Proceedings of A. Razmadze
Mathematical Institute
Vol. 151 (2009), 1-9

ON THE SEPARABLE DOUBLE HAAR WAVELET

A. AMBROLADZE, V. BUGADZE AND H. WALLIN

ABSTRACT. A property of double Haar wavelet coefficients of com-
posite functions is established.
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1. INTRODUCTION

One of the classes of orthonormal systems of functions well adapted to
image analysis is the class of “separable” wavelets which are formed in the
following way (cf. [4, p. 108])

Let ¢ be a scaling function of some multiresolution analysis (in L?(R))
and 1 be the corresponding wavelet. If we define functions h', h? and k3
as follows

h(z,y) = p(x)e(y), =,y €R, (1)

then the family
(@) = 20 (Pe —k, 2y —1), i=1,23, jkeZ, (2)

is an orthonormnal basis in L?(R?),

If the functions ¢ and 1 have compact supports then the supports of
functions from the family (2) are well localized which causes good applica-
bility of such system to image analysis.

The Haar wavelet (see definition in Section 2) has the shortest support
among all orthonormal on R wavelets. Here we consider the system (2)
formed by the Haar scaling function ¢ and Haar wavelet ¢ and investigate
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Fourier expansions of functions f € L?(R?) with respect to the system

e} 3
DD AR (3)
J,kl=—0c0 i=1

where

(1) = [ fehi ) dedy, =123, jkleL
R2
The series (3) converges in L?-norm to f and

el 3 2
PO VAT Vil
dokl=—o00 i=1
because of completeness of the system.
For 0 < ¢ < 2 convergence of the series

o 3 g
S S (4)
Gk l=—o00 i=1
means that large coefficients are not too many and the system is “well
adapted” to the function f. The sum in (4) is an example of a so called
“information cost function” (see [3, p. 400]).

We represent an image as a function from L?(R?).

In many cases images obtained by various devices are distorted in the
space variable. The problem we investigate gives, in particular, the answer
to the following question: If the above (“separable” Haar) basis is well
adapted to a function will it be well adapted to the deformated function as
well?

The results of this paper are formulated in Theorem 2.3 and Theorem
2.4 at the end of Section 2. These results were announced in [1].

One-dimensional distortion in time of signals is considered in [2].

2. DEFINITIONS AND RESULTS

The Haar scaling function and the Haal wavelet ¢ arc defined on the real
line R as follows (cf. [4, p. 73])

_J1, zelo,1),
ple) = {o, z € R\ [0,1), ®)
1, ze[0,1),
Y@)=<-1, z¢€ [%, 1) , (6)

0, zeR\[0,1).

For these functions (1) and (2) give an orthonormal basis in L?(R?).



where
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Let

Ay =[k-277, b+ 12777 ) x [1-277, 21+ 1)27971),

ARl = [k + 127771 (k+1)277) x [l 277,20+ 1)27771),

Apl =@k + 12777 (k+ 1277) x [0+ 12797 1+ 1)27) o
N [k;~2*j,(2k+12 I < (@204 12797 (L 1)277),

A = UA}C’JH g, k1€,

44 ”

stands for the cartesian product of the intervals. We say that j

is the mnk of the square A,

For j, k,l € Z we have (see (1), (2), (5), (6), (7))

27, (x,y) € A“ U Azg,

hdey) = =27, (2,y) € AP UAL, (8)
0, (z,y) € R?\ Ak b

2, (z,y) € AYTUALT,

hd(a,y) = =27, (2,y) € Al UAY, (9)
Oa ( ) € RZ \ Ak &

27, (w,y) € A UAYY,

hi{ (z,y) =14 -27, (x,y) € Aig U Ai’j, (10)
Oa (x,y) € R2 \ A-Ii,l

It follows that

/ h (@ y)dedy =0, i=1,2,3, jkleZ (11)
AL,

For a function € L?(R?) we introduce the wavelet coefficients

(f h) = / [ by dedy, i=1,2.3, jkleL

The Fourier expansion of f with respect to the system has the form

0o 3

SR By
j,k,l=—00 i=1

)
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For ¢ > 0 let A, be the class of all functions f € L*(R?) such that

[e's) 3 1

s ={ X Ll <o

Gk l=—oco i=1

We denote by d(z;y) Euclidian distance between points x,y € R2.
For a set B C R? we introduce
diam B = sup d(z;y).
z,yeB

For a measurable set B C R? we denote by u(B) the Lebesque measure
of B.

