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ALEXANDER-SPANIER COHOMOLOGY OF A WALLMEN
COMPACTIFICATION

A. BERIDZE

ABSTRACT. The Alexander-Spanier type cohomology groups based
on finite cozero coverings are defined. It is shown that these groups
describe classical Alexander-Spanier cohomology groups of Wallmen
compactifications. It is proved that cohomology groups based on all
proximity coverings and all finite cozero (with respect to proximity
maps) coverings are nonisomorphic proximity invariants.
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INTRODUCTION

The present paper is motivated by the following general problem: find
the necessary and sufficient conditions under which the spaces of a given
class have extensions with the given (co)homology groups.

This problem was studied by many authors ([1], [2], [3], [5], [11], [12], [13],
[15]). In [2], the Alexander-Spanier cohomology theory is constructed for
the category of pairs of uniform spaces and uniform maps. This theory gives
an intrinsic characterization of the Alexander-Spanier classical cohomology
groups of compactifications of pairs of completely regular spaces in terms
of uniform structures of the given pairs of completely regular spaces.

The main aim of this paper is to study the above formulated problem
when the class of spaces is that of the completely regular spaces, while the
extensions are the Wallmen compactifications.

All the spaces considered in the paper are assumed to be completely
regular and Hausdorff ones.
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Throughout the paper, the following notation is used.

The symbol C(X), (C*(X)), denotes a ring of all continuous (bounded)
functions from a topological space X to the real straight line R [10]. The set
of all (co)zero-sets of X is denoted by Z(X) (CZ(X)), ie., Z(X) ={F =
YO [ feC (X))} (CZ(X)={U=X\F|F e Z(X)}) [6]. Let Z(X,Y)
(CZ(X,Y)) be the trace of the system Z(Y) (CZ(Y)) on the space X, i.e.,
ZX,)Y)={FnX|FeZY)} (CZ(X,Y)={UNX|U € CZ(Y)}) [6].
For each proximity space T with proximity § let Zs(T) (CZs(T)) denote
the set of all (co)zero-sets [14].

We denote by X the Stone-Cech compactification of the space X [18].
The symbols H (-, —; G), ﬁ;(—, —;G) and ﬁ[}(—7 —;G) denote the Ale-
xander-Spanier classical cohomology [16], the finitely defined Alexander-
Spanier cohomology [4] and the Cech cohomology [9], respectively.

Let Top be the category of topological spaces and continuous maps. By
Prox we denote the category of proximity spaces and proximity maps. Let
Top? and Prox? denote the category of pairs of topological and proximity
spaces, respectively. Let Y € Top be a topological space and (X, A) be
a pair of subspaces of Y such that A € Z(X,Y). Then we say that the
pair of topological spaces with respect to Y is a given one and we denote it
by (X, A)y. A continuous map f : (X1, A1)y, — (X2, 42)y, of two pairs
of this type is called a continuous map f : (X1, 4;1) — (Xag, 4z) of the
pairs from the category Top?, for which there exists a continuous extension
F:Y; — Y5 of the map f [6].

Let Topf be the category whose objects are the pairs (X, A)y with
respect to Y € Top, and let the morphisms be their continuous maps
fi(Xa, Ay, — (X2, A2)y,.

For each pair (X, A)y € Top? we consider the pair (i,7): Ay — Xy —
(X, A)y of the inclusion maps i : Ay — Xy and j : Xy — (X, A)y.
Thus the category Top? is a c—category [9].

As is known [14], a proximity space is completely regular and generates a
fixed compactification. Moreover, every proximity map of proximity spaces
is a continuous map of completely regular spaces which has a continuous
extension to the corresponding compactification. Therefore the category
Prox? of pairs of proximity spaces is isomorphically embedded into the cat-
egory Topz. Consequently, we consider the category Prox? as a subcategory
of the category Top% .

