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ON THE CLASS OF FRECHET b-SPACES

B. AQZZOUZ AND M. EL KADIRI

Abstract. We introduce the class of Fréchet b-spaces and study
some of their properties. As an application, we give the bornological
Mittag-Leffler lemma in the category of quotient bornological spaces
[4].

îâäæñéâ. öâéë�â�ñèæ� òîâöâï b-ðæìæï ïæãîùââ�æ á� öâïû�ãèæ-

èæ� é�åæ äëàæâîåæ åãæïâ��. éæ�â�ñèæ öâáâàâ�æ à�éëõâêâ�ñèæ�

éæð�à-èâòèâîæï �ëîêëèëàæñîæ èâéæï éæï��â��á �ëîêëèëàæ-

ñîæ ò�óðëî-ïæãîùââ�æï ç�ðâàëîæâ�öæ [4℄.

1. Introduction and Notations

The Mittag-Leffler lemma applies to Fréchet spaces and the von Neumann
boundedness of a Fréchet space has a useful property that the majority of
boundedness do not have. In [1] (see also [2]) we introduced the class of
Fréchet b-spaces and we used this class to prove a bornological version of
Mittag-Leffler lemma in the category of b-spaces. We observe that a Fréchet
b-space is equipped with a bounded structure which has the properties of
the bounded structure of a Fréchet space.

In this paper, we will define and study this class of b-spaces. For example,
we will show that if E is a completely metrizable vector space, then the b-
space Eco = (E, βco) is a Fréchet b-space, where B ∈ βco if its convex hull
is bounded in the von Neumann boundedness of E. The same result will
be true for the b-space Ef = (E, βf ), if E is a completely metrizable locally
quasi-convex vector space and βf is the fine boundedness of E. Finally, we
will generalize the bornological analogue of the well-known Mittag-Leffler
Lemma that we established in [2], (Theorem 3.3) by proving that for each
n ∈ N, if En|Fn is a quotient bornological space and un+1 : En+1 → en is
a bounded linear mapping such that its restriction vn+1 = un+1/Fn+1

, then
Fn+1 → Fn is an approximatively surjective bounded linear mapping. If Fn

is a Fréchet b-space, then lim
←−

n(En|Fn) ≃ (lim
←−

nEn)|(lim
←−

nFn).
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Let us give some notation and recall some definitions that will be used
in this paper. Let E be a real or complex vector space and let B be an
absolutely convex set of E. Let EB be the vector space generated by B i.e.
EB = ∪λ>0λB. The Minkowski functional of B is a semi-norm on EB . It
is a norm if and only if B does not contain any nonzero subspace of E. The
set B is completant if its Minkowski functional is a Banach norm.

A bounded structure β on a vector space E is defined by a set of “bounded”
subsets of E with the following properties :

(1) Every finite subset of E is bounded;
(2) every union of two bounded subsets is bounded;
(3) every subset of a bounded subset is bounded;
(4) a set homothetic to a bounded subset is bounded;
(5) each bounded subset is contained in a completant bounded subset.

A b-space (E, β) is a vector space E with a boundedness β. A subspace
F of a b-space E is bornologically closed if F ∩ EB is closed in EB for
every completant bounded B of E. If B is a bounded subset of E, then the

completant hull of B is the bounded set λ(B) =

{∑
n λnb :

∑
n |λn| ≤ 1

}
.

A bounded subset B of E is completant if and only if B = λ(B).
Given two b-spaces (E, βE) and (F, βF ), a linear mapping u : E → F is

bounded, if it maps bounded subsets of E into bounded subsets of F . The
mapping u : E → F is bornologically surjective if for every B′ ∈ βF , there
exists B ∈ βE such that u(B) = B0. We denote by b the category of b-
spaces and bounded linear mappings. For more information about b-spaces
we refer the reader to [3].

