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ON THE BOUNDARY VALUE PROBLEM OF FINDING

TWO FUNCTIONS FOR A PLANE WITH LINEAR CUTS

G. KUTATELADZE

Abstract. For a plane with rectilinear cuts lying along the segments
of two mutually perpendicular straight lines we consider the problem
on finding two piecewise holomorphic functions when in the boundary
conditions for the cuts to the given value of the first function is added
the conjugate value of the second one.

The solution of the problem is constructed in two modes in the
classes of N.Muskhelishvili, explicitly (in a closed form), by the Cauchy
type integrals.

îâäæñéâ. ñï�ïîñèë ïæ�îðõæï�åãæï ïûëîý�äëã�êæ üîæèâ�æå,

îëéèâ�æù à�êè�àâ�ñèæ� ëîæ ñîåæâîåé�îåë�æ ûîòæï éëê�çãâåâ-

�æï à�ïûãîæã, à�êýæèñèæ� ëîæ ñ�êë�îæã ÿëèëéëîòñèæ òñêóùæ-

æï ìëãêæï �éëù�ê�, îëù� ï�ä�ã�îäâ éëùâéñè âîå-âîåæ òñêóùææï

éêæöãêâèë��ï âé�ðâ�� éâëîæï öâñ�èâ�ñèæ éêæöãêâèë��.

�éëê�ýïêâ�æ �àâ�ñèæ� ëîæ àäæå, ê. éñïýâèæöãæèæï çè�ïâ�öæ.

æïæêæ à�éëï�ýñèæ� ùý�á�á (ø�çâðæèæ ï�ýæå) çëöæï ðæìæï æêðâ-

àî�èâ�æå.

Assume that the plane of a complex variable z = x + iy is cut along 2p
segments ak ≤ x ≤ bk, −bk ≤ x ≤ −ak, k = 1, 2, . . . , p of the real axis and
along 2m segments αj ≤ y ≤ βj , −βj ≤ y ≤ −αj , j = 1, 2, . . . ,m of an
imaginary axis. Let Lk and L−k be the cuts lying along the segments [ak, bk]
and [−bk,−ak], and let Λj and Λ−j be the cuts lying along the segments
[iαj, iβj ] and [−iβj,−iαj]; L and Λ are unions of these cuts, respectively.
A multiply connected domain, i.e., a plane with cuts, we denote by S.

Let us consider the boundary value problem: Find functions ϕ(z) and

ψ(z), piecewise holomorphic in S, satisfying the boundary conditions
[

ϕ(t) + ψ(t)
]±

= f±(t), t ∈ L (1)

and
[

ϕ(t) + ψ(t)
]

±
= g±(t), t ∈ L, (2)

2000 Mathematics Subject Classification. 30E25.
Key words and phrases. Analytical continuation, piecewise holomorphic function,

canonical function, combined boundary conditions.



54 G. KUTATELADZE

where f±(t), g±(t) are the functions of Hölder class H given on L and Λ,

respectively.

Upper or lower indices “±” indicate the boundary values on contours of
the cuts L (or Λ) from above (or from the left) and from below (or from the
right), respectively.

A solution of the problem under consideration will be presented in two
modes.

Mode I

In the boundary condition (1) we introduce −t instead of t. Taking into
account that if t runs through the points of L in one direction (from the left
to the right), then −t runs, because of the symmetry of the cuts, through
the same points in the opposite direction (from the right to the left), and
we obtain the conditions again on L:

[

ϕ(−t) + ψ(−t)
]±

= f±(−t), t ∈ L, (1′)

Reasoning analogously, in the condition (2) we replace t by t. Assuming
that t ∈ Λ, we have

[

ϕ(t) + ψ(t)
]

±
= g±(t), t ∈ L, (2′)

Summarizing and subtracting the boundary conditions first (1) and (1′)
and then (2) and (2′), we obtain