The idea of defining (co)homology groups for a pair of spaces with respect
to a space by cozero coverings belongs to Professor V. Baladze.
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1. THE ALEXANDER-SPANIER COZERO COHOMOLOGICAL 6—FUNCTOR

Let X be an arbitrary topological space and GG be an abelian group. We
will use the cochain complex C*(X;G) = {C%U(X;G),d} constructed in [16]
in the manner as follows. Let C?(X; G) be the abelian group of all functions
@ : X9 — G of a ¢ + 1-fold product X+ of the topological space X to
G. Here 6 : C9(X;G) — C971(X; @) is the coboundary operator defined
by

q+1
550(x0’ sy Ly axq—i-l) = Z(il)l(p(x()a cee 7/1’\1'7 e 71'11—0—1)3
i=0
where the symbol “Z;” means the omission of the coordinate x;.
Let X be a subspace of a topological space Y. The family o = {U;}?

is called the CZ(X,Y )-covering of the space X if X = QlUi and U; €
CZ(X,Y),i=1,...,n[6].

Definition 1.1. A function ¢ : X971 — G is called a CZ(X,Y)-locally
zero function if there exists a CZ(X,Y)—covering a = {U;}?_; of the space

n
X such that |40+ = 0, where a4t = |J Uit
=1

For each integer ¢ > 0, we denote by C{.(X;G) a subset of the group
C1UX,G) of all CZ(X,Y)-locally zero functions.

Lemma 1.2. For each integer ¢ > 0, CY.(X;G) is a subgroup of the
group C1(X; Q).

Proof. Let ¢1,ps € CY(X;G). Then there exist CZ(X,Y )—coverings a; =
{Ui}io, and as = {V;}72, of the space X such that Prjae+r = 0 and
Polaitt = 0. Let a = aANag ={W;; =U; N Vj}?le It is clear that « is a
CZ(X,Y)-covering and a?+! C af"? Nag*'. Therefore (¢1 —©2)|qer1 =0,
which implies that ¢1 — 2 € CL(X;G). O

Lemma 1.3. For each integer ¢ >0, §(C{.(X;G)) C CITN(X; Q).
Proof. Let ¢ € C}(X;G). Then there exists a CZ(X,Y)—covering a =

{Ui}7-, of the space X such that ¢|4.+1 = 0. By the definition of a cobound-
ary operator, we have d¢|,q+2 = 0 and hence dp € C’;I,'H(X; Q). O

By Lemmas 1.2 and 1.3 we have that the cochain complex C§(X;G) =
{CY(X;G),é} is a subcomplex of the complex C*(X;G) = {C1(X;G),d}.
The g—dimensional cohomology group of the quotient complex 6;(X 1G) =
C*(X;G)/C%(X;G) we denote by H%(X;G) and call it the Alexander-
Spanier g—dimensional cozero cohomology group of the space X with respect
to Y.
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It is known that a continuous function f : X; — X5 induces a cochain
map f# : C*(X2;G) — C*(X1;G). By definition,

f#(gﬁ)(l'o,l'h s ,LEq) = @(f(x())mf(xl)’ LR f(‘rq))v v pe Cq(XQ; G)

For each continuous map f : X1y, — Xoy, from the category Topﬁ the
inverse image f~'(a) = {f~1(U;)},_, of the CZ(X,Ys)-covering o =
{U;}_; of the space X5 is the CZ(X1,Y7)—covering of the space X;. The
cochain map f# : C*(X2;G) — C*(X1;G) satisfies the condition
J#(CY (X2;G) € CF. (X1;G) and therefore induces a cochain map f# :
6;2(X2;G) — 6;1(X1;G) and a homomorphism f* : F;2(X2;G) —
Hy, (X1;G).

Lemma 1.4. For each pair (X, A)y € Top? the inclusion map i : Ay —
Xy induces an epimorphism

i* Ty (X;G) — C v (4;: Q).

Proof. Let p € CL(A;G) and ¢ € p. It is clear that the function ¢ :
A9t — G can be extended to the function ¢ : X?t! — G, where

o(zo,x1,...,mq) if (zo,71,...,74) € AT,
T, T,y Tg) = )
Vlzo, 21 +a) {O, otherwise.