Let (E, βE) be a b-space. A b-subspace of E is a subspace F with a
boundedness βF such that (F, βF ) is a b-space and βF ⊆ βE . A quotient
bornological space E|F is a vector space E/F , where E is a b-space and F a
b-subspace of E. Given two quotient bornological spaces E|F and E1|F1, a
strict morphism u : E|F → E1|F1 is induced by a bounded linear mapping
u1 : E → E1 whose restriction to F is a bounded linear mapping F → F1.
Two bounded linear mappings u1, v1 : E → E1, both inducing a strict
morphism, induce the same strict morphism E|F → E1|F1 if and only if
u1−v1 is a bounded linear mapping E → F1. A strict morphism u is a class
of equivalence of bounded linear mappings for the equivalence just defined.
The class of quotient bornological spaces and strict morphisms is a category
that we call q̃. A pseudo-isomorphism u : E|F → E1|F1 is a strict morphism
induced by a bounded linear mapping u1 : E → E1 which is bornologically
surjective and such that u−1

1 (F1) = F as b-spaces i.e. B ∈ βF if B ∈ βF

and u1(B) ∈ βF1
).

The category q̃ is not abelian; in fact, if E is a Banach space and F is a
closed subspace of E, it would be reasonable if the quotient Banach space
E|F is isomorphic to the quotient (E/F )|{0}. This is not the case in q̃
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unless F is complemented in E. L. Waelbroeck [4] introduced an abelian
category q generated by q̃ and inverses of pseudo-isomorphims, i.e. q has
the same objects as q̃ and every morphism u of q can be expressed as
u = v ◦ s−1, where s is a pseudo-isomorphism and v is a strict morphism.
For more information about quotient bornological spaces we refer the reader
to [4].

2. Main Results

The Mittag-Leffler lemma [5] applies to Fréchet spaces. The boundedness
of a Fréchet space has a property that a general bornology does not have.
b-Spaces whose boundedness have it will be called Fréchet b-spaces.

Definition 2.1. A b-space E is a Fréchet b-space if for all sequences
of bounded subsets (Bn)n of E. There exists a sequence of positive real
numbers (λn)n such that the set ∪nλnBn is bounded in E.

Proposition 2.2. Let E be a Fréchet b-space and (Bn)n be a sequence
of bounded subsets of E. Then there exists a completant bounded subset
B′ of E which absorbs all the Bn.

Proof. Let (Bn)n be a sequence of bounded subsets of E, there exists a
sequence (λn)n such that, for all n ∈ N, λn ∈ R

+
∗

, and the set ∪nλnBn

is bounded in E. The set
∑

n 2−n−1λnBn is completant, contained in the
completant hull of ∪nλnBn and absorbs all the bounded subsets Bn. �

Now, we give some examples of Fréchet b-spaces :
Let E be a topological vector space. A subset B is bounded in the von

Neumann boundedness of E if it is absorbed by each neighbourhood of the
origin. The space E with its von Neumann boundedness will be called Eb.

If E is a locally convex space in which all bounded closed absolutely
convex subsets are completants, then the space Eb is a b-space.

Proposition 2.3. If E is a Fréchet space, then the b-space Eb is a Fréchet
b-space.

The following result is stronger.

Proposition 2.4. Let E be a completely metrizable vector space, then
the space Eco = (E, βco) is a Fréchet b-space, where B ∈ βco if its convex
hull is bounded in Eb.

Proof. A fundamental sequence (Vn)n of neighbourhoods of the origin exists
in E such that for each n, we have Vn+1 +Vn+1 ⊂ Vn. If (xn)n is a sequence
of elements of E such that for all n, xn ∈ Vn, then the series

∑
n xn converges

in E, and its sum
∑
∞

n=1 xn belongs to the closure of Vn+1.
Let (Bk)k be a sequence of completant bounded subsets of Eco. For each

k, one can find λk such that λkBk ⊂ Vk. We must show that
∑

k λkBk is
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bounded in the b-space Eco. This subset is convex. It should be proved
we must show that it is bounded in Eb. As

∑
n λnBn ⊂ V N−1, the set∑

n λnBn is bounded in Eco, and then there exists ε > 0, such that

ε

( N−1∑

n=0

λnBn

)
⊂ V n+1.

