Proceedings of A.Razmadze
Mathematical Institute,
Vol. 127, 2001

ON UNIFORM SHAPE THEORY WITH PRECOMPACT SUPPORTS

V. BALADZE AND L. TURMANIDZE

ABSTRACT. The uniform shape theory with precompact supports on
the category of uniform spaces and uniform maps is defined. This
theory is described in terms of direct systems of the uniform shape
category of precompact spaces. The invariants, such as the uniform
Cech homology and cohomology group with precompact supports,
are also defined. The long exact sequences of uniform maps and pro-
groups are obtained.

INTRODUCTION

The shape theory for uniform spaces which is an extension of the uni-
form homotopy theory of ANRU-spaces, has been introduced by various
mathematicians [1]. Recently, J. Segal, S. Spiez and B. Giinter [2] by using
the semi-uniform topology have given the construction of a strong shape
theory for finitistic uniform spaces. T. Miyata [3] has defined and studied
the classical shape theory of such spaces. In the present paper we construct
an extension of the Miyata’s shape theory from the category of precompact
spaces to the category of arbitrary uniform spaces. The extension can be
realized in terms of a direct system of uniform shapes of precompact subsets
of the uniform spaces. Applications include the definitions of Cech homol-
ogy and cohomology functors with precompact supports from the category
of uniform spaces to the category of abelian groups.

By Unif we denote the category of uniform spaces and uniform maps.
pUnif, fUnif, Upol, ANRU denote the full subcategories of Unif con-
sisting of precompact uniform spaces, finitistic uniform spaces, uniform
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polyhedrons and uniform absolute neighborhood retracts, respectively. By
H(Unif) we denote the uniform homotopy category of Unif, where the ho-
motopy is understood in the sense of semi-uniform homotopy. H(pUnif),
H(fUnif), H(pol), and H(ANRU) denote the uniform homotopy cate-
gories of pUnif, fUnif, Upol and ANRU, respectively. Without specific
citations, in this setting we use the notions and results from [1], [3] and [4].
Some of the results of this paper were announced in [5].

1. PRECOMPACT UNIFORM SHAPE CATEGORY.

A uniform version of resolution [1] has been defined in [2-3].

Let X € Unif. A uniform resolution of X (with respect to ANRU)
is an inverse system X = (X4, Pans, A) in Unif together with a morphism
p: X — X in pro — Unif with the following conditions:

B UR1) Let P be an ANRU-space, v a uniform covering of P and h : X —
P a uniform map. Then there exist an index o € A and a uniform map
f: Xo — P such that f-p, and h are v-near maps, i.e., (f - pa,h) < v.

UR2) Let P be an ANRU-space and v be a uniform covering of P. Then
there exists a uniform covering v/ of P with the following property: if « € A
and f, f': X, — P are uniform maps such that (f - pa, [ pa) < v/, then
there exists an index o > « such that (f - paass [+ Daar) < V.

A uniform polyhedral resolution (precompact polyhedral resolution,
ANRU-resolution) is a uniform resolution p : X — X = (X,, paa’, 4) such
that all X, are uniform polyhedra (precomg)act polyhedra, ANRU-spaces).

A uniform resolution (p, g, f) of a uniform map f : X — Y consists of
a uniform resolution p : X — X of X, a uniform resolution ¢ : ¥ — Y
of Y and a system map f = (fs,¢) : X — Y with an increasing function
@:B— Asuchthat f-p=gq- f.

(p,q, f) is a uniform polyhedral (precompact polyhedral, ANRU-) res-
olution of a uniform map f: X — Y if p and ¢ are the uniform polyhedral
(precompact polyhedral, ANRU-) resolutions.

Theorem 1. Fach uniform map f: X — Y of precompact uniform spaces
admits a uniform precompact finite-dimensional polyhedral resolution.