Consider the equivalent class 1) € 6%()( ; G) of 1 and show that it does
not depend on the representatives of . Indeed, let 1, s € © be arbitrary
representatives of @. Then there exists a CZ(A,Y )—covering o = {U;}1_; of
the space A such that q)qet1 = pgjqe+1. By the definition of a CZ(A,Y)-
covering, for each element U; € « there exists a cozero set V; € CZ(Y') such
that U; = V; N A. Note that in this case & = {X\A} U {[71 =Vin X}:l:1
is a CZ(X,Y)-covering of the space X such that 1jzat1 = ¥g5e+1 and
therefore 1; = 1b,. Note that i# () = @ and hence i* is an epimorphism.

(Il

For each pair (X,A)y € Topf, we denote the kernel of the cochain
map i* : Cy(X;G) — Cy(4;G) by the symbol Cy (X, A;G). The ¢
dimensional homology group of the resulting complex is denoted by
HY{(X,A;G) and we call it the Alexander-Spanier g-dimensional cozero
cohomology group of the pair (X, A) with respect to Y.

Let f: (X1,41)y, — (X2, A42)y, be a continuous map of pairs. Then
the homomorphism f# : 6;2 (X2;G) —>5;1 (X1; G) satisfies the condition
f#(C ;2 (X2, A2;G)) C 6;1 (X1, A1;G) and thus induces a homomorphism

o ﬁ;@(Xg,Az; G) — F; (X1, A1;G).

Theorem 1.5. H (—,—;G) is a —functor from the category Top? to
the category of the graded abelian group </ A.
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Proof. 1. It is clear that each identity map idx,a)yy 1 (X, A)y — (X, A)y
T (X, AC) Cy(X,AG) —
C3(X,A;G) and hence the identity homomorphism i

II. Let f1 : (XlaAl)Yl — (XQ,AQ)Y2 and fg : (XQ’AQ)YQ — (Xg,Ag)yB
be continuous maps. Consider the cochain maps:

induces the identity cochain map id?:

(X, AG)

0%, (X2, Ay G) — Ty, (X1, A1 G),
i YS(X3,A3,G) —Cy. L (X2, As; G),
(fio f2)* : Oy, (X3, A3;G) — Cy, (X1, A1; G).
According to the definition of an induced map, for each integer ¢ > 0, @ €
6;3 (X3, A3; G) and (20,21, . ..,7,) € XIT" we have
(f20 fl)#(SO)(anxb c i) =
o((f2 0 fi)(xo), (f20 f)(x1),. .., (f20 f1)(zq)) =
Sﬁ(f2(f1(ff f2(f1($1)) ~~~7f2(f1(xq)))§
f)(so)(mo,ml,.. g = [T (1 (@) (w0, a1, 2g)) =
1) (fi(@o), fi(@1), ..., fi(zg)) =

= ¢(f2(fi(20)), fo(f1) (1)), - -, f2(f1)(24)))-

Therefore (fy 0 f1)% = fl# o f2# and hence (fa2 0 f1)* = ff o f5.
III. Tt is clear that each continuous map f : (X1, 41)y, — (X2, 42)y,
induces the following commutative diagram:

(ffof

00— Cy, (X, A2;G) —> Cy,(X2;G) —> Cy,(A9;G) —>0

P e

0——=>Cy,(X1,A1;G) —=Cy,(X1;G) —>Cy, (A1;G) —>0.

Thus for each integer ¢ > 0 there exist coboundary operators 67 : H { v, (Ai; G)
— Hg,jl(XZ, A;; @), i = 1,2 such that the diagram

is commutative. |
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Note that if for a pair (X, A)y, CZ(X,Y) = CZ(X), then the group
Hy (X, A;G) does not depend on Y, and in this case we use the notation
Hy(X, A; G) instead of H y (X, 4; G).

Let T be a proximity space. Consider T as a topological space with
a topological structure induced by the proximity 6 on T. Let 0T be the
compactification of T'. Tt is clear that Ty € Top? and CZ(T, 6T) = CZs(T).
So, the group ﬁ;T(T; () depends only on the proximity space T'. That is
why we sometimes use the notation H s(T'; G) instead of H ;,-(T; G), where
the subscript § indicates that T' is considered as a proximity space.

