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CAUCHY MEANS INVOLVING CHEBYSHEV
FUNCTIONAL

J. JAKSETIC, J. PECARIC AND ATIQ UR REHMAN

ABSTRACT. We give exponential convexity for Chebyshev functional.
We introduce related means of Cauchy type and give its monotonicity
property. Related mean value theorems of Cauchy type are also given.
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1. INTRODUCTION AND PRELIMINARIES

A classic result due to Chebyshev (1882, 1883) is stated in the following
theorem [1, page 195].

Theorem 1.1. Let f,g : [a,b] — R and w : [a,b] — RT be integrable
functions. We denote by

b b b

T(f,gi0) = [wla)de [w@)f@g()ds - [w() @)z /bwmg(a:)dx.

If f and g are monotonic in the same direction, then
T(f,g;w) =0 (1)

provided that the integrals exist.

If f and g are monotonic in opposite directions, then the reverse of the
inequality in (1) is valid. In both cases, equality in (1) holds if and only if
either f or g is constant almost everywhere.

Remark 1.2 ([1], page 199). (i) Above theorem is also valid when g
is an increasing function on [a, b] and for all = € (a,b), f satisfies
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the condition

T x

b
1 1
W@ﬂ/@@ﬁ@Mw<wmﬁ!@@ﬁQMu1Mwmwvw)=/@@mt (2)

a a

(ii) The condition that w(t) > 0 can be replaced by
0<W(z) <W(b) for a<z<b. (3)

In this paper we give exponential convexity of T'(f,g;w) and related
Cauchy means as in [2]. We prove monotonicity property of newly defined
mean. Also we give mean value theorems of Cauchy type for Chebyshev
functional and its generalized form.

Let us recall the following.

Definition 1. A function f : (a,b) — R is exponentially convex if it is
continuous and

n
Z v f(xi +2;) >0
ij=1
for all n € Z* and all choices v; € R, i = 1,...,n such that z; + z; € (a,b),
1<i,j<n.
Proposition 1.3. Let f : (a,b) — R. The following propositions are
equivalent

(i) f is exponentially convex
(ii) f is continuous and

S v f <W> >0

= 2

i,j=1

for every v; € R and for every x; € (a,b), 1 <i <mn.

Corollary 1.4. If f : (a,b) — RT is exponentially convex function then
f s a log-convex function:

F(*5Y) < VI@IG for at 2.y € (o.0),

2. MAIN RESULTS

Lemma 2.1. Let x >0

z, 0,
hp(x):{ lflac iio

Then hy,(x) is a strictly increasing function.
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Proof. Since
_ -1
hy(x) = 2P~ >0,

therefore hy(x) is a strictly increasing function. O

Theorem 2.2. Let f : [a,b] — R and g,w : [a,b] — RT be integrable
functions, where 0 < a < b, such that f and g are increasing functions.

(a) Let ry,...,mm be arbitrary positive real numbers. Then a matrix
A= [T <f,h7‘i+7‘j og;w)}, where 1 < 1,5 < m, is a positive semyi-
ritrg
definite matriz. Particularly

k
det {T(ﬁhrﬁ.qog;wﬂ >0 Vk=1,....m.
= ij=1
(b) A function p — T(f, hy o g;w), where t € R is an exponentially
convez function.
(¢) Let T(f,hpog;w) >0 (i.e. f and g are not constant almost every-
where), then T(f, h, o g;w) is log-convex function.

Proof. (a) Define a m x m matrix M = {hriwj }, where 4,7 = 1,...,m, and

let v = (v1,...,0,) be a nonzero arbitrary vector from R™.
Consider a function

oty =vMv™ = E VU ety (B).
2
ij=1

Now we have

2
= ViV = Zvl >
i=1

i,j=1
concluding ¢(t) is an increasing function. Now we apply Theorem 1.1 for
increasing function ¢ :=¢og
n
0<T(f,;w) = Z v;0; T (f,hrﬁrj og;w) .
2
ij=1

Therefore matrix A is positive semidefinite matrix.
Specially, we get
T(fhogiw) oo T(fihugn ogiw)
: : : =0 (4)
T(th og;w) o T (f by, 0 giw)
forall k=1,...,m.
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(b) Since lim,_o T (f, hp o g;w) = T (f, ho o g;w), it follows that p —
T (f, hpog;w) is continuous on R. Now using Proposition 1.3 we have
exponential convexity of the function p — T (f, b, o g; w).

(¢) It follows from the Corollary 1.4. O

Theorem 2.3. Let f : [a,b] — R and g,w : [a,b] — R be integrable
functions, where 0 < a < b, such that (2) is valid and g is an increasing
function. Then (a),(b) and (¢) of Theorem 2.2 are valid.