Proof. Consider the set M of all finite coverings of Y. The nerve Y, =
|N(w)| of p € M is a finite polyhedron. Let ¢, : ¥ — Y, be a canonical
map defined by partition of unity (¢, ,V € p). It is clear that the family
(py,V € p), where ¢, = 1, - f, is a partition of unity subordinated to
' (p) = {f~%V),V € u} and defines a canonical map p, : X — X, =
IN(f~'(n))|. There is a simplicial map f, : X, — Y, sending each vertex
Ve pof X, f71(V) # @ to the vertex V of Y,,. The map f, satisfies the
following relation:

f,LL'p,LL:(I,LL'fa we M.
Consider now the set A’ of all finite uniform coverings of X which are not
of the form f~'(u), u € M. There is a uniform canonical map py : X —
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X = |N(X)| defined by the partition of unity (¢,,U € A) subordinated to
AeAN. Leti: M — A=A UM be the inclusion map. Consider the set B
of all finite subsets of M. Let Y3 = |N(5)| be the nerve of the covering

prApe A Ay = {ViNVa -0V | (Vi, Vo, .o, Vi) € g X g X X i }

for each 8 = {u1, p2, ..., pn} € B.

For every pair 8 < 3’ = {p1, 42, -, fin, - - -, thm } we define the simplicial
map ¢gp : Y — Y which takes the vertex (Vi,Va,..., V) € N(u1 A pe A
e Afm), _FiVi # &, into the vertex (Vi,Va, ..., V,) € N(ui Apa A+ Apn).

It is clear that

asp - aprpr = appr, B<pB < B

Let (Vv va,. vy (V1, Vo, oo, Vi) € a1 X pig X -+ - X i) be a partition of
unity subordinated to the covering pi1 A po A+ -+ A i, where ¢, =

Yy, Py, ..o, Let gz 1 Y — Yp be the canonical map. Note that

dpp’ - dpr = 4dp

for each pair 8 < 3.
Consider the set A of all finite subsets o = {A\1, A2,..., A} of A and
order it by the inclusion. Let

Xa:|N(>\1/\>\2/\"'/\)\n)|, Oé:{)\l,)\Q,...,)\n}EA.

Analogously to the definition of ggg/, we define poo’ : Xov — Xo. The
function j : B — A defined by formula

j({ulvﬂ%"'mun}) = {lLLl’ILLQ" ,,LLn}

is an increasing function. For every finite subset 8 = {u1, 2, . . ., fin } we de-
fine the simplicial map fs : X;(3) — Yp by sending the vertex (V1, Va, ..., Vy),
ffvinVean---nNV,) # @, of the nerve of f=1 (g Apa Ao+ A ) =
F ) A f7 () Ao A f71(un) to the vertex (Vi, Va, ..., V,,) of the nerve
N(pg Apg Ao A ).

Clearly, we have

fo-posr = app - for-
Let pg : X — Xg, 8 = {p1,p2,...,pn}, n > 1, be the canonical map

defined by the partition ov, v;,,...v,) = Oy Py Py s where Py, = wVi -f,
i =1,2,...,n. It is clear that

fs-ps=4qs-f, BEB.

Consequently, we have obtained the finite-dimensional precompact in-
verse systems X = (Xq, Paar; A) and Y = (Y3, ¢sp/, B) and maps of systems
p:X—X,¢:Y =Y, f: X —Y such that

q-f=1rp
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Let u be a uniform covering of Y. It admits a uniform finite refinement
u’. Consider the canonical map ¢, : ¥ — Y, = |N(p)|, where p = o'
The star-covering w of N(u) is a uniform covering and ¢, (w) refines p.
Consequently, q;l(w) refines u. Hence ¢ has property UB2 [2]. Similarly,
we can show that p has property UB2.

Consider the set B’ of all pairs v = (8,V), where § € B and V is a

uniform neighborhood of ¢g(Y’) in Y. Order now B’
v<v =@, V") iff <" and gz (V') C V.

Let Y=V andq, =q3:Y — Vforeachv = (8,V) and g, = qgg |v:
V' — V for every v < v'. The system Y’ = (Y,,q,,,, B’') is a precompact
polyhedral inverse system and ¢’ : ¥ — Y’ is a map of systems. Similarly,
we can define a precompact polyhedral inverse system X' = (X ;),p; o A"
and a map of systems p’ : X — X’.