2. COHOMOLOGY OF WALLMEN COMPACTIFICATION

A family .Z of closed subsets of a topological space X is called separating
if for each closed set H C X and each point x ¢ H there are disjoint sets in
%, one containing H and the other containing x. The family .7 is called a
ring if it is closed under a finite union and finite intersections. A sequence
{F;}?_, of the sets in .# is called a nest in .# if there is a sequences {H;}1* ,
such that X\H;y1 C Fiy1 C X\H; C F; for all i = 1,2,.... A family of
closed sets is a nest generated if for each member F' of the family .%# there

is a nest {F;}7, in % such that F' = () F; [17].
i=1

Let Z(X) denote the family of all separating, nest generated intersection
rings on the topological space X. It is known that if .% is a separating nor-
mal ring on the space X, then the Wallmen space w(X, %) of all ultrafilters
on % is the Hausdorff compactification of the space X [17].

In the paper we use the following statements:

1. f & € Z(X), then .Z is precisely the trace on X of all zero-sets in
the Wallmen compactification w(X, .#) [17].

2 FeZY)and X CY, then {FNX|F e %} e LX) [17].

3. For each topological space X, Z(X) € Z(X) [17].

Let X be a topological space and &7 be a family of subspaces. The trace
of the family &7 on the subspace A of the space X is denoted by .@74.

Let # € Z(X) and & be a filter on .#4. Denote by &/~ a maximal
subfamily of the family .# such that the trace of &/X on the subspace A
coincides with the family <.

Lemma 2.1. Let X be a complete regular space, F € L (X), o/ be a
filter on the family F and A € o7, then <74 is a filter on F4.

Proof. 1. The subspace A is an element of the filter &7, therefore @ & .@74.
2. Let Ay, Ay € o/, then there exist A}, A}, € o/ such that A; = A|NA,
As = A, N A. The family o is a filter and hence A} N A} € 7. Therefore
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AiNMAy = (AANnA)n (A, N A) = (A] N AY)) N A, which implies that
AiNAs € 52714;

3. Suppose that for an element A; € % 4 there exists Ay € 74 such that
Ay C Aq. Tt is clear that in this case A1 € % and Ay € &/. We know that
the family o7 is a filter and hence A; € &. On the other hand, A; = A1NA
and therefore A; € @4. O

Lemma 2.2. If X is a complete reqular space, # € £ (X), A € F, and
o is a filter on the family F 4, then o/ is a filter on the family F .

Proof. 1. We know that @ ¢ &7 and therefore @ ¢ 7 X.

2. For each elements Ay, Ay € &/ there exist elements A}, A} € &/ such
that A} = A; N A and A} = A; N A. The family 7 is a filter and hence
AiNAL € of. Note that (A1 NA3)NA = (A1NA)N(AsNA) = A\ NA, e of
and therefore A; N Ay € o7 X.

3. Suppose that for an element A; € . there exists Ay € &/X such that
Ay C Ay. Let us show that A; € /. Indeed, for the element Ay there
exists A, € o such that Ay = As N A. Tt is clear that A, C A3 N A and
hence A; N A € o7. Therefore A; € &7X. O

Lemma 2.3. If X is a complete reqular space, F# € ZL(X), & is an
ultrafilter on the family F and A € o, then /4 is an ultrafilter on the
family F 4.

Proof. By Lemma 2.1, 74 is a filter. Our goal is to show that &74 is an
ultrafilter. Indeed, let <7’ be a filter on the family .%#4 such that @4 C &’.
Then &/ C /' %. On the other hand, < is an ultrafilter and since by
Lemma 2.2 &/ ¥ is a filter, we have & = &/'X, from which it follows that
Ay = O

Lemma 2.4. If X is a complete reqular space, F € £(X), A€ F, o is
an ultrafilter on the family F 4, then /X is an ultrafilter on the family Z .