We assume also that ε ≤ 1. Then

ε

( N∑

n=0

λnBn +

∞∑

n=N+1

λnBn

)
⊂ V n+1 + V n+1 ⊂ V n.

This shows that
∑

n λnBn is bounded in E, and therefore in Eco.
A mapping vp : E → R

+ is a p-semi-norm if vp(x + y) ≤ vp(x) + vp(y)
and vp(tx) = |t|pvp(x) if t is a scalar. A locally quasi-convex topological
vector space E is a topological vector space whose topology is defined by a
family of p-semi-norms vp.

A sequence (xn)n of elements of a locally quasi-convex topological vector
space E decreases rapidly if for all k ∈ N, the set {(1 + n)kxn : n ∈ N} is
bounded in E (if and only if, for all continuous p-semi-norm vp (0 < p ≤ 1),
the sequence (vp(xn))n decreases rapidly in R

+).
If E is a b-space, then a sequence (xn)n of elements of E is rapidly

decreasing if for all k ∈ N, the set {nkxn : n ∈ N} is bounded in E. If E
is a locally quasi-convex topological vector space, then a sequence (xn)n of
elements of E decreases rapidly if it is rapidly decreasing in Eb. �

Another example of Fréchet b-space is giving by the following: If E is a
locally quasi-convex topological vector space, then a subset of E is bounded
for the fine boundedness if it is included in the closed absolutely convex hull
of a rapidly decreasing sequence (i.e. a subset B of E is bounded for the
fine boundedness if there exists a rapidly decreasing sequence (xn)n such
that B ⊂ λ((xn)n)).

The fine boundedness of a locally quasi-convex topological space is a
convex vector boundedness and is stronger than the von Neumann bound-
edness. The space Ef will be E with the fine boundedness. It is a b-space
if every bounded closed absolutely convex subset in E is completant.

Proposition 2.5. Let E be a completely metrizable locally quasi-convex
vector space. Then the b-space Ef is a Fréchet b-space.

Proof. Let (Bn)n be a sequence of bounded subsets of Ef . For each n, there
exists a rapidly decreasing sequence (xnk)k of elements of E such that Bn is
contained in λ({xnk : k ∈ N}). The topology of E is defined by a sequence

(vr)r of pr-semi-norms such that (vr)
1

pr = (vr+1)
1

pr+1 .
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We shall use the following double sequence of real positive numbers :

yrk = max
{
v

1
pr

r ((xnk)) : 0 ≤ n ≤ r
}

.

For Cantor’s diagonal, we obtain a rapidly decreasing sequence (zk)k of
real positive numbers such that, for every r, we have vrk ≤ 2−rzk except
for finite numbers of k.

If it is done, then we find a sequence of numbers strictly positive (λr)r

such that for all r there exists k such that λryrk ≤ 2−rzk.
Let x′rk = λrxrk. The bijection

N × N → N, (r, k) 7−→ (r + k)
(r + k + 1

2

)
+ k

changes it to a rapidly decreasing sequence (tn)n of E, such that the set
λ({tn : n ∈ N}) absorbs all the subsets Bn. �

Remark. We must describe the application of the Cantor diagonal. Con-
sider a double sequence (yrk)rk such that, for all k, the sequence (yrk)r is
increasing and for all r, the sequence (yrk)k is rapidly decreasing. For each
r, we can choose nr in such a way that yrk ≤ 2−r(1 + k−r) if k > nr.
The sequence (nr) increases and tends to infinity. Let zk = k−l when
nr ≤ l < nr+1. It decreases rapidly, and yrk ≤ 2−rzk when k ≥ nr.