Let j/ : B — A’ be a function defined by the formula

i'(v) = (§(B), f31(V)) e A".
It is clear that j’ is the increasing function. For each v € B’ we put

fl = fﬁ|f51(v) Xy = fﬁ*l(V) - V=Y,

The family (f/,;') is a map of the system X’ to the system Y’ which
satisfies the condition f' -p' =¢' - f.

The condition UB2 holds for ¢’ because it is fulfilled for ¢.

Let v = (3,V) € B’ and let U be a uniform neighborhood of ¢/, (V) =
@(Y)inY, =V C Y. The pair v/ = (6,U) € B' and v < v/. The map
4, = qgp|v : U — V is the inclusion uniform map. We have

qllzu’ ' (YVI’) = q:/V’(U) =U.

Hence ¢’ has property UB1 [2]. Similarly, we can show that p’ has
properties UB1 and UB2. -

From Theorem 2.3 of [3] we conclude that p’ : X — X" and ¢’ : Y — Y’
are uniform resolutions. [ B B

From Theorem V. 15 of [4] and Theorem 1 follows

Corollary 2. Every uniform map f : X — Y of precompact uniform
spaces admits a precompact ANRU-resolution.

Corollary 3. Every precompact uniform space X admits a precompact
finite-dimensional polyhedral resolution.

Corollary 4. Every precompact uniform space X admits a precompact
ANRU-resolution.

We need the following lemmas.
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Lemma 5. Let X be a precompact space, P € ANRU, and f: X — P be
a uniform map. Then there exist a precompact ANRU-space Q and uniform
maps h: X — Q, g: Q@ — P such that g-h = f.

Proof. Let ¢(f(X)) be a completion of f(X). This is a compact space be-
cause f(X) is a precompact space. There exists an embedding i : ¢(f(X)) —
I'"™ in the Tychonoff cube I™, where m = w(c(f(X))) is the weight of
c(f(X)). The composition i - ¢ : f(X) — I™ is a uniform embedding,
and we can consider f(X) as a uniform subspace of I"™. By Theorem 9 of
([4],p-40) and Proposition 12 of ([4], p.41) it follows that I™ is an injective
space [4]. By Proposition 28 of ([4], p.22) and Proposition 14 of ([4], p.82)
the uniform inclusion map j : f(X) — P has a uniform extension g : @ — P
on some uniform neighborhood Q of f(X) in I™. It is clear that Q is a
precompact ANRU-space. The map h =i-c¢- f: X — Q is the desired one,
and f=g¢g-h. O

Lemma 6. Let X be a precompact space, P, P’ € pUnif N ANRU and
f:X — P, g1, g2: P — P be uniform maps such that g1-f =, g2-f. Then
there exist a precompact ANRU-space P" and uniform maps ' : X — P”
and g : P — P such that g- f' = f and g1 - g =~y g2 - g.

Proof. By Lemma 2.7 of [3], there exist an ANRU-space P;’ and uniform
maps fi : X — P{’and ¢} : P{' — P such that ¢1-f{ = f and g1-9] =~ g2-9].
By Lemma 5, there exist a precompact ANRU-space P” and uniform
maps f': X — P” and r : P” — P/ such that f{ =r- f'. Let g =g} - r.
Consequently, f =g, - fi=9g1-7-f =g-f and g1 - g~y g2-9. O

We now prove the main theorem of this section.

Theorem 7. Let p = (po) : X — X = (Xa,Daars A) be a precompact
ANRU-resolution of a precompact uniform space X. Then Hp = ([pa]u) :
X - HX = (Xa, [Pac|us A) is a H(pUnif)-ezpansion of X with respect to
H(ANRU N pUnif).

Proof. E1). Let P be a precompact ANRU-space and h : X — P be a
uniform map. Let v be a uniform covering of P such that any two v-near
maps f, g : X — P are u-homotopic (see [3], Lemma 2.5). By condition
URI1, there exist an index o € A and a uniform map f : X, — P such that
(f * pa,h) <wv. Consequently, f - p, =y h.