[

ϕ(t) + ψ(−t) + ϕ(−t) + ψ(t)
]±

= f±(t) + f±(−t), t ∈ L, (3)
[

ϕ(t) − ψ(−t) − ϕ(−t) + ψ(t)
]±

= f±(t) − f±(−t), t ∈ L, (4)
[

ϕ(t) + ψ(t) + ϕ(t) + ψ(t)
]

±
= g±(t) + g±(t), t ∈ Λ, (5)

[

ϕ(t) − ψ(t) − ϕ(t) + ψ(t)
]

±
= g±(t) − g±(t), t ∈ Λ. (6)

The above conditions can be written in the form

Ω+
1 (t) − Ω−

1 (t) = f1(t), Ω+
2 (t) + Ω−

2 (t) = f2(t), t ∈ L,

Ω1+(t) − Ω1−(t) = g1(t), Ω2+(t) − Ω2−(t) = g2(t), t ∈ Λ,

Ω+
3 (t) − Ω−

3 (t) = f3(t), Ω+
4 (t) + Ω−

4 (t) = f4(t), t ∈ L,

Ω3+(t) + Ω3−(t) = g3(t), Ω4+(t) + Ω4−(t) = g4(t), t ∈ Λ,

or, what is the same thing,

Ω+
2ν−n(t) − (2n− 1)Ω−

2ν−n(t) = f2ν−n(t), t ∈ L, (7)
[

Ω2ν−n(t)
]

+
+ (2ν − 3)

[

Ω2ν−n(t)
]

−
= g2ν−n(t), t ∈ Λ, (8)

n = 0, 1, ν = 1, 2.
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where we have introduced the notation

Ω2ν−n(z) = ϕ(z) + (2ν − 3)ψ(−z)− (2n− 1)
[

ψ(z) + (2ν − 3)ϕ(−z)
]

, (9)

f2ν−n(t) = f+(t) + (2ν − 3)f+(−t) − (2n− 1)
[

f−(t) + (2ν − 3)f−(−t)
]

,

g2ν−n(t) = g+(t) + (2ν − 3)g−(t) − (2n− 1)
[

g+(t) + (2ν − 3)g−(t)
]

,

n = 0, 1, ν = 1, 2.

The functions Ω2ν−n(z), n = 0, 1, ν = 1, 2, are, because of the symmetry of
the cuts, piecewise holomorphic with boundary lines L ∪ Λ in the domain
S; they must satisfy supplementary conditions

Ω2ν−n(z) = −(2n− 1)(2ν − 3)Ω2ν−n(−z), n = 0, 1, ν = 1, 2. (10)

As is seen, the solution of the problem (1), (2) is reduced to four mixed
boundary value problems of linear conjugation. By means of canonical func-
tions [1], we can reduce each of the problems to the simplest problem, i.e., to
the problem of finding a piecewise holomorphic function with a prescribed
jump.

We introduce into consideration canonical functions T2ν−2(z), n = 0, 1,
ν = 1, 2, which by themselves are solutions of the homogeneous problem [1]

T+
2ν−n(t) − (2n− 1)T−

2ν−n(t) = 0, t ∈ L,
[

T2ν−n(t)
]

+
+ (2n− 3)

[

T2ν−n(t)
]

−
= 0, t ∈ Λ,

n = 0, 1, ν = 1, 2.

A particular solution of that problem we represent as follows:

T2ν−n(z) =
[

χ(z)
]1−n[

Q(z)
]ν−1

, n = 0, 1 ν = 1, 2, (11)

where

χ(z) ≡ χ0(z) =

p
∏

k=1

(

z2 − a2
k

)−1/2(
z2 − b2k

)−1/2
,

and

Q(z) ≡ Q0(z) =

m
∏

j=1

(

z2 + α2
j

)−1/2(
z2 + β2

j

)−1/2

are the solutions corresponding to the unbounded ones (having integrable
singularities) in the vicinity of all ends.