Theorem 2.4. Let f,w : [a,b] — R and g : [a,b] — RT be integrable
functions, where 0 < a < b, such that f and g are increasing function and
condition (3) is valid. Then (a), (b) and (¢) of Theorem 2.2 are valid.

If f is a decreasing and g is an increasing function, then we can consider:

U(f,g:w) == =T(f,g;w) = 0.
So we have a following theorem similar to Theorem 2.2.

Theorem 2.5. Let f : [a,b] — R and g,w : [a,b] — RT be integrable
functions, where 0 < a < b, such that f is a decreasing and g is an increasing
functions.

(a) Let ri,...,7mm be arbitrary positive real numbers. Then a matric
A= {U (f,hri?j og;w)}, where 1 < 4,7 < m, is a positive semi-

definite matriz. Particularly

det[(](f,hmog;w>yC >0VEk=1,...,m.
2 i,

j=1

(b) A function p — U(f, hy o g;w), where t € R is an exponential
convez function.

(c) Let U(f,hpog;w) >0 (i.e. f and g are not constant almost every-
where), then U(f, hyp o g;w) is log-convex function.

Let us introduce the following:
Definition 2. Let f : [a,b] — R and g : [a,b] — RT be almost every-

where nonconstant, integrable functions and w : [a,b] — R™ be integrable
function where 0 < a < b. Also let f be monotonic and g be an increasing
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functions. Then for s,p € R, we define

PT<f9UJ>> N
<3T(f,gp;w) o sp(s —p) # 0;
T(f g% w) )P - _
T (flna-w) ’ - ap#oa
Iop (f, 9:w) = <pT( In.g; w)

1 T(f g°Ing;w) _ _
p<_s+ T(f,g%w) ) 7l

T (f,(Ing)* w) o
exp (w) et

Remark 2.6. Note that lim I, ,(f, g;w) = I, s(f, g; w), liH(l) L p(f,g;w) =
p—s S5—
IO,p(f7g; ’UJ) = ;D,O(f7g; ’UJ) and ‘lli% IS,S(fmg; U)) = IO.,O(fa g; U})
We shall use a following lemma to prove the monotonicity of I, ,, (f, g; w).

Lemma 2.7. Let f be a log-convex function and assume that if x1 <
Y1, T2 < Ya,T1 # To,y1 7# Y2. Then the following inequality is valid:

(Gea) ™ = ()™ ©

Proof. This follows from [1], Remark 1.2. O

Theorem 2.8. Let f : [a,b] — R and g : [a,b] — RT be almost ev-
erywhere nonconstant, integrable functions which are monotonic and w :
[a,b] — RT, (0 < a < b), be integrable function. Let s,p,u,v € R such that
s <wv, p<u. Then we have

L p(fr gsw) < Ly u(f, g3 w). (6)
Proof. Let f and g be monotonically increasing functions.
Taking 1 = p, z2 = 8, 11 = u, Y2 = v and f(p) = T(f, hp o g;w), where
p#sand u#v (p,s,u,v# 0) in Lemma 2.7, we have
1 _1
(pT(flgs;w)) o (“T(ﬁg“;w))”“ (7)
sT(f, g7 w) vT(f, 9% w)

If f be a decreasing function and g be an increasing function, then we
consider f(p) = U(f,hy o g;w) and apply Lemma 2.7 to get

sU(f, g% w) vU(fg%5w))

It follows (7).
From Remark 2.6, we get (7) is also valid for p=0or s =0 or u =0 or
v=0orp=soru=uv. (Il
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Remark 2.9. Theorem 2.8 can be also proved under assumption (2) on
functions f and g or assumption (3) on a function w.

3. MEAN VALUE THEOREMS
Lemma 3.1. Let h € C'{a,b], such that
m < h'(z) <M, x € [a,b]. (8)
Consider the functions h1, hs : [a,b] — R defined as,
hi(z) = Mz — h(z)
and }
ha(z) = h(z) — ma.
Then ﬁz(x) for i = 1,2 are monotonically increasing.

Proof. Since }
hi(z)=M—n(x) >0
and }
hi(z) = h'(x) —m > 0.
ie. h;fori=1,2 are monotonically increasing. (Il

Theorem 3.2. Let f,g : [a,b] — R be monotonically increasing, inte-
grable functions such that f and g are nonconstant almost everywhere, g €
Clla,b] and let w : [a,b] — RT be integrable function. If h € Ctg(a),g(b)]
is an integrable function then there exists n € [g(a), g(b)] such that

T (f,hogiw)=h (n)T(f g;w). (9)
Proof. Let m = minh/, M = maxh’ and let hi(z) = Mz — h(z), ZLQ(&L‘) =
h(x) —mz. Since h; and g are monotor}ically increasing functions, hy o g is
monotonically increasing. Setting g = h; o g in Theorem 1.1 we get

T(f,Mg—hog;w) >0,

i.e.
T(f,hogiw) < MT(f,g;w). (10)
Similarly, setting g = hs o g in Theorem 1.1 gives us
T (f,hogiw) >mT (f,g;w). (11)
Combining (10) and (11), we get,
T(f, hog;
m< Lihhogw) 0 (12)
T (f,g;w)
By Lemma 3.1, there exists n € [g(a), g(b)] such that
T(f,hog;w
Tlhhogu) g (n).