By A(v) we denote the length of a rectifiable curve v C R2.

By Lipp 1, where D > 0, we denote the class of functions 7 : R? — R?
satisfying the condition d(7(x);7(y)) < Dd(x;y) for all z,y € R?, and by
Lip1 — the class |J Lipp 1.

D>0
We shall use the following lemma

Lemma 2.1. If7 € Lipp, 1, D > 0, then for every measurable set B C R?
the image 7(B) is also measurable and u(7(B)) < D*u(B).

A homeomorphism of R? is a one-to-one continuous mapping of R? onto
itself.

The fact that for € L?(R?) if f € L?(R?) and 7 is a homeomorphism of
R? with the inverse function 7= ! € Lip 1 follows from the following lemma,
which can be proved using Lemma 1 and the definition of Lebesgue integral.

Lemma 2.2. If 7 is a homeomorphism of the plane R? with 7—! €
Lipp 1, then

2
[forlle < D[ fllzr, 1<p<oo.
‘We now formulate our results

Theorem 2.3. Let 7 be a homeomorphism of the plane R? such that

771 € Lipp 1. Then, for every function f € A; and every q > 1, the

composite function f ot belongs to A, and

[forla, <CD;q)If]a,

where

3(5D)  9(8D)7 \ 7
20 1 '9a1_1) "

C(D;q)=(

Theorem 2.4. There exists a function f € A1 and a homeomorphism T
of the plane R? with 7= € Lip 1 such that foT ¢ Aj.
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3. PROOFS

3.1. Proof of Lemma 2.1. It is easy to prove the inequality if B is a
circle.

It is easy also to prove that 7 maps any set of measure zero onto a set of
measure zero.

An arbitrary open set B can be presented as a disjoint union of a set
of measure zero and an union of a family of pairwise disjoint open circles.
Therefore, the lemma is true for open sets also.

An arbitrary measurable set B can be approximated (in measure) by an
open set C' D B. It is easy to prove that the 7 image of difference C'\ B will
be also of little measure if the measure of C'\ B is little (because C'\ B can
be covered by an union of circles of little total sum of measures). Therefore,
it is easy to see that the lemma is true for arbitrary measurable sets.

The lemma is proved.

3.2. Proof of Theorem 2.3. Let 7 be any homeomorphism of R? with
771 €Lipp1, D >0, and let f € A;. First we suppose

[ flla, = 1. (12)
‘We have

oo 3
F= 2 DURm) h (13)
jkl=—o00 i=1

in the sense of convergence in L2-norm.
It follows from (13) and Lemma 2.2 that

[e'S) 3
for="> D ALN) hior 14)
Jikl=—co i=1
in the same sense. For the coefficients of f o 7, we shall have (see (14))
0 3
(forhpiy =Y I (fibgh) - (b orhpi™).
Jikl=—oc i=1

From this representation and (12) bv Jensen’s inequality

b

00 3
.. . q
(rommil'= 32 SoJernh|-[onidomag)

Gk l=—o0 i=1

m=1,2,3, n,p,re€Z.

Therefore
3

lforlh, = > ||

jokl=—o00 i=1

.. q
5 . 15
kil © THAq (15)
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Let j,k,l € Z and 1 < i < 3. We estimate ||hzjl oTla,-
We denote by @i’l the boundary of T_l(Ai.l). It is equal to the 77 1-
image of the boundary of Ai,l' By Ei,l and F,z,l we denote the intervals
{@k+1)277 7} x [1-277, (1 +1)277)
and
[k-277, (k+1)27771) x {(20+1)2777 "},

crossing AiJ in the middle.

