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ON SOME ESTIMATES OF TOPOLOGICAL WEIGHTS OF

LEFT-INVARIANT MEASURES ON UNCOUNTABLE

SOLVABLE GROUPS

A. KIRTADZE

Abstract. A lower estimate of the topological weight of a nonsepa-
rable left-invariant measure given on an uncountable solvable group
is obtained in terms of cardinalities of the factors of the composition
series of this group.
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þàñòâ�æï çëéìëäæùæñîæ éûçîæãâ�æï ò�óðëîâ�æï à�åã�èæïûæêâ-

�æå.

One of important topics in modern measure theory is the problem of the
existence of a nontrivial measure on a sufficiently large class of subsets of
an initial base set which is usually assumed to be uncountable. In general,
it is impossible to define a nonzero σ-finite continuous (i.e. vanishing at
singletons) measure on the family of all subsets of an uncountable base
set (see, e.g., [1], [9]). So, it is reasonable to consider those properties of
a given measure, which show the richness (in an appropriate sense) of its
domain of definition. One of such properties can be expressed in terms of the
topological weight of the metric space canonically associated with a given
measure. Namely, let E be an uncountable set, S be a σ-algebra of subsets
of E and let µ be a σ-finite measure on E with dom(µ) = S. For any two sets
X ∈ S and Y ∈ S satisfying the relations µ(X) < +∞ and µ(Y ) < +∞, we
can put d(X,Y ) = µ(X△Y ). The function d is a quasi-metric and, after the
corresponding factorization, yields a metrical space canonically associated
with µ. The topological weight of this metric space is called the weight of
µ. A measure µ is called nonseparable if the above-mentioned metric space
is nonseparable (i.e. the weight of µ is strictly greater than the first infinite
cardinal ω).

2000 Mathematics Subject Classification. 28A05, 28D05.
Key words and phrases. Quasi-metric, nonseparable left-invariant measure, indepen-

dent family of sets, solvable group, composition series.



36 A. KIRTADZE

Example 1. Nonseparable probability measures naturally appear when
one deals with uncountable products of probability measure spaces. For
instance, if T denotes the one-dimensional unit torus endowed with the
standard Lebesgue probability measure, then the product of uncountably
many copies of T carries the product probability measure which is nonsep-
arable and translation-invariant (actually, this product measure coincides
with the Haar measure on the topological product group). Note that un-
countable direct sums of probability measure spaces also yield examples of
nonseparable measures. However, in the latter case the obtained measures
fail to be σ-finite, and this is a weak side of the operation of taking direct
sums of probability measure spaces.

Example 2. Many years ago, a problem was formulated about the
existence of nonseparable translation-invariant extensions of the standard
Lebesgue measure λ on the real line R or, respectively, about the existence
of nonseparable translation-invariant extensions of the Lebesgue probability
measure λ′ on the torus T. This problem was investigated by several au-
thors and was solved positively in the classical works [3] and [8] (see also [4]
and [5] where some related topics are discussed). Moreover, certain general-
ized versions of the above-mentioned problem were considered for the Haar
measure on an infinite metrizable compact topological group (see, e.g., [2]).

In this short paper we obtain some estimates of the topological weight
of the metric space canonically associated with a nonseparable left (right)
invariant measure given on an uncountable solvable group. Note that the
existence of a non-atomic nonseparable left (right) invariant measure on an
uncountable solvable group was shown in [6] under the assumption of the
validity of the Continuum Hypothesis.

In this article we will consider those σ-algebras of groups G on which
nonzero σ-finite (left) invariant measures exist with appropriate topological
weight (character).

For any cardinal number β, we will denote by β+ the least cardinal among
all those ones which are strictly greater than β.

Lemma 1. Let (G,+) be an arbitrary uncountable commutative group

and let card(G) = α. For any infinite cardinal number β such that β ≤ α,

there exists a commutative group (H,+) such that the following conditions

hold:

(1) card(H) = β;

(2) H is a homomorphic image of G.

The proof of this purely algebraic lemma is similar to the argument pre-
sented in [6].