T(f,g;w)
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This implies (9).

Moreover (10) is valid if (for example) A’ is bounded from above and
hence (9) is valid.

Of course (9) is obvious if A’ is not bounded. O

If h =1id (i.e. h(xz) = z), then we have a following result.

Corollary 3.3. Let f,g : [a,b] — R and w : [a,b] — R be integrable
functions. If f is monotonically increasing such that f is not constant
almost everywhere and g € C1a,b], then there exists n € [a,b] such that

T(f.ggw) =g (nT(f id;w). (13)

Corollary 3.4. Let w : [a,b] — R be an integrable function and f,g €
Cla,b]. If f is monotonically increasing such that f is not constant almost
everywhere and f,g € C[a,b], then there exists £,n € [a,b] such that

T(f.giw) = f'(&)g' (MT(id, id; w). (14)

Proof. For f € C'a,b], there exists ¢ € [a, b] such that
T(f,id;w) = f'(§)T(id, id; w). (15)
Now using (13) and (15), we have (14). O

A. M. Ostrowski [4] obtained some very interesting generalization of (1).
For example, from the general result which is given in [4], we have the
following result.

Corollary 3.5. Let f and g be two monotonically increasing and differ-
entiable functions on [a,b]. Let w be a positive integrable function on [a,b].

If

fl(x)y>m, ¢(x)>r (Vz€lab], m,r>0),
then

T(f,g;w) > rT(f,id;w) > mrT(id,id,w) > 0. (16)
Proof. Since f and g are monotonically increasing and differentiable, there-
fore (13) implies

T(f,g3w) = rT(f,id;w) (17)

and
T(f,id;w) > mT(id,id; w) > 0. (18)
Combining (17) and (18) we have (16). O

Remark 3.6. The above result is an improvement of the result given in
3].
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Theorem 3.7. Let f, 1,92 : [a,b] — R and w : [a,b] — RT be integrable
functions. If f is monotonically increasing such that f is nonconstant al-
most everywhere and g1, g2 € C'[a,b], then there exists n € [a,b] such that

T(f,91w) _ 91(n)
T(f,g2:w)  g5(n)

provided that denominators are non-zero.

(19)

Proof. We define function k € C'[a,b] with
k= cig1 — c292,

where ¢; = T(f, go; w) and ¢ = T(f, g1; w).
Then, using Theorem 3.2 for g = k, we have

T(f k;w) = 0= (c1g1(n) — c2g5(m)) T(f,id; w). (20)
Since T'(f,id;w) > 0 , we have

and our proof is done. O

Remark 3.8. Note that

-1
95 T (f,g2;w)

This implies 7 is a mean of numbers a and b. Especially, when ¢ is a mono-

tonically increasing function and g; = ¢° and g2 = ¢P, we conclude that

expression I, ,(f, g;w), introduced in Definition 2, represents a mean be-
tween positive numbers a and b.

Remark 3.9. (i) Theorem 3.2 and 3.7 are also valid if f satisfy con-
dition (2) and g is an increasing function.
(ii) Theorem 3.2 and 3.7 are also valid if the condition w(t) > 0 is
replaced by (3).

Corollary 3.10. Let fi,g; : [a,b] = R fori=1,2 and w : [a,b] — RT
be integrable functions, where 0 < a < b. If fi and fo are monotoni-
cally increasing such that f1 and fo are not constant almost everywhere and
fiygi € Clla,b] for i =1,2, then there exist £,m € [a,b] such that

T (fr,01w) _ fi(©)gi(n)
T (fa, 925 w) f3(€)g5(n)

provided that non-zero denominators.

(22)
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Proof. Since

T(f1,91w) _ T(fi,9150) T (fa,915w)
T (f2r925w) T (f2,915w) T (f2,905w)
Now applying Theorem 3.7 two times we get (22). |

Let us note that we can use ideas of previous proofs to obtain similar
results for generalized form of Chebyshev inequality.