Proof. By Lemma 2.2, &/X is a filter. Let ./’ be a filter on the family
F such that &/ C &/’. Then &/ C /). On the other hand, &/ is an
ultrafilter and since by Lemma 2.1 <7} ia a filter, we have &/ = &/} and
hence &% = o7’ O

Let X be a complete regular space, % € £(X), and A be a subspace
of the space X. Denote by A% the closure of the subspace A in the space
w(F). Let OpA = w(F)\X\A" . If A € .F and U = X\A, then the
sets {& € w(F)|A € o} and {F € w(F) X\U ¢ &/} are denoted by
A* and Uy, respectively. Note that if Z(X) = {U = X\A|A € F}, then
B*(X)={U.|U € B(X)} is the basis of the space w(.F).



18 A. BERIDZE

Lemma 2.5. If X is a complete regular space, ¥ € £(X), A € 7,
then w(Z4) is homeomorphic to the closure A™ of the subspace A in the
space w(F).

Proof. Let a function f : w(Fa4) — w(.F) be given by the formula f (/) =
dX Ve € w(Fa). Let us show that f is an injunction. Indeed, let
@y # o, then there exist elements @, o5 € %4 such that A; € A,
Ay € afy, and A N Ay = @. Tt is easy to show that A; € X, Ay € 5%
and that is why &% # %~%. Thus we obtain f(<) # f(%).

Let us show that A* = f(w(Za)):

) o € dY = Ac o, € wF) = Ac da s € wFa) =
(Aa) = = f(da) = o = o € f(w(Fa));

2) X € f(w(a)) = 3 € w(Fa), f(F) =X = A /X (because
Ac Fand Ac )= X € AV,

Thus it remains to show that the function f : w(F4) — w(F) is an
open one. Indeed, let B*(A) = {U. | A\U € F4} be the basis of the space
w(.Z4) and let us show that f(U,) is an open subspace of the space A ™.
We actually have f(U,) = U. N A%, where U’ = X\(A\U). Indeed:

) flo)=dX c fU,) = o €U, = o € { € w(Fa)| AU € &}
= AU ¢ o = A\U ¢ o/~ (because A €¢ .F, A\U € ¥, = A\U € .F)
=> gdX e{d ew(F)| AU ¢ 7} = X e {o e w(F)|X\U & o} =
X cU = X cU NnAY.

2) &' € U.NAY = J.of € w(Fa) (because AY = f(w(Fa)), f(F) =
dX =" cUNAY = X e {o e w(F)| X\U ¢ o} = X\U' ¢ /X
> AU € o = o € {o € w(Fr|AU € d} = o €U, = f(H) =
X =" € f(U,). O

Lemma 2.6. Let X be a complete regular space, # € L (X) and A; €
n w n__w
F,i=1,2,...,n, then A =4 .
i=1 i=1

K2

w n__w n__w
A; < (N A; . Let us show that (4; C
1 i=1 i=1

n w w

N A; . Indeed, let & € (JA; ,then A; € o foralli=1,2,...,n. Since
i=1

i=1 i

n

Proof. Tt is clear that

w

of is an ultrafilter, we have (| A; € &/, which means that &/ € (4, . O
i=1 =1

7

7

Lemma 2.6 and the equation CZ(X,w(#)) ={U = X\A| A € F} give
rise to

Corollary 2.7. For any elements Uy, Uy € CZ(X,w(F)) we have
Ow(Ul @] UQ) = 0,U;1 UO,Us.
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Let X be a complete regular space, # € Z(X) and A € %. Suppose
(w(F),w(Fa)) is the compactificacion of the pair (X, A) and i : (X, A),(#)
— (w(F),w(Fa))w(z) is the inclusion map. Thus we obtain the map

it Covgfg)(w(ﬁ),w(fA)) — Covg(zg)(X, A).

Lemma 2.8. Let X be a complete reqular space, & € £(X) and A € F,
then the image of the map i~1 : Covg(Zg)(w(ﬁ), w(F4)) —>Covg(zg) (X,A)
is a cofinite subspace of the direct set Covg(Zg) (X, A).