If we are required to construct solutions, bounded in the vicinity of the
given ends c1, c2, . . . , cq, 0 ≤ q ≤ 2p, d1, d2, . . . , ds, 0 ≤ s ≤ m and taking
into account that in the vicinity of symmetric ends a solution is sought in
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one and the same class, then

χ(z) ≡ χq(z) =

q
∏

k=1

(

z2 − c2k
)1/2

2p
∏

k=q+1

(

z2 − c2k
)−1/2

, (12)

Q(z) ≡ Qs(z) =

s
∏

j=1

(

z2 + d2
j

)1/2
2m
∏

j=s+1

(

z2 + d2
j

)−1/2
; (13)

here ck and dj denote respectively the ends of the cuts L and Λ which are
enumerated arbitrarily.

The functions χq(z) and Qs(z) are holomorphic in the domain S if under
these functions we mean certain branches; for example, those for which

lim
z→∞

[

z2(p−q)χq(z)
]

= 1, lim
z→∞

[

z2(m−s)Qs(z)
]

= 1.

Notice here that the relations

χq(z) = χq(z) = χq(−z), Qs(z) = Qs(z) (14)

hold.
The solutions T2ν−n(z) expressed by the functions χ0(z), Q0(z) or χq(z),

Qs(z), are canonical functions of the classes h0, and hq+s, respectively ([1],
§78).

We seek for solutions of the problem (7),(8) belonging to the class hq+s

and vanishing at infinity.
Using canonical functions, the boundary conditions (7),(8) take the form

[Ω2ν−n(t)

T2ν−n(t)

]+

−
[Ω2ν−n(t)

T2ν−n(t)

]−

=
f2ν−n(t)

T+
2ν−n(t)

, t ∈ L, (15)

[Ω2ν−n(t)

T2ν−n(t)

]

+
−

[Ω2ν−n(t)

T2ν−n(t)

]

−

=
g2ν−n(t)

[T2ν−n(t)]+
, t ∈ Λ, (16)

n = 0, 1, ν = 1, 2.

Consequently, we have obtained the boundary value problem of finding a
piecewise holomorphic function Ω2ν−n(z)/T2ν−n(z) by means of the given
jump.

Having found the functions Ω2ν−n(z), n = 0, 1, ν = 1, 2, by virtue of (9),
we find main unknown functions by the formulas

ϕ(z) =
1

4

1
∑

n=0

2
∑

ν=1

Ω2ν−n(z), ψ(z) =
1

4

1
∑

n=0

2
∑

ν=1

(1 − 2n)Ω2ν−n(z). (17)

A solution of the problem (15),(16) we represent as follows ([1], [2] § 110):

Ω2ν−n(z) = Ω0
2ν−n(z) + Ω∗

2ν−n(z), n = 1, 0, ν = 1, 2, (18)

where Ω0
2ν−n(z) is a general solution of the homogeneous problem (f2ν−n(t) =

g2ν−n(t) = 0), and Ω∗
2ν−n(z) is a particular solution of the inhomogeneous



THE BOUNDARY VALUE PROBLEM FOR A PLANE WITH CUTS 57

problem (15),(16). The functions Ω0
2ν−n(z) and Ω∗

2ν−n(z) must, obviously,
satisfy the relations (supplementary conditions) (10).

A general solution of the given class of the homogeneous problem (15),
(16) which may have the pole at infinity, is given by the formula ([1], [2]
§ 110)

Ω0
2ν−n(z) = T2ν−n(z)P2ν−n(z) =

[

χ(z)
]1−n[

Q(z)
]ν−1

P2ν−n(z), (19)

n = 1, 0, ν = 1, 2

where P2ν−n are arbitrary polynomials. In order to obtain a solution van-
ishing at infinity, taking into account the behaviour T2ν−n(z) and also
(10),(14), we choose polynomials P2ν−n(z) as follows:

P1(z) = 0 for any values q and s,

P2(z) =

q0
∑

j=0

M2j+1z
2j+1, for q < p, q0 = p− q − 1, (20)

if q ≥ p, then P2(z) = 0;

P3(z) =

m0
∑

j=0

M0
2j+1z

2j+1, for s < m, m0 = m− s− 1, (21)

if s ≥ m, then P3(z) = 0;

P4(z) =

n0
∑

j=0

M2jz
2j, for q + s < p+m, n0 = p+m− q − s− 1, (22)

if q + s ≥ p+m, then P4(z) = 0.
M2j+1, M2j, M

0
2j+1 are arbitrary constants.