E2). Let P be a precompact ANRU-space and fi, fo : X, — P be
uniform maps such that fi - pa ~u f2:po- Let v be a uniform covering of P
such that v-near uniform maps into P are u-homotopic. Choose a covering
V' according to UR2. Let h : X — P’ = P x P € ANRU be the map
defined by the formula

h(:L') - (fl 'pa(fﬂ), f2 'pa(z))a r € X.
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The map h is uniform map. Consider projections g; : P x P — P and
g2 : P x P — P on the first and second factors, respectively. The maps g1
and gy are uniform maps. Note that g1 - h ~, g2 - h.

By Lemma 6, there exist a precompact ANRU-space P” and uniform
mapsh’' : X — P, g: P” — P’ suchthat g-h' = h and g1 -¢g =, ¢g2-¢g. There
is a uniform covering " of P” which refines (g1 - g) 7' (v') A (g2 - g) 71 (V).

By the condition UR1, there exist an index o” € A and a uniform map
f: Xar — P"” such that (f - par, ') < v”’. We can assume that o’/ > a. It
is clear that (g1-9- f Par,g1-9-h) <V'.Fromgy-g-h' =g1-h = f1-ps it
follows that (g1-g- f-Par, f1-Paar-Parr) < V'. Consequently, there is a; > o/
such that (g1- 9" f-paras, [1-Paa,) <V, sothat gi1-g- f-para, ®u fi Paa,-

Analogously, we can prove that there is as > o' such that go - g - f -
Dalas Ru [2 Doy Let @ > a1, as. Tt is clear that

J1 Paa' Ru 919 [ Parar Ru 929 [ Parar Bu f1 - Paar- O

Using Theorem 7, we can define the precompact uniform shape cate-
gory puSH. By definition puSH category is the abstract shape category
SH , ,,, where 7 = H(pUnif) and P = HLANRU N pUnif).

2. UNIFORM SHAPE CATEGORY WITH PRECOMPACT SUPPORTS.

Let d — puSH be the category whose objects are direct systems X =
(X, Py, A) of the precompact uniform shape category puSH and whose
morphisms are systems (F),®): X — Y = (Y, Q./, M), where ® : A —
M is an increasing function and Fy : X\ — Yg(n), A € A is a family of
precompact uniform shape morphisms such that if A < X', then Qo) -
F\ = Fy - Py .

The composition (Hy, () = (G, ¥) - (F), ®) of morphisms (F),®) : X —
Y and (G,,¥):Y — Z = (Z,,R,, N) is defined in the usual way:

Hy=Ggpn Fr, (=Y 0.

The identity morphism is the pair (Ix,,14): X — X, where 15 : A — A
is the identity function and Ix,, A € A is a family of identity precompact
uniform shape morphisms.

We say that two morphisms (Fy, ®), (Gy,¥) : X — Y are homotopy
equivalent and we write (F), ®) &2, (G, V), if for each index A € A there
exists an index p > ®(X), ¥(A) such that Qg(ny, - FA = Quayu - Ga.

This relation is the equivalence relation in the category d — puSH.

A morphism (Fy,®) : X — Y is said to be a uniform homotopy equiv-
alence, provided there is a morphism (G, ¥) : Y — X such that (G, V) -
(Fx\v (I)) Ry (IX)\ﬂ 11\) and (Fx\v (I)) ’ (G#a \II) Ry (IY;U ]-M)

By dir—puSH we denote the quotient category of the category d—puSH
and by (F), ®) an equivalence class of morphisms (Fj, ®).

For each uniform space X consider the family II = {A,},ca of all pre-
compact subspaces of X. We order the set M by putting p < p/ whenever
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A, is a subset of A,. Let X1 = (A, Py, M) be a direct system associ-
ated with the family II. Here P, : A, — A, is the precompact uniform
shape morphism induced by the uniform inclusion p,,v : A, — A,.

A covering U = (Xx)aea of a uniform space X is said to be ILS-cofinal
if there is a function ® : M — A called I1S-cofinality function, such that

(i) for every p € M, A, C Xo(u);

(ii) if u <y, then X@(M) - Xq,(#/).

We say that a covering U is precompact, provided its elements are pre-
compact subsets of X. It is clear that each precompact covering U =
{X}ren of the uniform space X defines a direct system Xy = { Xy, Paa, A}
of the category puSH, as well. The morphism P/ is induced by the uni-
form inclusion pyy : Xy — X)v.