First recall that a real valued function f : I x J — R, where I x J =
[a,b] X [c,d], is said to be (1,1)—convex function if for all distinct points
xo,x1 € I and yo,y1 € J, the divided difference [z, z1] ([v0,y1]f) is non-
negative or alternatively for (x1 — x0)(y1 — yo) > 0, we have

(z1 = 0)(y1 — yo) < f(@o,y0) + f(21,91) — f(@o,y1) — f(z1,90)-

If the partial derivative fo; of f exists, then fis (1,1)—convex iff fo1(x,y) >
0 for all (z,y) € I x J.

In [5] (see also [1, page 204-205]), the following generalized form of Cheby-
shev inequality is given for (1,1)—convex function.

Theorem 3.11. Let p: 1> = R and q: I — R, where I = [a,b], be two
integrable functions. Then for every (1,1)-convex function f : I? — R the
inequality

b b b
K(f.pq) == / 9(@) f (z, x)der — / / p(e,y)f (. y)dedy >0 (23)

holds iff for every x,y € [a,b], we have
Pla,y) =Qy), P(r,a)=Q(z), P(z,y) <Qmax{z,y})  (24)
where Q(x) = fiq(t)dt and P(z,y) = j: fybp(s,t)dtds.
Lemma 3.12. Let f: I? = R (I = [a,b]) has continuous partial deriva-
tives f1, fo and fa1 such that
m < for(z,y) < M, (z,y) € I (25)
Consider the functions F and G defined as
Fz,y) = M(z —a)(y —a) — f(z,y)
and

Gz,y) = f(z,y) —m(z —a)(y —a),
then F(x,y) and G(x,y) are (1 — 1)-convex functions.
Proof. Since

For(z,y) = M — for(z,y) 20
and
Gai(z,y) = far(z,y) —m >0,
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therefore F'(z,y) and G(x,y) are (1-1)-convex functions. O

Theorem 3.13. Let p : I? — R and q : I — R, where I = [a,b], be
two integrable functions such that (24) is satisfied and K (i,p,q) > 0, where
i(x,y) = (x—a)(y—a). If f : I? — R has continuous partial derivatives f,
f2 and fa1, then there exists £,m € I such that

K(fvpa q) = f21(£777)K (iap» Q)v (26)

Proof. Let m = min fs1, M = max fo; and let F, G defined in Lemma 3.12.
Setting f = F in Theorem 3.11, we get

K(lef,p#]) 205

ie.
K (f,p.q) < MK (i,p,q). (27)
Similarly, setting f = G in Theorem 3.11 gives us
K (f,p,q) = mK (i,p,q) - (28)
Combining (27)and (28), we get,
K (f,p,q)
m< —————= < M. 29
K (i.p.0) =
Now by Lemma 3.12, there exists £, € I such that
K(f,p,q)
K (i,p.q) = fa1(&m).

This implies (26).

Moreover (27) is valid if (for example) fa; is bounded from above and
hence (26) is valid.

Of course (26) is obvious if fa; is not bounded. O

Theorem 3.14. Let p : I? — R and q : I — R, where I = [a,b], be
two integrable functions such that (24) is satisfied. If f,g : I? — R have
continuous partial derivatives f1, fa, fo1, g1, g2 and go1, then there exists
&,m €I such that

K(fvpaq) _ f21(5771)
K(g,p,q)  g21(&m)
provided that the denomirators are non-zero.

(30)

Proof. We define function h, such that
h = le — C2g,

where ¢; = K(g,p,q) and c2 = K(f, p, q).
Then, using Theorem 3.13 with f = h, we have

K(hap7 Q) =0= (clf2l(€777) - CQQQl(&aU)) K (i7p7 Q) . (31)
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Since K (i,p,q) > 0, we have
672 f21(€7 77)

C1 g21(&,m)

and our proof is complete. (Il

3

Theorem 3.15. Let p : I> — R and q : I — R, where I = [a,b], be
two integrable functions such that (24) is satisfied and K (i,p,q) > 0, where
i(r,y) = (x—a)(y—a). If f : I — R has continuous partial derivatives f,
f2 and fi2 such that

| for (@, y)| < M, (32)
then
[K(f,p.a)l < MK (i,p,q) . (33)
Proof. Since
—M < for(w,y) < M,
therefore (27) and (28) implies

K(f.p,q) < MK (i,p,q), (34)
Combining above two inequalities gives us the required result. (I

The following result, given in [3], can be derived from above theorem.

Corollary 3.16. Let f and g be two differentiable and integrable func-
tions on [a,b] and let w be a positive integrable function on [a,b] such that
(3) holds and

If' (@) <M, |g'(2)| <N (V€ [a,b]). (36)
Then
IT(f, g;w)| < MNT(, jiw), where j(z) = — a. (37)
Proof. Setting

4(z) = w(z) / w(t)dt, plz,y) = wzhw(y) and f(z,y) = f@)g(y)

a

implies

and condition (24) becomes condition (3).
Hence (33) implies (37). O
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