Lemma 2. Suppose that ω ≤ β ≤ α and that every commutative group of

cardinality β admits a non-atomic σ-finite invariant measure whose weight
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is γ. Then every commutative group of cardinality α admits a non-atomic

σ-finite invariant measure whose weight is the same γ.

Proof. Let (G,+) be an arbitrary uncountable commutative group and let
card(G) = α. In view of Lemma 1, there exists a surjective homomorphism

φ : G→ H,

where H is some commutative group of cardinality β. According to our
assumption, H admits a nonseparable nonatomic σ-finite invariant measure
µ, whose weight is γ. Consider the family of sets

S = {φ−1(Y ) : Y ∈ dom(µ)}

and define a functional ν on this family by putting

ν(φ−1(Y )) = µ(Y ) (Y ∈ dom(µ)).

It can easily be verified that the definition of ν is correct (since φ is a
surjection) and ν is a G-invariant nonatomic σ-finite measure on S.

Let us check that ν is also a G-invariant measure, whose weight is the
same γ.

Indeed, there exists an uncountable family {Yi : i ∈ I} of µ-measurable
subsets of H such that card(I) = γ and

d(Yi, Yj) > ε (i ∈ I, j ∈ I, i 6= j)

for some strictly positive real ε. Then we may write

ν(φ−1(Yi)△φ
−1(Yj)) > ε (i ∈ I, j ∈ I, i 6= j),

which shows that the topological weight of ν is equal to γ.
Take now an arbitrary set X ∈ S and an arbitrary element g ∈ G. Then

X = φ−1(Y ) for some set Y ∈ dom(µ). Denoting h = φ(g), we easily come
to the equality

g +X = φ−1(h+ Y ),

which yields

ν(g +X) = µ(h+ Y ) = µ(Y ) = ν(φ−1(Y )) = ν(X),

i.e. ν turns out to be a G-invariant measure.
This ends the proof of Lemma 2. �

In fact, the proof of Lemma 2 is based on the method of homomorphisms
(cf. [6]). In this context, note that the method of direct products which
is often applied in the theory of invariant or quasi-invariant measures (see,
e.g., [4], [5] and [7]) is a particular case of the method of homomorphisms.

Recall that a family {Ei : i ∈ I} of subsets of an infinite set E is stochas-
tically independent (in the generalized sense) if the relation

⋂

{Ei : i ∈ J} = card(E)
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holds, whenever J is a countable subset of I and

(∀i)(i ∈ J ⇒ (Ei = Ei) ∨ (Ei = E \ Ei)).

For constructing nonseparable measures on an uncountable set E, it is
useful to apply Tarski’s auxiliary proposition which states (under some as-
sumptions on E) the existence of a stochastically independent family of
subsets of E, having the cardinality greater than or equal to card(E)+ (see,
for instance, [2], [3], [4], and [10]). For our purpose, it suffices to apply a
certain variant of this proposition, which plays the key role in the sequel.

Lemma 3. Let (G,+) be an uncountable commutative group with card(G)
= α and let β be an infinite cardinal such that βω ≤ α. Then there exists a

stochastically independent family of subsets of G having cardinality (βω)+.

Example 3. Assume the Generalized Continuum Hypothesis and define
the cardinal α by the equality:

α = ωω = ω1 + ω2 + · · · + ωn + · · · .

If β < α, then there exists a natural number n ∈ ω such that β = ωn.
Taking into account our assumption, we easily get

βω = ωωn = ωn < α.

Therefore, by Lemma 3, we can assert that if card(G) = α, then for every
infinite cardinal β < α, there exists a stochastically independent family of
subsets of G having cardinality β+ = 2β .

Theorem 1. Let (G,+) be an arbitrary uncountable commutative group

with Card(G) = α and let β be an infinite cardinal such that βω ≤ α. Then

there exists an invariant probability measure on G, whose weight is (βω)+.