A particular solution of the inhomogeneous problem (15),(16) is defined
by the formula ([1], §31)

Ω∗
2ν−n

T2ν−n(z)
=

1

2πi

∫

L

f2ν−n(τ)

T+
2ν−n(τ)

dτ

τ − z
+

1

2πi

∫

Λ

g2ν−n(τ)

[T2ν−n(τ)]+

dτ

τ − z
=

=
1

2πi

∫

L

f+(τ) − (2n− 1)f−(τ)

T+
2ν−n(τ)

[ 1

τ − z
−

(2n− 1)(2ν − 3)

τ + z

]

dτ+

+
1

2πi

∫

Λ

g+(τ) + (2ν − 3)g−(τ)

[T2ν−n(τ)]+

[ 1

τ − z
−

(2n− 1)(2ν − 3)

τ + z

]

dτ, (23)

n = 0, 1, ν = 1, 2.

For n = 1, ν = 1 the solution always exists, Ω1(z) is almost bounded ([1],
§77) in the vicinity of all ends; moreover, it will be bounded in the vicinity
of those ends at which f+(t), g+(t) and f−(t), g−(t) take the same values.



58 G. KUTATELADZE

For q ≤ p, s ≤ m, q + s ≤ p + m the solution (23) of the class hq+s,
vanishing at infinity, always exists.

In the remaining cases the following conditions must be satisfied:
for n = 0, ν = 1, q > p

∫

L

f+(τ) + f−(τ)

χ+(τ)
τ2µ dτ +

∫

Λ

g+(τ) − g−(τ)

χ(τ)
τ2µ dτ = 0, (24)

µ = 0, 1, . . . , q − p− 1;

for n = 0, ν = 2, q + s > p+m
∫

L

f+(τ) + f−(τ)

χ+(τ)Q(τ)
τ2µ+1 dτ +

∫

Λ

g+(τ) + g−(τ)

χ(τ)Q+(τ)
τ2µ+1 dτ = 0, (25)

µ = 0, 1 . . . , q + s− p−m− 1;

for n = 1, ν = 2, s > m
∫

L

f+(τ) − f−(τ)

Q(τ)
τ2µ dτ +

∫

Λ

g+(τ) + g−(τ)

Q+(τ)
τ2µ dτ = 0, (26)

µ = 0, 1 . . . , s−m− 1.

It can be easily seen that the supplementary conditions (10) are satisfied.
Further, according (17) and (18), a general solution of the initial problem

can be represented in the form

ϕ(z) =
1

4

1
∑

n=0

2
∑

ν=1

{

Ω∗

2ν−n(z) +
[

χq(z)
]1−n[

Qs(z)
]ν−1

P2ν−n(z)
}

, (27)

ψ(z) =

=
1

4

1
∑

n=0

2
∑

ν=1

(1 − 2n)
{

Ω
∗

2ν−n(z) +
[

χq(z)
]1−n[

Qs(z)
]ν−1

P 2ν−n(z)
}

, (28)

where Ω∗
2ν−n(z) and P2ν−n(z) are given by formulas (20), (21), (22) and

(23).
Thus as regards a solution of the initial problem of the class hq+s, vanish-

ing at infinity and representable by formulas (27) and (28), we can conclude
the following:

When q + s < p + m, for q ≤ p, s < m or q < p, s ≤ m a solution is
always exists; for q > p, s < m or q < p, s > m for a solution to exist, the
conditions (24) or (26) must, respectively, be satisfied.