Proof. Suppose (o, ') € COVS(ZLQ)(X, A) is a CZ(X,w(F))—covering. Let
B ={0,Uy|U, € a} and 3 = {O,Uy | U, € o'}. By Corollary 2.7, (8, )
is a finite covering of the pair (w(%),w(#4)). Since (w(F),w(F4)) is a
pair of compact spaces, there exists a CZ(w(%), w(F))—covering (p, p’) €
Covg(Zg) (w(F),w(Fa)) such that (u, 1') > (3, 3') and therefore i =1 (11, ') >

(o, ). O

Let (, @) be a covering of the pair (X, A). Denote by (X («), A(a)) the
pair of simplicial complexes defined as follows: X (a) = {s = {s0,51,-.-,n}
CX|neN, FU, €a, sCUyt, Ale) ={s € X()|T U, € &, s C
UyNA}. Let C(a, ’; G) be the cochain complex of the pair (X («), A(a')).
For each pair (X, A)y € Top? consider the direct set Cov{? (X, A) and the
corresponding limit complex

lim C(a,d;G).

=
(a,a’)eCovTZ(X,A)

Lemma 2.9. For each pair (X, A)y € Topz there is an isomorphism

709X, AG) ~ lim C(a,a’; G).
(a,0’)eCov$Z (X, A)

Proof. Let C%(X,A;G) be a subgroup of the group C?(X;G) of all
¢ : X! — G functions such that ) 4a+1 : A9T! — Gis a CZ(A;Y)-locally
zero function. It is clear that C5 (X, A; G) = {C5 (X, 4; G), 6} is a subcom-
plex of the complex C*(X; G) and there is an isomorphism C'} (X, A; G) ~
C5 (X, 4 G)/C3 (X5 G).

For each element ¢ € C{ (X, A;G) there exists a CZ(A,Y)—covering
o’ = {Uq;,Usy, -, Uas} of the subspace A such that ¢|yat1 =0. The
covering o’ is a CZ(A,Y)-covering, therefore for each UJ € o there
exists a cozero subspace U/, € CZ(X,Y) such that U, NA = U/ . Let
o' ={U[/,} and a = o/ U{X\ A}, then it is clear that (o, ) € Cov{? (X, A)
and therefore ¢, = @|qet1 € C9(a, a’; G). Suppose that the map

7:CH(X, A;G) — lim Cla, a5 Q)

(a,0’)eCoviZ(X,A)
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is defined by the formula
7(p) = malpa), V p € C’;Z/(X,A; G),

where 7, : C¥(a,/;G) — lim Ci(a,d’; @) is a natural pro-
(a,)ECoviZ(X,A)
jection.
Now we are to show that the map 7 induces the isomorphism
T:CL(X,A;G) = lim Cla, a5 G).
(a,0")eCoviZ(X,A)
To verify this fact it suffices to show that 7 is a surjection and Kert =
CY%(X; G). Indeed, for each element @ € lim C%a, a’; G) there
(a,@’)eCov$Z (X, A)

exists (a,a’) € Cov{? (X, A) such that ¢, € C%a,a’;G) and T4 (o) = .
Define the map ¢ : X971 — @G by the formula

Ca (o, T1,. ..y 2n), V2o, 21,...,2, € Uy, Ua €
Sﬁ(zO»xla"'vxn)_

0, otherwise.

Then @|(a/ya+rinac+t =0, 9o =@|qe+1. Thus pe CFZ4(X, A; G) and 7(p) =7.

It remains to show that Kerm = C}(X;G). Let ¢ € CY(X;G), then,
by the definition, we have 7(p) = 0 and therefore ¢ € Ker7. On the
other hand, if ¢ € Kerr, then there exists (o, ') € CoviZ(X, A) such
that 7(¢) = 7a(pa) = 0. In this case there exists (3,3') € Covy? (X, A)
such that (a,a’) < (8,0') and 7ap(pa) = @|getr = 0. Therefore ¢ €
CY(X;G). O

Theorem 2.10. Let X be a complete reqular space, F € £ (X) and
A€ Z, then
T

w(F)

(X,A;G) = H(w(F),w(Fa); G).