Theorem 8. Let U = { X }rea and U = {Xx }renr be precompact 1IS-
cofinal coverings of the uniform space X . Then there is a uniform homotopy
equivalence between Xy and Xy .

Proof. The proof is the same as in T. Sanders [6]. Let © = ®|, : A — A’ and
©" = @5 : A" — A be restrictions of IIS-cofinality functions ® : M — A
and ' : M — A’.

Consider the family (Ix,©), where Iy : Xy — Xeon) = Xo(z) is the
precompact uniform shape morphism induced by the inclusion iy : X) —
Xo(n) For every A1 < Ay we have iy, - pax;x, = Po(r)0()s) - Ir,- Conse-
quently, I, - Px;x, = Po(x)e(xs) - In,- The family (Iy,©) is the morphism
from Xy to Xpr. Analogously, the family (I,©’), where Iy : Xy —
Xer(xy = Xo(n) is the precompact uniform shape morphism induced by
the inclusion 4y : Xy — Xer(a), is the morphism from X, to Xy.

For each A € A we have ig(y) - ix = Prer(@()) - 1x,- Note that

Porepyeren) Loy - I = Preren)) * Ix, -

Consequently, (In,0’) - (I5,0) ~, (Ix,,1s). Similarly, we can prove
(I)\’(—)) ' (I)\l)(—)/) %u (IX>\/)1A/)' I:‘

Definition 9. Let X and Y be uniform spaces, U = {Xy}xea, U’ =
{Xa}tvea and V ={Y, } perr, V' = {Yw }vemr be precompact ILS-cofinal
coverings of X and Y, respectively. We say that morphisms (Fy, ®) : Xy —
Yv and (Fy,®) : Xt — Yy are equivalent and write (Fy, ®) ~ (Fy, ')
if the homotopy equivalences (Iy,©) : Xy — Xy and (I,,,Q) : Yy — 7‘/,,
satisfying the condition

(F/\Hq)l) ’ (IA;G) = (I;wQ) : (F)\aq))'

It is readily seen that this relation is indeed an equivalence relation. The
set of all such morphisms is decomposed into classes. The class [(F), )] of
the morphism (F), ®) we denote by F' : X — Y and call it a uniform shape

morphism with precompact support from X to Y.
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Let F: X - Y and G : Y — Z be uniform shape morphisms with
precompact supports. The composition G - F' : X — Z is defined as a class
with the representative (G ,/, V')-(1,,, Q)-(Fy, ®), where (F),®) : Xy — Yy
and (G, ¥') : Yy — Zyw are representatives of F' and G, respectively. The
class Ix = [(Ix,,14)] is called the identity uniform shape morphism with
precompact support. It satisfies the condition

F.-Ix=1Iy -F=F

For each of the uniform shape morphisms with precompact supports F' :
X—-Y G:Y—Zand H:Z — W we have

H-(G-F)=(H-G)-F.

We define now the category uSHP, called the uniform shape category
with precompact supports. The objects of the category uSHP are all the
objects of the category Unif and the morphisms of uSHP are the uniform
shape morphisms with precompact supports.

We say that two uniform spaces X and Y have the same uniform shape
with precompact supports, and write ush?(X) = ush?(Y"), provided they
are isomorphic objects of the category uSHP.

Theorem 10. Let f : X — Y be a uniform map, and let U = {X)}xen
and V = {Y, }em be precompact IIS-cofinal coverings of X and Y, respec-
tively. Then f induces morphism (F\,®): Xy = Yvy. If f~,g9: X =Y,
then (Fx, ®) =, (GA, V), where (G, ) is induced by the uniform map g.

