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ON BASES OF MULTIDIMENSIONAL HAAR TYPE
WAVELET SYSTEMS IN THE SPACES Lg(du), 1<p<oo

Z. MELIKIDZE

ABSTRACT. In the paper necessary and sufficient conditions on a
Borel measure p for which the Haar type wavelet system of functions
{xn(z)}22; is a basis in Lg (dp),1 < p < oo are established.
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1. INTRODUCTION

Let E be a Borel set in R™. Suppose that p is a finite positive Borel
measure on E. By the symbol L%,(du),1 < p < oo, we denote the Banach
space of all functions f such that

sz = ( [ If(fv)l”du)l/p <o 1)
E

for 1 < p < oo and

HfHLOEO(dM) = ess s];lp|f(ac)| (relative to ) (2)
xE

for p = oco. If p is the Lebesgue measure, then we write L%, instead of
Lig(dp).

In the sequel by the symbol Z™ will be denoted the space of all integer
vectors v whose dimension equals n.

Let A: R™ — R"™ be a fixed linear map such that A(Z™) C Z™ and that
all (complex) eigenvalues of A have absolute values greater than 1. Further,
assume that |det A| = §. From the properties of A mentioned above it
follows that § > 2 is a natural number.

We will treat with Z™ as an additive group. Then A(Z") is a normal
subgroup, so we can form the cosets of A(Z™) in Z™. They naturally form
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a group. Let us take only one element from each coset of A(Z™). A subset
of Z™ defined by this way will be called a set of digits. It is well known (see
[10], Proposition 5.5) that the number of different cosets of A(Z™) in Z”
equals | det A| = ¢.

Let us fix a set of digits S = {k1,...,ks} and define the set

o0
@{xER”:zZAjsj, wherestS}. (3)
j=1

It is easy to check that the series in (3) is absolutely convergent.

It can be happened, however, that different sets of digits give sets Q which
are different. For some sets of digits the sets Q can be ”very” irregular. Such
sets are called fractals.

Now we define the vectors

kél) = O (where © is the zero vector),

RO — B A D (k) = 0,1, ., m= 1,8 i =1,...,8
and the sets

O™ = A(@Q) + k™ 0 =0,1,..., m=1,...,0"

for the sets of digits S = {k1,...,ks}.

Let Q be the set introduced by (3). Then (see [10], Proposition 5.19) the
following properties of Q hold:

(i) Q is a compact subset of R™:

“
{HT=U Q" n=12,..;
m=1
(i) U (@+~) =R
’YEZ‘VL

(iv) Q contains an open set.

In addition, let us suppose that the set of digits S = {k1,...,ks} are
chosen so that Q) satisfies the condition

(v) |Q| = 1, where |Q| denotes the Lebesgue measure of Q.

The interior part of @ (measure of its boundary equals zero) will be

denoted by @. By the same manner, we assign to the each set @im), n=
0,1,..., m = 1,...,0", its interior part lem). The sets lem), n =
0,1,..., m=1,...,0™ are called Haar sets.

Let As = (w,;),@ = 0,...,6 =1, j = 1,...,0 be the matrix, such

s
that ag; =1, j=1,...,0 and Y o jQm,j = 00n,m, where &, ,, is the
j=1
Kronecker delta.

Let us define the following function system

Xéo)(x) =1, z€q,
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57200 N = Q(l5+j)
X () = AR TREY (4)
0, zeQ\Q@,
n=01,..., m=1,...,6"06-1), j=1,...,6
where 1 < i < §—1 and [ are chosen so that ¢ — 1 = (m — 1)(mod(é — 1))
and [ = [?T_ll} ([a] is an entire part of the real number a).

In this paper we deal with general Borel measures. Hence, it should
be taken into account values of functions (4) at the points of discontinu-
ity. Thus, we define values of functions (4) so that a closed system in

(g can be obtained. Namely, the values of the functions X%m(x), n =

0,1,..., m=1,...,6"(d — 1), at the point of discontinuity ¢ is equal to
(15+3)

the arithmetic mean of the numbers 5”/2041-,% for which zg € Q1"

1,...,6, ¢ and [ have the same meaning as in (4).
Let us write
xi(@) = x§ (@) and for n = 8" 4§ xu(x) = X (). (5)

System (5) is called Haar type wavelet system and the latter is an or-
thonormal basis in Lg), 1 < p < oo.