Proof. Let (a,a’) € Covg(Zg)(X, A). Consider the pairs (X, A) and (o, )
as the pairs of sets. Define the pair of relations (R, R') in the following
manner:

(z,Uy) € Rifand only if z € X, U, € @ and z € U,.

(2,U,) € R'ifand only if x € A, U, € o and z € U,,.
Following [7], the pair (R, R') defines the pairs of the simplicial complexes
(X (), A()) and (X4, An) and these complexes have isomorphic coho-
mology groups, where (X, A,/) is the nerve of the covering (o, ). On the
other hand, if (3,5') € COVS(Zg)(w(y),w(yA)) and (o, o) =i 1(B,8) €
Covg(Zf})(X, A), then (w(F)g, w(Fa)p) ~ (Xa,Aw). By virtue of the
above facts and Lemmas 2.8 and 2.9, we obtain

H(w(F),w(Fa);G) =~ lim HIYC*(B,8;G)) ~

(8.8)€CovE 2z (w(F) w(F )
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~ lim HY(C*(w(F ), w(Fa)p; G) =
(B,8")€Cov {sy (w(F),w(Fa))

R~ lim HI(C*"(Xa, Aw;G)) =~
(o,0')ECOVE s (X,A)

~ lim HQ(C*(OZ,O/;G))Nﬁi(g)(X,A;G). O

11
(@,0')€CovGTs) (X, A)

Corollary 2.11. Let A be a completely closed subspace of a completely
regular space X, then

H ey (X, A:G) = H (X, B4, G).
Corollary 2.12. Let A be a closed subspace of a normal space X, then
Hep(X,A:G) ~ Hy(X, A;G) ~ H (BX, BA; G).

3. APPLICATION OF THE COZERO COHOMOLOGY

Let T be a proximity space whose corresponding proximity is 6. It is
clear that the proximity ¢ precisely defines the extension (compactification)
0T. If we consider T as a completely regular space induced by 4, then §7 is
the compactification of the topological space T'. Let Cové(T) be the direct
set of all proximity coverings of the proximity space T" and let Cov‘é 7(T) be
the direct set of all finite cozero (with respect to proximity maps) coverings
of the proximity space. There arise the following questions:

1. How can the proximity space 7" be described by the direct sets Cové(T)
and Cov?,,(T)?

2. Do the direct sets Cov®(T) and Cov’,,(T) generate the same coho-
mology or other proximity invariants?

Below we will prove the theorem that provides answers to the above
questions.

Let E;(—; G) be an Alexander-Spanier type cohomology defined by the
direct set Cov®(T) [2]. It is clear that then we obtain an isomorphism
h5(T;G) ~ H (6T;G). Note that an Alexander-Spaniers type cohomology
defined by the direct set Covl,(T) is precisely the H 5{(T; G), where T is
considered as a topological space and d7T as its compactification.

Theorem 3.1. For a prozimity space T the groups E;(T; G) and
H 51(T;G) are not isomorphic in general.

Proof. To prove the theorem it suffices to find at least one proximity space
T such that h5(T; G) # H yp(T; G).

Let R be the real line. Consider R with the corresponding maximal
[ and minimal « proximity. It is clear that the proximity (§ gives the
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Stone-Cech compactification and the proximity a gives a one-point com-
pactification. According to [8], the group H '(BR;Z) # Z and therefore
H'(BR;Z) # H'(aR;Z). Thus we obtain that hy(R;Z) # h}(R;Z).
Since the topological space R is a Lindeloff space, by virtue of [17] we have
CZ(R,BR) = CZ(R,aR) and therefore Cov’gZ(R) = Covgz(R), which
implies H 35(R; Z) ~ H ,z(R;Z). On the other hand, H ¢, (R;Z) =
Hyp(R; Z) ~ H (BR; Z) and thus

H g (R Z) ~ H 5p(R; Z) = T 5(R; G) # h o(R; G). 0

Corollary 3.2. For a prozimity space T the direct sets Cov®(T) and
COV(SCZ(T) does not generate the same cohomology invariants in general.
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