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A NOTE ON STRONG MAXIMAL OPERATOR IN Lp(·)(Rn)

SPACES

T. KOPALIANI

Abstract. Under the assumption that the exponent p(·) satisfies
property 1 ≤ p(t) ≤ b < ∞, t ∈ R

n, we prove that strong Hardy-

Littlewood maximal operator is bounded on Lp(·)(Rn) if and only if
p(t) = const = p a.e., and p > 1.

îâäæñéâ. ê�öîëéöæ á�áàâêæèæ�, îëé úèæâîæ ÿ�îáæ-èæðèãñáæï

é�óïæé�èñîæ ëìâî�ðëîæ öâéëï�ä�ãîñèæ� Lp(·)(Rn) ïæãîùâöæ

(1 ≤ p(t) ≤ b < ∞, t ∈ R
n
) éýëèëá é�öæê, îëù� p(t) = const =

p á� p > 1.

In the present note we study the strong Hardy-Littlewood maximal oper-
ator in Lp(·)(Rn), (n ≥ 2) spaces. Under the assumption that the exponent
p(·) satisfies property 1 ≤ p(t) ≤ b < ∞, t ∈ R

n, we prove that strong
Hardy-Littlewood maximal operator and n−dimensional Hilbert transform
are bounded on Lp(·)(Rn) if and only if p(t) = const = p a.e., and p > 1.

We start by introducing some notation. By a basis B in R
n we mean a

collection of open sets in R
n. Given a basis B, the corresponding Hardy-

Littlewood maximal operator is defined by

MBf(x) = sup
Q∋x

1

|Q|

∫

Q

|f(t)|dt if x ∈
⋃

Q∈B

Q

and MBf(x) = 0 otherwise.
We say that the Lebesgue measure dx belongs to the class Ap(·),B, if there

is a constant c such that

1

|Q|
‖χQ‖p(·)‖χQ‖q(·) ≤ c (0.1)

for all Q ∈ B, q(·) will always denote the dual of p(·), that is p−1(t) +
q−1(t) = 1, t ∈ R

n. Note that if operator MB is bounded on Lp(·)(Rn),
then dx ∈ Ap(·),B.
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Let K be the set of all cubes in R
n whose sides are parallel to the coordi-

nate axes, and R, the set of all rectangles in R
n whose sides are parallel to

the coordinate axes. Many authors have considered the question of sufficient
conditions on the exponent function p(·) for Hardy-Littlewood maximal op-
erator MK to be bounded on Lp(·) (Rn): see [1-5].

L. Diening [6] has given a necessary and sufficient condition on p for MK

to be bounded on Lp(·) (Rn) . It states that MK is bounded on Lp(·) (Rn) if
and only if the averaging operator

TQ =
∑
Q∈Q

|Q|−1

∫

Q

f(x)dxχQ

is uniformly bounded on Lp(·)(Rn) with respect to all families Q of disjoint
cubes.

This fundamental result, however,is not so effective from the point of view
of quantitative properties of p yielding boundedness of MK on Lp(·)(Rn). In
[7] is prowed following

Theorem 0.1. Let 1 < a ≤ p(t) ≤ b < ∞ and exponent p(·) is constant

outside some large ball. Then operator MK is bounded on Lp(·) (Rn) if and

only if dx ∈ Ap(·),K.

For the strong Hardy-Littlewood maximal operator MR we prove follow-
ing

Theorem 0.2. Let 1 ≤ p(t) ≤ b < ∞, t ∈ R
n. The strong Hardy-

Littlewood maximal operator MR is bounded on Lp(·)(Rn) space if and only

if p(t) = const = p and p > 1.

Proof. According to Jessen, Marcinkiewicz and Zygmund [8] MR is bounded
on all the Lp spaces, p > 1 and first part of Theorem 0.2 is trivial.

Let MR is bounded on Lp(·)(Rn). Virtue of interpolation theorem, we

have MR is bounded on L
p(·)

θ = [Lp(·)(Rn), L∞(Rn)]θ, (0 < θ < 1), and
without restriction of generality we may assume that 1 < infRn p(t). We will
give the proof for the case n = 2 for simplicity, since the same argument
holds when n > 2.

Let infR2 p(t) < sup
R2 p(t). By Luzin’s theorem we can construct pairwise

disjoint family of set Fi with the following condition: 1) |R2\ ∪ Fi| = 0,

2) functions p : Fi → R are continuous, 3) for every fixed i all points of Fi

are points of density with respect to basis R.

Note that, we can find pair of points (x0, y1), (x0, y2)) or ((x1, y0),
(x2, y0))-type from ∪Fi such that p(x0, y1) 6=p(x0, y2) or p(x1, y0) 6=p(x2, y0).
Without loss of generality, we may suppose that this pair is ((x0, y1), (x0, y2));
(x0, y1) ∈ F1, (x0, y2) ∈ F2 and y1 < y2.

Let 0 < ε < 1 be fixed. We may find δ > 0 such that for any rectan-
gles Q1 ∋ (x0, y1), Q2 ∋ (x0, y1) with diameters loss than δ the following
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inequalities are valid:

|Q1 ∩ F1| > (1 − ε)|Q1|, |Q2 ∩ F2| > (1 − ε)|Q2|, (0.2)

pQ1 = sup
Q1∩F1

p(x, y) < c1 < c2 < inf
Q2∩F2

p(x, y) = pQ2 (0.3)

for some constant c1, c2.

Let Q1,τ , Q2,τ are rectangles with properties (0.2) (0.3) of the form (x0−
τ, x0 + τ) × (a, b), (x0 − τ, x0 + τ) × (c, d), where a < b < c < d.

For rectangle Qτ = (x0 − τ, x0 + τ) × (a, d) we have

Aτ = 1
|Qτ |

‖χQτ
‖p(·) · ‖χQτ

‖q(·) ≥
1

2τ(d−a)‖χQ2,τ∩F2‖p(·) · ‖χQ1,τ∩F1‖q(·) ≥

≥ C
2τ(d−a)(2τ(b − a))

1
pQ2 · (2τ(d − c))

1− 1
pQ1 .

Note that if τ → 0 (a, b, c, d is fixed) Aτ → ∞ and consequently (0.1) is
not valid. �

For function f ∈ L(Rn), the expression

Hf(x) =

∫

Rn

n∏
i=1

1

xk − yk

f(y)dy

is said to be n−dimensional Hilbert operator.
Analogously we may prove following

Theorem 0.3. Let 1 ≤ p(t) ≤ b < ∞, t ∈ R
n. Then n-dimensional

Hilbert operator is bounded on Lp(·)(Rn) space if and only if p(t) = const = p

and p > 1.
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