When q + s = p +m, for q = p, s = m a unique solution always exists;
for q > p, s < m or q < p, s > m a solution exists only under the conditions
(24) or (26) respectively.

When q+s > p+m, for q > p, s > m the solution exists if the conditions
(24), (25) and (26) are satisfied; for q > p, s ≤ m or q ≤ p, s > m
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the solution exists if the conditions (24), (25) or (25), (26) are satisfied,
respectively.

Mode II

On the other hand, the boundary conditions can be written in the form

ϕ+(t) + ψ −(t) = f+(t), ϕ−(t) + ψ +(t) = f−(t), t ∈ L,

ϕ+(t) + ψ−(−t) = g+(t), ϕ−(t) + ψ+(−t) = g−(t), t ∈ Λ.

Summarizing and subtracting the above equalities, we obtain

φ+
0 (t)+φ−0 (t)=f+(t)+f−(t), Ψ+

0 (t)−Φ−

0 (t)=f+(t)−f−(t), t∈L, (29)

φ+(t)+φ−(t)=g+(t) + g−(t), Ψ+(t)−Ψ−(t)=g+(t)−g−(t), t∈Λ, (30)

where we have introduced the notation

φ0(z) = ϕ(z) + ψ(z), Ψ0(z) = ϕ(z) − ψ(z),

φ(z) = ϕ(z) + ψ(−z), Ψ(z) = ϕ(z) − ψ(−z).

Representing the boundary conditions (3), (4), (5) and (6) in the same
notation, we obtain

[

φ(t) + φ(−t)
]±

= f±(t) + f±(−t),
[

Ψ(t) − Ψ(−t)
]±

=

= f±(t) − f±(−t), t ∈ L,

[

φ0(t) + φ0(−t)
]

±
= g±(t) + g±(−t),

[

Ψ0(t) − Ψ0(−t)
]

±
=

= g±(t) − g±(−t), t ∈ Λ.

Grouping the above-obtained conditions with the conditions (29) and (30),
we can conclude that finding of the functions φ0(z), Ψ0(z), φ(z), Ψ(z) is
reduced to four problems with the combined boundary conditions [3], when
the conditions of the problem of linear conjugation are given on one contour,
and the conditions with a shift are prescribed on the other contour. Indeed,
when t runs over the borders of the cuts L (or Λ) in one direction (from the
left to the right), then −t (or t) runs over the same cuts L (or Λ) in the
opposite direction. Let

α−(t) = −t, for t ∈ L and α−(t) = t, for t ∈ Λ
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be an inverse Carleman’s shift [4]. Then the boundary conditions can be
rewritten as follows:

[

Ψ
[

α−(t)
]

− Ψ(t)
]±

= f±(−t) − f±(t), t ∈ L,

Ψ+(t) − Ψ−(t) = g+(t) − g−(t), t ∈ Λ,
[

Ψ0

[

α−(t)
]

− Ψ0(t)
]

±

= g±(t) − g±(t), t ∈ Λ,

Ψ+
0 (t) − Ψ−

0 (t) = f+(t) − f−(t), t ∈ L.

Assuming
φ0(z)

χ(z)
≡ φ∗0(z),

φ(z)

Q(z)
≡)φ∗(z),

where canonical functions are given by formulas (12) and (13), and taking
into account the relations (14), for the functions φ∗0(z) and φ∗(z) we obtain
analogous combined conditions.

These problems, having an independent interest, are easily solvable. To-
wards this end, it is sufficient to make use of reasoning of Mode I. Clearly,
our final results coincide, as it was expected, with the results obtained in
Mode I.

Consequently, the solution of the initial problem in Mode II is treated as
that of the combined Carleman’s problem and of linear conjugation.

Finally, we note that the case for ψ(z) ≡ ϕ(z) has been considered in [5].
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