Proof. The image f(X)) of precompact subspace X is a precompact sub-
space of Y. There exists an index p such that f(X)) C Y,. In this way we
have defined an increasing function ® : A — M such that f(Xy) C Yg(y)-

The restriction fix, : Xx — Yg()) defines a precompact uniform shape
morphism F) : X\ — Yg(x). The family (F),®) is the morphism from Xu
to Y. Indeed, let Py : Xy — X be the precompact uniform shape
morphism induced by the uniform inclusion pyy : Xy — X. Note that
f‘XA’ PAN = dane() ¢ f\XA in the category Unif. Hence F)\/ . P)\X =
Qanya(v) I, where Qoonya(vy @ Yoy — Ya(o) is the precompact uniform
shape morphism induced by the inclusion gayev) @ Yoo — Yoo

Let H: X *I — Y be a semi-uniform homotopy between f and g.
For every precompact subspace X, of X the set X, *x [ is precompact.
The image H(X) * I) is precompact and contains precompact subspaces
f(X») and g(X)). There is an increasing function ¥ : A — M such that
g(Xx) C Yy(n). There exists an index p > ®(A), W(A) such that Yy,
Y\I,(/\),H(X)\ * I) - Y#. It is clear that Qe 91X = da\)p f|XA in
the category H(pUnif). Hence Qg(n), - Fa = Qo - G, dee., (Fx, ®) =,
(G, 7). O
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Theorem 11. Let U, U’ and V', V' be precompact ILS-cofinal coverings of
uniform spaces X and Y, respectively. If (Fx,®): Xy — Yy and (Fy, ®') :
Xy — Yy are morphisms induced by a uniform map f : X — Y, then
(F,\, (I)) S (F,\I, q)l)

Proof. The proof is analogous to that of Proposition 3.3 from [6]. O

From Theorems 10 and 11 it follows that there exists a covariant functor
uS? : H(Unif) — uSHP such that uSP(X) = X for every uniform space
X, and uSP([f],) = F for every uniform homotopy class [f],. Here F' is the
uniform shape morphism with precompact support induced by the uniform

map f.
Corollary 12. If X =, Y, then ush?(X) = ush?(Y).

Corollary 13. Let X andY be precompact uniform spaces. Then ush? (X )=
ush?(Y) 4ff push(X) = push(Y).

3. HOMOLOGY WITH PRECOMPACT SUPPORTS.

In [3,7] T. Miyata has studied the homology theory of uniform spaces. He
defined Cech’s type homology (cohomology) functor Hy(—;G) (H*(—;Q))
from the uniform shape category uSH to the category Ab of abelian groups.
For every uniform space X the k-th Cech homology (cohomology) group
H*(X;G) (H*(X;@)) is based on the uniform coverings of X, i.e.,

(X3 G) = im{Hg(N (u); G), puwn, U cov(X)}
H*(X;G) = im{H"(N (u); G) , ply,y, U cov(X)}

where Hy(N(u);G) (H¥(N(u);G)) denotes the k-th simplicial homology
(cohomology) group of the nerve N(u) of uniform covering u of X.

It is clear that the k-th Cech homology (cohomology) group of the pre-
compact space X is the inverse (direct) limit of the inverse (direct) system
consisting of k-th simplicial homology (cohomology) groups of nerves of
finite uniform coverings of the precompact space X.

Let X be a uniform space and U = {X)}rea be a precompact IIS-
cofinal covering of X. Consider a direct system X, = (X, Py, A) of the
category puSH. Then Hy(X,;G) = (Hx(Xx; G), Pavi, A) (H*(X,;G) =
(H*(X»;G), PF,,,A)) is a direct (inverse) system of the category Ab. Here
Pk (Pfx) is the homomorphism induced by the precompact uniform shape
morphism Pyy : Xy — Xy

For each morphism (Fy,®) : X, — Y, = (Y,,Q,,, M) the family
(Fae, @) 0 Ho(X,;G) — H(Y,;G) (FF,®) : H*(Y ,;G) — H*(X,;Q))
is a morphism of dir — Ab(pro — Ab). If (F)\,®) =, (G, V), then
(Foi, @) ~ (Gog, ¥) ((Ff,®) ~ (G%,W)) equivalence holds in the cate-
gory dir — Ab(pro — Ab). It is clear that for each of the morphisms
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(F\,®): X, - Y, and (G,,V) : Y, — Z, we have the following rela-
tions:

(Goy - EX)s W - @) ~ (Guk, ©) - (Fxi, @)
(Gapy - B0 - @) ~ (FY, @) - (G, ©)).
Furthermore, ((IXA Vi, 1) (((IXA )k,1,4)) is the identity morphism
H,(X;G) — He(X ;G (HN(X 5 G) — HYX,; G)).
Consequently, the functor
Hy(—;G) : puSH — Ab(H"*(—;G) : puSH — Ab)
induces the functor
dir —Hy(—; G) : dir — puSH — dir — Ab
(dir —H*(—; G) : dir — puSH — pro — Ab)
by the formulas
dir —Hy(X; G) = Hy(X,; G)(dir —H*(X,; G) = H*(X: Q)
dir —Hy((Fx, ®)) = (P, @)(dir —H*((Fy, @) = (X, D))

Define now homology (cohomology) dir-group (pro-group) of the uni-
form space X. Consider precompact ILS-cofinal covering U of X and dir-
group Hy(X,;G) (pro-proup H*(X;G)). If U’ is the other precompact
IIS-cofinal covering of X, then there is a uniform homotopy equivalence

(In,0) : X, — X_, (see Theorem 8). Consequently, (Ix,0) induces

U

an isomorphism of dir-groups (Iny, ©) : Hp(X.; G) — I:Ik(YU,;G) (pro-
groups (I¥,0) : H*(X,;G) — H*(X,;G)). We denote by dir — Hy(X; G)
(dir —H*(X; @)) the equivalence class of dir-groups (pro-groups) which con-
tains Hy(X,; G) (H*(X,; G)) and call the k-th homology (cohomology) dir-
group (pro-group) of the uniform space X with coefficients in the Abelian
group G.

Let FF: X — Y be a uniform shape morphism with precompact sup-

port defined by a morphism (Fy,®) : X, — Y. For the representative

— —_ U
(Fx,®'): X, =Y , wehave (Fx,®) - (Ix,0) =y (I,,) - (Fx,®). Con-
sequently, (F)\/k,q)/) . (I,\k,(a) = (Iuk,Q) . (F,\k,q)) ((If,@) . (F)I\C/,(I)/) =
(Ff,CI)) . (IS,Q)) Hence (Fg,®) and (Fyg, D) ((Ff,@) and (Ff,,fﬁ’))
coincide. Clearly, F': X — Y defines the morphism
dir —Hy(F) : dir —H,(X; G) — dir —H,(Y; G)
(dir —H*(F) : dir —H*(Y; G) — dir —H*(X; @)).

This shows that we have the following
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Theorem 14. The k-th homology (cohomology) dir-group dir —H(—; Q)
(pro-group dir —H*(—; G)) is a functor uSHP — dir —Ab(uSHP — pro —
Ab).

Corollary 15. Let X and Y be uniform spaces. If ush”(X) = ush”(Y),
then dir —Hy(X; G) = dir —Hg(Y; G) and dir —H*(X; G) = dir —H*(Y; G).

For each uniform space X we now define Cech homology (cohomology)
groups with precompact supports

ps Hi (X5 G) = lim dir — Hyx (X; G)
(ps H*(X; G) = limdir — H*(X; G)).

Let F}, = limdir —Hy(F) (F* = limdir — H*(F)) for each uniform shape

morphism wich precompact support F': X — Y.

Corollary 16. VThe k-th C'ec]t homology (cohomology) group with precom-
pact supports ps Hy(—; G) (psH*(—; G)) is a functor uSHP — Ab.

Corollary 17. Let X and Y be uniform spaces. If ush”(X) = ush”(Y),
then psHip(X; G) = ps Hy (Y G) and psHk(X; G) = pSHk(Y; G).

4. THE HOMOLOGY EXACT SEQUENCE OF A UNIFORM MAP.

Let pe be the category of finite simplicial sets and simplicial maps, and
let K the extended homotopy category associated with z¢ [8].

It is known that each category L yields the mapping category Lmaps
whose objects are the morphisms f : X — Y of L and whose morphisms
are the pairs g = (g1,92) : f — f': X’ — Y’ such that f'- g1 = g2 f.