A system of functions { f,,(z)} is said to be closed in LP(du), 1 < p < oo,
if every function from LP(du) can be approximated in the norm by finite
linear combinations of f,. A system {f,(x)} in L%(du) (g denotes the
conjugate exponent of p, 1 < p < 00) is called total with respect to LP(du)
if only the zero function in LP(du) is orthogonal to f,, for any n. By A. L.
Markushevitch [9], we call the system of functions { f,(z)} a basis in a wide
sense for LP(dp), 1 < p < oo, if that system is minimal closed in L?(du)
and the system conjugate to {f,(z)} is total with respect to L?(du).

The problem of the existence of a conditional basis in a Hilbert space was
open for a long time. The latter problem has been solved by K.I. Babenko
[1] who showed that the system obtained by product of the trigonometric
system {eim}zoz_oo and the function M,(x) = |z]*, 0 < a < 1/2, forms
a conditional basis in Lf—w,vr}'

Observe that if the system {f,(x)M(z)}, where M is some function,
forms a basis in LP for some 1 < p < oo, then the system {f,} is a basis
itself in LP(¢(x)dz) and vice versa, where ¢(x) = |M (x)|P.

In 1972 R. Hunt, B. Muckenhoupt and R. Wheeden [3] derived a char-
acterization of the class of all weight functions W for which W (x)e™® is a

basis in Lfo 2] Namely, the next statement holds.

Theorem (Hunt, Muckenhoupt, Wheeden). Let W(x) be a non-
negative 2mw-periodic function. The trigonometric system {ei"‘”}oo s a

n=—oo

basis in Lfo o] (W(x)dx), 1 < p < oo, if and only if there exists an absolute
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constant K, such that for any interval I

-1

(|—}|I/W(ac)dac) (ﬁ /(W(x))_l/(’"l)dm)p <K,

I

holds, where |I| denotes a length of 1.

In 1971 A. S. Krantzberg [8] described a class of all positive Borel mea-
sures u for which the Haar system is a basis in LP(du), 1 < p < co. In
particular the following statement holds.

Theorem (Krantzberg). Let p be a positive Borel measure on [0, 1].
The Haar system {xn(2)}5%; is a basis in LP(du), 1 < p < oo, if and only
if u has the form

du(x) = ¢(z)dz, (6)
where ¥ (x) is a non-negative Lebesgue integrable function satisfying the con-
dition

-1

(& A/ s (% [ ) <k,

A
for any dyadic interval A = ((m — 1)/2™,m/2") (n=1,2,...;m=1,...,2"),
where K, depends only on p.
In the sequel the symbol L?(du) will denote the dual space of LP(dpu),
1<p<oo:1/p+1/qg=1 (as usual, we assume 1/o0 =0 and 1/0 = co. So
that p = 1 implies ¢ = c0).

2. THE SYSTEM {¢,,(2)}52; AS A BASIS IN A WIDE SENSE

Theorem 1. Suppose that {¢n(z)}532, € Lg is minimal in L5 . Assume
that {1, (x)}22, is biorthonormal to {pn(x)} and, besides, {@n(x)}2, s
total with respect to Lgy. Then the system {@n(x)}52; is a basis in a wide
sense in Ly (Y(r)dz), 1 < p < oo (Y(z) € Ly, ¥(x) >0 a.e. on Q) if and
only if for any natural number n

[ne) Pp(a)] " € LGP0,

Proof. Necessity. Since the system {¢,(2)}52, is a basis in a wide sense in
L) (h(x)dz), there exists a system {fn(2)}52 in L (¥ (x)dz) biorthonor-
mal to {¢n(2)}52, (1/p+1/g = 1) such that

/(pn(:v)fk(x)w(x)dmzén,k, n=12,..., k=12,....
Q
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It is clear that