Let
kl_q) IUT_l EilUT_l Flgl (16)
It is easy to prove that if a mapping w of the plane R? into itself is in Lip, 1

and < is a rectifiable curve then the image @(7) also is rectifiable curve and
Aw(7)) < DA(y). Therefore, @y, 7 (B} ), 7~ (F},) are rectifiable and

AN (BL) <D27, AR < D27, (17)
A(®],,) <D277*2 (18)
Let s = s(j, k,l) be an integer such that

275 < A(P] ) <270 (19)

By (18) and (19) we have
275 < D 27I*3, (20)

It follows from (19) that

diam @ , <27°7, (21)

But diam @i,l(AiJ) = diam T_l(Aivl). Because of geometrical argument
and (21) this gives

p(r~HAL)) <1,25.27272, (22)
First we consider the case n < s. Because of (21) the number of all squares

A7 . which intersect 71 (A{€ ,) are at most 4: We can choose pairs of integers
Pu = Pu(j, k1), 7 = 7u(j, k, 1) such that

A.;C l U Apu,ru

Therefore (see (20), (22))

oo 4
S |t nmme| = S| ommn

p,r=—00 u=1
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< 9(n+i)q 24: ( ( ﬂT Ail ))q < 9(n+i)q (H(Tﬁl(Ai’l)))q
u=1

<20 (1,95)7. 29(7272) < (1,25)9.2729(8 . D - 2" *)¢
2na
=(2.5D)"5;, 1<m<3.

Hence

s o) 3 o 3(5D)q
1,7 m,n
n;m p,r:zzoo mz—:l‘<hk’lOT7hpr > - 29-1" (23)

Now we consider the case n > s. If a support of a function hy"", 1 <m <
3, n,p,r € Z, does not intersect the set I'} kel then the corresponding wavelet
coefficient is equal to zero because of (11), since h;cjl o T is constant on the
support of hyi!™. So, it remains to estimate the coefficients corresponding
to those squares of rank n which intersect I‘i_ ;- It is easy to check that each
of them is less than 2777 (see (7)—(10)).

It is easy to prove that if K is a rectifiable curve, then the number of all
dyadic squares of rank v, v € Z, intersecting the curve is at most 4- A(K)2".
Hence, the number of all dyadic squares of rank n, intersecting T, , is at
most 24 - D - 277 (see (16), (17), (18)).

Thus (see, also, (20))

S Y e

n=s+1 p,r=—o00 m=1

<3.24.-D- Z nI(20) =72. D . 21 Z 9—n(g—1)
n=s+1 n=s+1
72. D . 2ia—1) - 9(8D)4

T sle (a1 1) 2011 (24)
If we denote
). (BB 9@BD) \*
C(D’q)_(Qq_l +2q_1_1 9
then by (12), (15), (23) and (24) we have
If - 7lla, < C(Dsq). (25)

For arbitrary f € Ay with || f]|a, # 0 (for f = 0 assertion of the theorem
is obvious) we consider the function f; = We have || f1]|4, = 1 and

(Forhid)
Hf”Al ’

HfIIA

(from b)) =
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Consequently (see (25))
[forlla, =lfiorla, - [fla, <C(D;q)-|[flla, -

The theorem is proved.

3.3. Proof of Theorem 2.4. Let

)1, ze[0,1)3
fley) = {0, z e R2\ [0,1)2,

and
1
T(x,y)Z%(2x+y,—x+2y), (Z‘,y) ER2'

It is obvious, that for f we have to estimate only those coefficients sup-
ports of corresponding functions of which intersect the square [0,1)2. These
supports are squares Ai,z which contain [0,1)? or are contained in [0, 1)2.
First are with j < 0 and k,l = 0, second — with j > 0 and 0 < k,[ < 27,

It is easy to check that if j < 0, k,I = 0, then

ai’l(f) = b?;l(f) = C']?g,l(f) = @7
and if j >0, 0 < k,l < 27, then
ai,z(f) = bi,l(f) = Cil(f) =0.

So f € A;.
Let us now consider the composite function f o 7:
1, z,yer}([0,1)%),

f(T(l‘,y)) = {0’ €T,y S R2 \771([071)2)'

1
2 1 103 12
(%) (5 35) and (=35 5):
>2 0<1<272_1, k=2l then it can be easily calculated that
) =3, Consequently

co 29721

Z Z |Cél,l(f07)‘ = 2275 = 0.

j=2 =0 Jj=2
Thus foT ¢ A;.
The theorem is proved.
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