We have associated the “homotopy” category K- FPmaps whose objects
are the those of FPmaps and whose morphisms are the “homotopy” classes of
morphisms in g . [8]. Applying pro, we obtain the following categories:
Pro — £, ans: Pro — K- FPmaps’

According to [8], we now define the functor

C : pUnif —pro—K — fp

maps maps’

Consider the set U cov(f) of all triples (c, 8, v), where o and 3 are finite
uniform coverings of Y and X, respectively, and v : § — f o is a refining
map. Let fog, : N(B) — N(a) be a simplicial map induced by v. By the
definition,

fapo(U) = f-v(U), Uep.

A refining map (p1, p2) : (¢, 5',v') — («, 5,v) consists of refining maps
py: 0 — pand ps : o — « such that v - pu; = pg - /. For each refining
map (1, t2) we have

H2x * fo/ﬁ’l/ = faﬁu * M1k,
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where po, and pi. are, respectively, the simplicial maps po. : Yoo — Y, and
i : Xg — Xg. Consequently, (p1«, fi2«) @ fargr — fapy 1S @ morphism
n £ ane For the other refining map (u},,ps,) : (¢, 08,V) — (o, 5,v)
the pairs (f1«,p2«) and (pl,, 45,) are contiguous in gep and hence

maps’
[(1e; )] = [(p1, 5]

The family C(f) = (fapy : N(B) = N(®))(a,8,0)efU cov(s) i an element
of the category pro— K — FPmaps- Let g = (91,92) : f' — f be a morphism
of FPmaps- Let C(g) : C(f') — C(f) be a morphism given by the family
(gupw, ©). Note that O(a, B,v) = (g5 ', g7 '3, 9« (v)) for each (o, B,v) €
U cov(f), where ¢.(v)(G) = 1 gy - fv-g1(G), G € g7 '3. The map
Gapv : fo(a,p,v) = fapy is defined by the forfnula gopr = ((91)8: (92)a)-

Consider the composition of the functor C' and of the uniform realization
functor | - |, : y¢ — Upol [3]. Consequently, we can consider C' as the
functor from pUnify,aps into pro — Upolyaps, pro — H — Upolyaps or
pro — H — ANRU y5ps.

Let f : K — L be a map in yp and My be a mapping cylinder (see
[9]). It is known that f = r -, where ¢ : K — My is the inclusion map and
r: M; — Lis aretraction. There is the inclusion map j : L — M/ such that
r-j=1, and j-r and 1,, are contiguous. Let H,(f;G) = H,,(M;, K; G).

The sequence
is the long exact sequence. Hence we have the functor
Hn: K= 50,00 — LES(AD)

from the category K — FPmaps O the category of long exact sequences in
Ab. Consider the composition

pro—H,, - C : pUnifmaps — pro — (LES(Ab))

of functors C' and pro —H,, : pro — K — FPmaps — Pro — (LES(AD)).
There is a natural functor [2]

~: pro — (LES(Ab)) — LES(pro — Ab).
Consequently, we have the functor
y-pro—H, -C: pUnifyaps — LES(pro — Ab).
Omitting v and C, we write
pro—Hy (13 G) = (Hu (o G))(apur € £U cov(f)
and obtain the following

Theorem 18. For each uniform map f : X — Y of precompact uniform
spaces X and Y there is a long exact sequence

- —pro—H,(X;G) — pro—H,(Y;G) — pro—H,(f;G) — ---
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_ According to [8], we say that the uniform map f: X — Y is movable iff
C(f) is movable in pro — K — ¢¢

maps”
Theorem 19. Let f : X — Y be a movable uniform map of precompact
spaces with countable weight. Then there is a long exact sequence

where H,(f; G) = limpro—H,(f;G).

Proof. By the condition of the theorem, ;U cov(f) has a countable cofinal
subset. Hence each pro-group in the long exact sequence

- —pro—H,(X;G) - pro—H,(Y;G) - pro—H,(f;G) — - -

is indexed by a countable set. Each term of this sequence satisfies the
Mittag-Leffler condition. From Proposition IV.1.2 of [8] it follows that the
limit sequence

= Ho(X5G) — Ho(Y3G) — Ho(f3G) — -+

is exact. O
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