(/mw—mwwuww%uwwm=o
Q

for any natural number n. Hence

/[fk(fﬂ)w(fﬂ) — i ()] pn(z)dz = 0.
Q

Taking into account that the system {¢,(x)}52; is total with respect to
Lb, we have

(@) = i) ()]~
Consequently
Un(@) ()] € L (d(a)da).
Hence,
(@))€ g

for any natural number n. Necessity has been proved.
Sufficiency. Suppose that

@) P @) " € 1g" Y.
Hence,
fa(@) = (@) [(2)] 7" € LG (Y (w)dx).
Further, note that {f,(z)}22; is a system biorthonormal to {¢,(x)}5 ;.
Consequently the system {,(x)}52; is minimal in L, (¢ (2)dz).
Now assume that {@,(z)}52; is not closed in Lg)(¢(x)dz). Then there
exists a function f € L, (¥ (x)dx), f(x) # 0, such that

[ r@ent@vtaas =0
Q

for any natural number n. Since the system {p,, (z)}22, is total with respect
to Lég, it follows that

f@)y(x) =0
Which contradics the assumption f(z)i(x) #Z 0. Finally we conclude that
{on(x)}o2y is closed in L{(y(x)dx).
It remains to prove that the system {f,,(x)}52; conjugate to {p,(z)}2,
is total with respect to Lg)(¢(z)dx). Let f(x) € Lgy(¥(x)dx) and

/f(m)fn(x)w(x)dx =0
Q
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for any natural n. Hence

/f(ac)gon(x)dx =0, n=12,....
Q

Taking into account that the system {p,(z)}>2, is total with respect to
Lé, we obtain

f(z) =0,
which clearly means that the system {f,(z)}22, is total with respect
to Lg(¢(x)dx).
The theorem has been proved. [

3. THE SYSTEM {xn(2)}52; AS A BASIS

Theorem 2. The system {xn(z)}5Z; is a basis in the space Lp)(dp),
1 <p < oo, if and only if

(a) there exists a Lebesgue integrable function (x) such, that du(x) =
() da;
(b) ¥(z) > 0 a.e. on Q;
(c) [(x)" ! € Ll/(;v—l).
(

d) there exists a number M, > 0 such, that for every Haar set Q(m)
0,1 =1,...,0", we have

-1

( <m>| /w )( (m>| /[w(:c)]l/(p”dw)p < M,

To prove Theorem 2 we use the following fact, which is a direct con-
sequence of Theorem 1 and of Lemmas 1 and 2 from [7] (we only notice
that these Lemmas in multi- dimensional case can be derived by the same
manner as in the case of one-dimensional case).

Theorem 3. The system {xn(x)}2; forms a basis in a wide sense in
LP(dp), 1<p<oo, if and only if conditions (a), (b) and (c) of Theorem 2
hold.

Assume that the measure p satisfies conditions (a), (b), (c) of Theorem
2 which means that the system {x,(z)}52, is a basis in a wide sense in
LP(du), 1 < p < co. Denote by S, (f, z) the partial sums for f € LP(du) in
terms of that system. Consider the Haar sets of maximal measure on which
all the functions x,(z), n =1,...,N (N = 1(mod(d — 1))), are constant. It
is obvious that for a given integer NV > 1 there are N number of such sets
. Let us denote the latter sets by I'y,...,I'y. Using this notation we can
formulate the next lemma which will be useful to prove Theorem 2.
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Lemma 1. Let p be a measure satisfying conditions (a), (b), (¢) of
Theorem 2. Then for every N > 1 (N = 1( mod (6 — 1))) we have

SN(f,x):|F—1n|/f(t)dt ifxel,, 1<n<N. (7)
I'n

Proof. By the assumption we have that {x;(z)}$2; is a basis in a wide sense
in LP(dp). We will construct the conjugate system {¢;(x)}52,. Obviously
the latter can be written as follows

i(@) = Xi(@) ()]~ (8)
For any N > 1 (N = 1(mod(6 — 1))) and f € LP(du) we have

N
Sn(f(z)) = Z cixi(z),

where

6= / F (@) (2)dp. (9)
Q

Now we use an induction. For N = 1 we have

o = / F (@) @)@ (@) = / f(x)da.
Q Q

Hence

Si(f.x) = / f(z)dz.
Q

Let us now assume that (7) holds for some N = 1(mod(d — 1)) and
calculate Sy4s5-1(f, x). Indeed, it is easy to see that

