) —e5(t)
It follows that for j =1,2,..

Aj = |dj.

*

(W er(t)X(=1) _ Ay
w(t ) ‘Pé(ta) M
Then we have
sﬁa 1
> — > 0.
Zj: %( ) M

But this contradicts (3.7).
Thus we have proved the following theorem.

Theorem 6. Let 7 = {t;} C Su-, u* € EL and let the difference
w(t) — pi(t) take the value M = ||lw — ¢%||. by changing the sign at the
points T = {t;}, respectively. Then the function ¢%(t) € B, gives the best
approximation to the function w(t) € Co\By,, if and only if the condition
(3.7) is satisfied for all o, € By. Furthermore, the condition (3.7) is suffi-
cient for order there to be an entire set of the sequence T={t;} of degree o.
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