If (E, βE) is a b-space, then a subset C of E is compact if there exists a
bounded completant subset B in E such that C is compact in the Banach
space EB . We denote by CE the family of compact subsets of the b-space
E and Ec the space E with the boundedness CE . It is a b-space, whenever
E is a b-space. It is clear that the family CE is another boundedness on E
which is finer than βE .

If E is a Fréchet space, then the family CE is the set of relatively compact
subsets of E, and Ec is the space E with the boundedness CE . It is also a
b-space.

Recall that if E is a Fréchet space, then a compact subset K of E is
contained in the closed absolutely convex hull of (xn)n, where (xn)n is a
sequence of E which converges to 0 for the topology of E.

Proposition 2.6. If (E, βE) is a Fréchet b-space, then the b-space Ec is
a Fréchet b-space.

Proof. Let (Cn)n be a sequence of compact convex subsets of E. Then
for every n, there exists Bn ∈ βE such that Cn is compact in EBn

. Since
(E, βE) is a Fréchet b space, there exists a sequence of strictly positive
numbers (λn)n such that the set

∑
n λnBn is bounded. Let (λ′n)n be a

new sequence such that λ′n > 0, λ′n < λn and
λ′

n

λn

→ 0. The set
∑

n λ′nCn

is clearly relatively compact in the Banach space absorbed by
∑

n λnBn
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(i.e. having
∑

n λnBn as an unit ball). This shows that Ec is a Fréchet
b-space. �

As application, we give the bornological Mittag-Leffler Lemma in the
category of b-spaces. But we need to recall from [2] the definition of ap-
proximatively surjective mappings.

Definition 2.7. Let E and F be b-spaces. A bounded linear mapping
u : E → F is approximatively surjective if for every bounded subset B of
F , there exists a bounded completant subset B1 of F and there exists a
bounded completant subset C of E such that B ⊂ B1, u u(C) ⊂ B1 and for
every ε > 0 we have B1 ⊂ εB1 + ∪Mn∈RMu(C).

In the Banach case, it is clear that a mapping is approximatively surjec-
tive if and only if it has a dense range.

The following result was established in [2] (Theorem 3.3).

Aplication 2.8. For each n ∈ N, let En be a b-space and Fn be a
bornologically closed subspace of En. For all n ∈ N, let un+1 : En+1 → En

be a bounded linear mapping such that vn+1 = un+1/Fn+1 : Fn+1 → Fn is
an approximatively surjective bounded linear mapping. If Fn is a Fréchet
b-space, then lim

←−
n(En|Fn) ≃ (lim

←−
nEn)|(lim

←−
nFn).

In the category of quotient bornological spaces, we obtain

Aplication 2.9. For each n ∈ N, let En|Fn be a quotient bornological
space and let un+1 : En+1 → En be a bounded linear mapping such that its
restriction vn+1 = un+1/Fn+1 : Fn+1 → Fn is an approximatively surjective
bounded linear mapping. If Fn is a Fréchet b-space, then lim

←−
n(En|Fn) ≃

(lim
←−

nEn)|(lim
←−

nFn).

Proof. In fact, it follows from Application 2.8 that the right exact functor
lim
←−

n(·) : b → b is exact, and hence, Theorem 4.1 of [4] implies that we

can extend it to an exact functor lim
←−

n(·) : q → q. Since each quotient

bornological space En|Fn defines an exact sequence

0 → Fn → En → En|Fn → 0

its image by the exact functor lim
←−

n(·) : q → q is the following exact se-
quence:

0 → lim
←−

nFn → lim
←−

nEn → lim
←−

n(En → Fn) → 0.

As consequence, we deduce that

lim
←−

n(En|Fn) ≃ (lim
←−

nEn) | (lim
←−

nFn). �
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5. L. Hörmander, The analysis of linear partial differential operators. II. Differential op-

erators with constant coefficients. Grundlehren der Mathematischen Wissenschaften

[Fundamental Principles of Mathematical Sciences], 257. Springer-Verlag, Berlin,
1983.

(Received 01.05.2007)

Authors’ addresses:

Belmesnaoui AQZZOUZ
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