5—1
Snis—1(f,x) = Sn(f, ) + Z CN4iXN+i(T)-

i=1
Denote by Pi,..., Ps the Haar sets on which xyn4i(x), 1 <i < 4§ — 1, takes
b
U Pi\T%
=1

the values o 1|Tx|~Y/2,. .., a; 5|Tx|~*/? respectively, where

0. Hence, due to (8) and (9) we have

Cngi = / F@) o 4i(@) (@) (@) = / F(@)onss(a)da =
Q

Q
4
=Y aulrul 7 [ sl
Jj=1 pj
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Further, if z € P,, 1 <n <4, then

5-1 6
ZCNH‘PNH :Zzauﬂfkl_m/f(fc)dmi,ankl_l/Q =
i=1 j=1 )
5 -1
=Tk 1 Za”aln/f Ydor = |Ty|~ 12/]‘ dea”am.
j=11:=1 i= 1P

J

6—1
Since > «; jovpn = 0d;, — 1, we have
i=1

60—1 o
S envion (@) = [Tl S (0850 — 1) / f(@)da =
i=1 Jj=1 v

— Il lzéém/f )z — 4| 1Z/f

le

— [Ty 15/f )z — |Ty|- 1/f ) =
— B! / f(x)de — [Ty / f(x)de
P, Iy

Consequently

Snts—1(f, x) / x)dr for x € P,, 1 <n<4. (10)
P

Taking into account that xn4; (1 <i<d—1) equals zero outside of T) and
(7), (10), finally we have the desired result. Lemma 1 has been proved. O

Proof of Theorem 2. Tt is well known that a basis in a wide sense in L?(dpu)
is a basis if and only if norms of partial sums of functions from this basis
are uniformly bounded. Thus, in order to obtain sufficiency of (a)-(d), by
Theorem 3 it suffices to estimate norms of Sy (f,z). Let N = 1(mod(d—1))
and 0 < k < § — 1. Without loss of generality we assume that I';, (for the
Haar sets I'q, - - , 'y considered above) denotes that Haar set for which the
functions xny1x(z) (0 < k < § — 1) equal zero outside of I'. According to
Lemma 1 we have

/ S (oo — 3 / 1Sk (f,2) P ()

le
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=3 [k [ o] [ vt
+/ ‘|F—1N| /f(:v)d:c * zk: / f@)xntj(x)drxn;(x)
T'n 'y Py

< Ngﬁ / P (o) / [¢<x>]q/Pd:c>p/q [t
”BQ"’ /|f P dx</[<>1q/Pd:c>p/q/ww>dx§
O%%1+BQ ) /ﬁf )P (x

where B = max {|a; ;] : 0<i<§—1,1<j<¢§}. Sufficiency of Theorem
2 has been proved.

To show necessity, we use the fact that if the system {x;(z)}$2; is a basis
in LP(dp), then

p

Y(x)dr <

ISn]| < M < +o. (11)

On the other hand, by virtue of Theorem 3, Lemma 1 and the boudedness
of the operators Sy (N = 1(mod(d — 1))) we have

1Snll= sup (IS8 (F,2)l2p g 2 max sup[[Sn (f )y ), (12)

fl ‘Lg(du)él
where the latter supremum is taken over all f provided
Iflleo(any <1 and  f(z) =0 for e Q\lu
Equality (8) shows that the supremum is equal to
sup 1SN (fy @)L (ap) =

HfllL;é(du)Sl
1/p
(/w(m)d:c> su /f de| for i=1,...,N (13)
r HfHL” (dp)<1

Using the equality
f(a) = f@)[(@)] " ()

@ ag o= ([ W] 0 e

i

we obtain

ff

||fHL1’ (<1
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Hence, (11)-(13) lead to necessity of (d). O

10.
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