Proof. Let µ0 denote the probability invariant measure on G which is de-
fined at all countable and co-countable subsets of G and vanishes on all
singletons in G. Let S0 = dom(µ0) and let S be the algebra on the group
G, generated by the union

S0 ∪
{

⋃

i∈I

Ei

}

,

where (Ei : i ∈ I) is a stochastically independent family of subsets of G
indicated in Lemma 3. All elements of the algebra S are representable in
the form

⋃

ψ∈{0;1}p

((E
(1)
i1

∩ . . . E
ψ(p)
ip

) ∩ Zψ),

where p is an arbitrary natural number, {0; 1}p is the set of all functions
from {1, 2, . . . , p} into {0; 1}, (Eir : 1 ≤ r ≤ p) is a sequence of pairwise
distinct elements from the family (Ei : i ∈ I) and, finally, for arbitrary
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ψ ∈ {0; 1}p, r ∈ 1, 2, . . . , p, we have Zψ ∈ S0, E
ψ(r)
ir

= Eir if ψ(r) = 0 and

E
ψ(r)
ir

= G\Eir if ψ(r) = 1.
This implies that we can define the functional µ by the formula

µ
(

⋃

ψ∈{0;1}p

(E
ψ(1)
i1

∩ · · · ∩ E
ψ(p)
ip

∩ Zψ)
)

=
1

2p

∑

ψ∈{0;1}p

µ0(Zψ).

It is easy to verify that the functional µ is a finitely-additive extension of
the measure µ0. Note that µ is also a countably-additive function and there-
fore is a measure defined on the algebra S. According to the Caratheodory
theorem, this measure can be extended (in a unique way) on the σ-algebra
generated by

S0 ∪
(

⋃

i∈I

{Ei}
)

.

Denote by µ the extended measure. The measure µ is a nonatomic invariant
measure on G such that

d(Ei, Ej) = µ(Ei△Ej) = 1/2 (i ∈ I, j ∈ I, i 6= j).

Finally, it is easy to verify that the topological weight of the metric space
canonically associated with measure µ is equal to (βω)+.

Theorem 1 has thus been proved (cf. [2] and [4]). �

As said above, the question of the existence of a nonseparable non-atomic
σ-finite left-invariant measure on an uncountable solvable group was investi-
gated in [6] and it was shown therein that such measures always exist if the
Continuum Hypothesis holds. In this connection, it is interesting to obtain
some lower estimates for the weight of a nonseparable invariant measure
given on an uncountable solvable group.

If (G, ·) is an uncountable solvable group, then there exists a finite se-
quence

{e} = G0 ⊂ G1 ⊂ G2 ⊂ · · · ⊂ Gn = G

of subgroups of G, where e denotes the neutral element of G and, for each
natural number i ∈ [0, n−1], the group Gi is normal in Gi+1 and the factor-
group Gi+1/Gi is commutative. Since G = Gn is uncountable, some of the
factor-groups Gi+1/Gi are uncountable, too. We denote:

θ = min{card(Gi+1/Gi) : Gi+1/Gi is uncountable}.

Consider two possible cases.

1. ω < card(Gn/Gn−1).

In this case, card(Gn/Gn−1) ≥ θ. Using Lemma 1, there exists a com-
mutative group H with card(H) = θ, which is a homomorphic image of
Gn/Gn−1. According to Lemma 2 and Theorem 1, the group H (hence
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the group Gn/Gn−1) admits a non-atomic σ-finite invariant measure whose
weight is (βω)+, where βω ≤ θ. Let

ψ : Gn → Gn/Gn−1

denote the canonical epimorphism. Then, applying Lemma 2 and Theorem
1 once more, we obtain a non-atomic σ-finite left-invariant measure on Gn =
G, whose weight is (βω)+.

2. card(Gn/Gn−1) ≤ ω.

In this case, card(Gn) = card(Gn−1), the group Gn−1 is uncountable
and the length of its composition series is strictly less than the length of
the composition series of Gn−1. By inductive assumption, we may suppose
that there exists a non-atomic σ-finite left-invariant measure on Gn−1 whose
weight is (βω)+, where βω ≤ θ. Therefore, an analogous measure does exist
on Gn (cf. [6], the proof of Lemma 3).

The above argument leads to the following statement.

Theorem 2. let (G, ·) be an uncountable solvable group and let θ be de-

fined as above. Then there exists a non-atomic σ-finite left-invariant mea-

sure on G, whose weight is (βω)+, where β is an infinite cardinal such that

βω ≤ θ.
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